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1 Introduction
In 1986, Maki [8] introduced and studied the notions
of Λ-sets in topological spaces. Later, in 1997, Are-
nas et al. [1] defined and studied the notions of λ-
closed and λ-open sets, using Λ-sets and closed sets.
Particularly, these authors used λ-closed sets to char-
acterize the axiom T1/2. On the other hand, in 1933,
Kuratowski [7] introduced a generalization of the clo-
sure, called the local function, by the ideal theory on
topological spaces. In 1992, Jankovic and Hamlett
[6], introduced the concept of I-open set via the local
function, which is independent of the notion of open
set and is a generalization of the notion of pre-open
set given by Mashhour et al. [9]. Replacing the class
of open sets by the class of I-open sets, in 2011, Noiri
and Keskin [10] introduced and studied modifications
of Λ-sets and λ-closed sets in the context of topolog-
ical spaces equipped with an ideal, which they called
ΛI -sets and ΛI -closed sets, and so characterized two
separation properties called spaces I-T1 and spaces
I-T1/2.

In 1996, Dontchev [2] introduced the notion of
contra-continuous function in topological spaces and
established interesting results which related contra-
continuity with compact spaces, S-closed spaces
and strongly-S-closed spaces. The main purpose
of this work is to introduce new variants of contra-
continuous functions and characterize its by usingΛI -

closed sets, in contrast with the variants of continu-
ity studied by Sanabria et al. [11]. Also, we study
and investigate the preservation of several separation
properties, connectedness and compactness, through
direct and inverse images of such functions.

2 Preliminaries
Troughout this paper, (X, τ) and (Y, σ) (or simplyX
and Y ) always mean topological spaces in which no
separation axioms are assummed, unless explicitely
stated. In the same form: P (X), Int(A) and Cl(A)
denote the power set of X , the interior of A and the
closure ofA, respectively. An ideal I on a topological
space (X, τ) is a nonempty collection of subsets ofX
which satisfies the following two properties:
1. A ∈ I and B ⊂ A implies B ∈ I;

2. A ∈ I and B ∈ I implies A ∪B ∈ I .
A topological space (X, τ) with an ideal I on X
is called an ideal topological space and is denoted
by (X, τ, I). Given (X, τ, I), the application (.)⋆ :
P (X) → P (X) defined as A⋆(I, τ) = {x ∈ X :
U ∩ A /∈ I for every U ∈ τ(x)}, where τ(x) =
{U ∈ τ : x ∈ U}, is called the local function of
A with respect to τ and I . Briefly, we will write A⋆

for A⋆(I, τ). In general, X⋆ is a proper subset of
X . The equality X = X⋆ is equivalent to the equal-
ity τ ∩ I = ∅, see [5]. Following [10], we call the
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ideal topological spaces which satisfy this hypothe-
sis Hayashi-Samuels spaces (briefly H.S.S.). Observe
that Cl⋆(A) = A ∪ A⋆(I, τ) defines a Kuratowski
closure for a topology τ⋆(I) (also denoted τ⋆ when
there is no chance for confusion), finer than τ . The
elements of τ⋆ are called τ⋆-open and the comple-
ment of a τ⋆-open is called τ⋆-closed. Observe that
a subset A of an ideal topological space (X, τ, I) is
τ⋆-closed if and only if A⋆ ⊂ A, see [5]. The subset
A of (X, τ, I) is said to be I-open [6] ifA ⊂ Int(A⋆).
Note that X is not a I-open set, in general. A is an
I-closed set if its complement is an I-open set. The
collection of all I-open sets of an ideal topological
space (X, τ, I) is denoted by IO(X, τ). Following to
[10], for a subset A of (X, τ, I) we define ΛI(A) as
ΛI(A) = ∩{U : A ⊂ U, U ∈ IO(X, τ)}. Also, a
subsetA is said to be a ΛI -set ifA = ΛI(A), whileA
is said to be a ΛI -closed set ifA = U ∩F , where U is
a ΛI -set and F is an τ⋆-closed set. The complement
of a ΛI -closed set is called ΛI -open set. In [10] the
following implications are shown:

I-open +3 ΛI -set +3 ΛI -closed

Lemma 2.1. [11, Lemma 2] If (X, τ, I) is a H.S.S.,
the every τ⋆-open set is ΛI -open.

Lemma 2.2. [11, Lemma 3] Let {Bα : α ∈ ∆} be
a collection of subsets of the ideal topological space
(X, τ, I). If Bα is ΛI -open for each α ∈ ∆, then∪
{Bα : α ∈ ∆} is ΛI -open.

Next, we present the definitions and characteriza-
tions of ΛI -continuous, quasi-ΛI -continuous and ΛI -
irresolute functions given in [11].

Definition 2.3. Let (X, τ, I) and (Y, σ, J) be two
ideal topological spaces. A function f : (X, τ, I) −→
(Y, σ, J) is said to be:

1. ΛI -continuous, if f−1(V ) is a ΛI -open set in
(X, τ, I) for each open set V in (Y, σ, J).

2. Quasi-ΛI -continuous, if f−1(V ) is aΛI -open set
in (X, τ, I) for each σ⋆-open set V in (Y, σ, J).

3. ΛI -irresolute, if f−1(V ) is a ΛI -open set in
(X, τ, I) for each ΛJ -open set V in (Y, σ, J).

Theorem 2.4. Let (X, τ, I) and (Y, σ, J) be two ideal
topological spaces and f : (X, τ, I) → (Y, σ, J) be
a function. The following statements are equivalent:

1. f is ΛI -continuous (resp. quasi-ΛI -continuous,
ΛI -irresolute).

2. f−1(B) is a ΛI -closed set in (X, τ, I) for each
closed (resp. σ⋆-closed, ΛJ -closed) set B in
(Y, σ, J).

3. For each x ∈ X and each open (resp. σ⋆-open,
ΛJ -open) set V in (Y, σ) such that f(x) ∈ V ,
there exists aΛI -open setU in (X, τ, I) with x ∈
U such that f(U) ⊂ V .

Proof. See Theorems 4, 5 and 6 of [11].

3 Contra ΛI-continuous functions
The concept of contra-continuous function in topo-
logical spaces was given by Dontchev in [4]. A func-
tion f : X → Y is said to be contra-continuous, if the
preimage of each open set in Y is a closed set inX . In
this section we use open sets, τ⋆-open sets, ΛI -open
and ΛI -closed sets to introduce and characterize new
variants of contra-continuous function, called contra
ΛI -continuous, contra quasi-ΛI -continuous and con-
tra ΛI -irresolute functions.

Definition 3.1. Let (X, τ, I) and (Y, σ, J) be two
ideal topological spaces and f : (X, τ, I) →
(Y, σ, J) be a function. Then, f is said to be:

1. Contra ΛI -continuous, if f−1(V ) is a ΛI -closed
subset of X for each open subset V of Y .

2. Contra quasi-ΛI -continuous, if f−1(V ) is a ΛI -
closed subset of X for each σ⋆-open set V of Y .

3. Contra ΛI -irresolute, if f−1(V ) is a ΛI -closed
set of X for each ΛJ -open set V of Y .

Theorem 3.2. Let (X, τ, I) and (Y, σ, J) be two ideal
topological spaces and f : (X, τ, I) → (Y, σ, J) be
a function, where (Y, σ, J) is a H.S.S. If f is contra
ΛI -irresolute, then f is contra quasi-ΛI -continuous.

Proof. Let V be a σ⋆-open subset of Y , then by
Lemma 2.1, we have V is a ΛJ -open set of Y and
since f is contraΛI -irresolute, it follows that f−1(V )
is a ΛI -closed set of X . Therefore, f is contra quasi-
ΛI -continuous.

In the following example, we show a function that
is contra quasi-ΛI -continuous but is not contra ΛI -
irresolute.

Example 3.3. Let X = {a, b, c}, τ =
{∅, {a, c}, X}, I = {∅, {c}}, σ = {∅, X, {c},
{b, c}}, J = {∅, {a}}. Then, the collec-
tion of all ΛI -closed sets of X is {∅, X, {b},
{c}, {b, c}}, the collection of all σ⋆-open sets ofX is
{∅, X, {c}, {b, c}}, the collection of all ΛJ -open sets
of X is {∅, X, {c}, {b, c}, {a, c}} and, we have the
identity function f : (X, τ, I) → (X,σ, J) is contra
quasi-ΛI -continuous, but is not contra ΛI -irresolute,
because f−1({a, c}) = {a, c} is not a ΛI -closed set
of X .
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The following example shows that in Theorem
3.2, the condition that (Y, σ, J) is a H.S.S., cannot be
omitted.

Example 3.4. Let X = {a, b, c}, τ =
{∅, X, {b}, {b, c}}, I = {∅, {b}}. Note that
(X, τ, I) is not a H.S.S. because τ ∩ I = {∅, {b}}.
In addition, the collection of all ΛI -open sets of X
is {∅, X}, the collection of all ΛI -closed sets of X
is {∅, X}, the collection of all τ⋆-open sets of X
is {∅, X, {b}, {c}, {a, c}, {b, c}} and, we have the
identity function f : (X, τ, I) → (X, τ, I) is contra
ΛI -irresolute, but is not contra quasi-ΛI -continuous,
because f−1({b}), f−1({c}), f−1({a, c}) and
f−1({b, c}) are not ΛI -closed sets of X .

Theorem 3.5. Let (X, τ, I) and (Y, σ, J) be two ideal
topological spaces and f : (X, τ, I) → (Y, σ, J) be a
function. If f is contra quasi-ΛI -continuous function,
then f is contra ΛI -continuous.

Proof. Let V be an open set of Y . Then V is a σ⋆-
open set of Y and, as f is contra quasi-ΛI -continuous,
it follows that f−1(V ) is aΛI -closed set ofX . Hence,
f is contra ΛI -continuous.

Now we show an example of a contra ΛI -
continuous function that is not contra quasi-ΛI -
continuous.

Example 3.6. Let X = {a, b, c}, τ =
{∅, X, {a}, {a, b}}, σ = {∅, X, {c}, {b, c}},
I = {∅, {c}} and J = {∅, {c}, {b, c}, {b}}.
Then, the collection of all σ⋆-open sets of
X is {∅, X, {c}, {b, c}, {a}, {a, b}, {a, c}},
the collection of all ΛI -closed sets of X is
{∅, X, {c}, {b, c}, {a, c}, {b}} and, we have the
identity function f : (X, τ, I) → (X,σ, J) is
contra ΛI -continuous, but is not contra quasi-ΛI -
continuous, because f−1({a}) and f−1({a, c}) are
not ΛI -closed sets of X .

Corollary 3.7. Let (X, τ, I) and (Y, σ, J) be two
ideal topological spaces and f : (X, τ, I) →
(Y, σ, J) be a function, where (Y, σ, J) is a H.S.S.
If f is contra ΛI -irresolute, then f is contra ΛI -
continuous.

Proof. The proof follows from Theorems 3.2 and 3.5.

According to the previous results, given an H.S.S.,
we obtain the following diagram, where none of the
implications is reversible:

Contra ΛI -irresolute +3 Contra quasi ΛI -continuous

��
Contra ΛI -continuous

Theorem 3.8. Let (X, τ, I), (Y, σ, J) and (Z, θ,K)
be three ideal topological spaces, f : (X, τ, I) →
(Y, σ, J) and g : (Y, σ, J) → (Z, θ,K) be two func-
tions. The following statements hold:

1. g ◦f is contra ΛI -irresolute, if f is ΛI -irresolute
and g is contra ΛJ -irresolute.

2. g ◦ f is contra ΛI -irresolute, if f is contra ΛI -
irresolute and g is ΛJ -irresolute.

3. g ◦f is ΛI -irresolute, if f is contra ΛI -irresolute
and g is contra ΛJ -irresolute.

4. g ◦ f is contra ΛI -continuous, if f is contra ΛI -
continuous and g es continuous.

5. g ◦ f is contra ΛI -continuous, if f is contra ΛI -
irresolute and g es ΛIcontinuous.

6. g◦f is contraΛI -continuous, if f isΛI -irresolute
and g is contra ΛJ -continuous.

7. g ◦ f is contra ΛI -continuous, if f is ΛI -
continuous and g is contra continuous.

8. g ◦ f is ΛI -continuous, if f is contra ΛI -
continuous and g is contra continuous.

9. g◦f isΛI -continuous, if f is contraΛI -irresolute
and g is contra ΛJ -continuous.

10. g ◦ f is contra quasi-ΛI -continuous, if f is ΛI -
irresolute and g is contra quasi-ΛJ -continuous.

11. g◦f is contra quasi-ΛI -continuous, if f is contra
ΛI -irresolute and g is quasi ΛJ -continuous.

12. g ◦ f is quasi ΛI -continuous, if f is contra ΛI -
irresolute and g is contra quasi-ΛJ -continuous.

Proof. (1) Let V be a ΛK-open set of Z. Since g is
contra ΛJ -irresolute, then g−1(V ) is a ΛJ -closed set
of Y and as f is ΛI -irresolute, then by Theorem 2.4,
we have f−1(g−1(V )) is a ΛI -closed set of X . But
(g ◦ f)−1(V ) = (f−1 ◦ g−1)(V ) = (f−1(g−1(V ))
and hence, (g◦f)−1(V ) is a ΛI -closed set ofX . This
shows that gof is contra ΛI -irresolute.

The proofs of (2)-(12) are analogous to the case
(1).

In the next three theorems, we characterize contra
ΛI -continuous, contra quasi-ΛI -continuous and con-
tra ΛI -irresolute functions, respectively.

Theorem 3.9. Let f : (X, τ, I) → (Y, σ) be a func-
tion. The following statements are equivalent:

1. f is contra ΛI -continuous.

2. f−1(F ) is a ΛI -open set ofX for each closed set
F of Y .
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3. For each x ∈ X and each closed set F of Y such
that f(x) ∈ F , there exists a ΛI -open set U ofX
with x ∈ U and f(U) ⊂ F .

Proof. (1) ⇒ (2) Let F be any closed subset of Y ,
then V = Y − F is an open subset of Y and since f
is contra ΛI -continuous, f−1(V ) is a ΛI -closed sub-
set of X , but f−1(V ) = f−1(Y − F ) = f−1(Y ) −
f−1(F ) = X − f−1(F ) and hence, f−1(F ) is a ΛI -
open subset of X .

(2)⇒ (3) Let V be any open subset of Y , thenF =
Y − V is a closed subset of Y and by hypothesis, we
have f−1(F ) is aΛI -open subset ofX , but f−1(F ) =
f−1(Y −V ) = f−1(Y )−f−1(V ) = X−f−1(V ) and
so, f−1(V ) is a ΛI -closed subset of X . This shows
that f is contra ΛI -continuous.

(1) ⇒ (3) Let x ∈ X and F be a closed subset
of Y such that f(x) ∈ F , then x ∈ f−1(F ) and
since f is a contra ΛI -continuous function, f−1(F )
is a ΛI -open subset of X . If U = f−1(F ), then
U is a ΛI -open subset of X such that x ∈ U and
f(U) = f(f−1(F )) ⊂ F .

(3)⇒ (1) Let F be any closed subset of Y and x ∈
f−1(F ), then f(x) ∈ F and by (3), there exists a ΛI -
open subset Ux of X such that x ∈ Ux and f(Ux) ⊂
F . Thus, x ∈ Ux ⊂ f−1(f(U)) ⊂ f−1(F ) and
hence, f−1(F ) =

∪
{Ux : x ∈ f−1(F )}. By Lemma

2.2, we obtain that f−1(F ) is a ΛI -open subset ofX .

Theorem 3.10. Let f : (X, τ, I) → (Y, σ, J) be a
function, the following statements are equivalent:

1. f is contra quasi-ΛI -continuous.

2. f−1(F ) is a ΛI -open set ofX for each σ⋆-closed
set F of Y .

3. For each x ∈ X and for each σ⋆-closed set F of
Y such that f(x) ∈ F , there exists a ΛI -open set
U of X with x ∈ U and f(U) ⊂ F ..

Proof. It is proven in a similar way to the Theorema
3.9.

Theorem 3.11. Let f : (X, τ, I) → (Y, σ, J) be a
function, the following statements are equivalent:

1. f is contra ΛI -irresolute.

2. f−1(F ) is aΛI -open set ofX for eachΛJ -closed
set F of Y .

3. For each x ∈ X and each ΛJ -closed set F of Y
such that f(x) ∈ F , there exists a ΛI -open set U
of X with x ∈ U and f(U) ⊂ F .

Proof. It is proven in a similar way to the Theorema
3.9.

4 Preservation of notions under
direct or inverse images

In this section we study the behavior of some topolog-
ical notions under direct or inverse images of the new
variants of contra-continuity introduced in the Section
3. Before continuing our study, we must remember
the following definitions introduced in [11]. An ideal
topological space (X, τ, I) is said to be ΛI -connected
(resp. τ⋆-connected) if X cannot be written as a dis-
joint union of two nonemptyΛI -open (resp. τ⋆-open)
sets.

Theorem 4.1. If f : (X, τ, I) → (Y, σ) is a contra
ΛI -continuous and surjective function and (X, τ, I) is
a ΛI -connected space having more than one element,
then (Y, σ) is not a discrete space.

Proof. Suppose that (Y, σ) is a discrete space and A
be any nonempty proper subset of Y . So, A is an
open and closed subset of Y and as f is a contra ΛI -
continuous function, it follows that f−1(A) is a ΛI -
open and ΛI -closed set ofX . Since (X, τ, I) is a ΛI -
connected space, by [11, Theorem 11], ∅ and X are
the only subsets of X which are both ΛI -open and
ΛI -closed . Thus, f−1(A) = ∅ or f−1(A) = X . If
f−1(A) = ∅, then this contradicts the fact that A ̸= ∅
and f is surjective. If f−1(A) = X , then f is not a
function and, hence, (Y, σ) is not a discrete space.

Theorem 4.2. If f : (X, τ, I) → (Y, σ, J) is a sur-
jective function, then the following properties hold:

1. If f is contra ΛI -irresolute and (X, τ, I) is a
ΛI -connected space, then (Y, σ, J) is a ΛJ -
connected space.

2. If f is a contra quasi-ΛI -continuous function and
(X, τ, I) is a ΛI -connected space, then (Y, σ, J)
is a σ⋆-connected space.

3. If f is a contra ΛI -continuous function and
(X, τ, I) is a ΛI -connected space, then (Y, σ) is
connected.

Proof. (1) Assume that (X, τ, I) is a ΛI -connected
space and f : (X, τ, I) → (Y, σ) is surjective contra
ΛI -irresolute function. Suppose that (Y, σ) is notΛJ -
connected. Then, there exist nonempty ΛJ -open sub-
setsA andB ofY such thatA∩B = ∅ andY = A∪B.
Thus,B = Y −A andA = Y −B are nonempty ΛJ -
closed subsets of Y , and as f is a contra ΛI -irresolute
function, we have f−1(A) and f−1(B) are ΛI -open
subsets of X such that f−1(A) ∩ f−1(B) = ∅ and
f−1(A) ∪ f−1(B) = X . This contradicts the fact
that (X, τ, I) is a ΛI -connected space. Therefore,
(Y, σ, J) is ΛJ -connected.

The proofs of (2) and (3) are similar to case (1).

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2020.19.70

José Sanabria, Carlos Granados, 
Ennis Rosas, Carlos Carpintero

E-ISSN: 2224-2880 635 Volume 19, 2020



Theorem 4.3. An ideal topological space (X, τ, I) is
ΛI -connected, if each contra ΛI -continuous function
f : (X, τ, I) → (Y, σ), where (Y, σ) is a T0-space, is
a constant function.
Proof. Suppose that (X, τ, I) is not a ΛI -connected
space and each contra ΛI -continuous function f :
(X, τ, I) → (Y, σ), where (Y, σ) is a T0-space,
is a constant function. Since (X, τ, I) is not ΛI -
connected, by [11, Theorem 11], there exists a
nonempty proper subset A of X which is both ΛI -
open and ΛI -closed. Let Y = {a, b}, σ =
{Y, ∅, {a}, {b}} be a topology on Y and f :
(X, τ, I) → (Y, σ, J) be a function such that f(A) =
{a} and f(X − A) = {b}. Then f is a non-constant
contra ΛI -continuous function such that (Y, σ) is
a T0-space, which is a contradiction. Therefore,
(X, τ, I) is a ΛI -connected space.

Theorem 4.4. If f : (X, τ, I) → (Y, σ) is a contra
ΛI -continuous function and (Y, σ) is a regular space,
then f is ΛI -continuous.
Proof. Let x ∈ X and V be an open set of Y such that
f(x) ∈ V . Since (Y, σ) is a regular space, there exists
an open setW of Y such that f(x) ∈ W ⊂ Cl(W ) ⊂
V . Now, since f is a contra ΛI -continuous function,
then by Theorem 2.4, there exists a ΛI -open set U of
X such that x ∈ U and f(U) ⊂ Cl(W ) ⊂ V . By
Theorem 3.9, we conclude that f is a ΛI -continuous
function.

Definition 4.5. An ideal topological space (X, τ, I)
is said to be ΛI -normal, if for each pair of disjoint
closed subsets A and B of X , there exist ΛI -open
subsets U and V of X such that A ⊂ U , B ⊂ V
and U ∩ V = ∅.
Remark 4.6. Let (X, τ, I) be aH.S.S. If (X, τ) is nor-
mal, then (X, τ, I) is ΛI -normal.

Recall that a topological space (X, τ) is said to be
ultra normal [12], if for each pair of nonempty disjoint
closed subsets A and B of X , there exist two clopen
subsets G and H of X such that A ⊂ G, B ⊂ H and
U ∩ V = ∅.
Theorem 4.7. If f : (X, τ, I) → (Y, σ) is an injec-
tive, closed and contra ΛI -continuous function and
(Y, σ) is an ultra normal space, then (X, τ, I) is a
ΛI -normal space.
Proof. Let A and B be two disjoint closed subsets of
X . Since f is closed and injective, then f(A) and
f(B) are disjoint closed subsets of Y and as (Y, σ)
is an ultra normal space, there exist two clopen sub-
sets G and H of Y such that f(A) ⊂ G, f(B) ⊂
H and G ∩ H = ∅. Now, since f es contra ΛI -
continuous, f−1(G) and f−1(H) are ΛI -closed sub-
sets ofX and also, A ⊂ f−1(f(A)) ⊂ f−1(G), B ⊂

f−1(f(B)) ⊂ f−1(H) and f−1(G) ∩ f−1(H) =
f−1(G ∩ H) = f−1(∅) = ∅. In consequence,
(X, τ, I) is ΛI -normal.

Definition 4.8. A space (X, τ, I) is said to be ΛI -
T2, if for each pair of distinct points x, y ∈ X , there
exist ΛI -open subsets U and V ofX such that x ∈ U ,
y ∈ V , U ∩ V = ∅.

Remark 4.9. Let (X, τ, I) be a H.S.S. If (X, τ) is T2,
then (X, τ, I) is ΛI -T2.

Recall that a topological space (X, τ) is said to
be Urysohn [13], if for each pair of distinct points
x, y ∈ X , there exist two open subsets U and V of
X such that x ∈ U , y ∈ V and Cl(U) ∩ Cl(V ) = ∅.
The following result shows that, the inverse image of
an Urysohn space under an injective and contra ΛI -
continuous function, is a ΛI -T2-space.

Theorem 4.10. If f : (X, τ, I) → (Y, σ) is an injec-
tive and contra ΛI -continuous function and (Y, σ) is
an Urysohn space, then (X, τ, I) is a ΛI -T2-space.

Proof. Consider x and y be two points ofX with x ̸=
y. By the injectivity of f , we have f(x) ̸= f(y) and
as (Y, σ) is an Urysohn space, there exist two open
subsets U and V of Y such that f(x) ∈ U , f(y) ∈ V
and Cl(U) ∩ Cl(V ) = ∅. By Theorem 3.9, there
exist two ΛI -open subsets A and B of X such that
x ∈ A, y ∈ B, f(A) ⊂ Cl(U) and f(B) ⊂ Cl(V ).
Thus, f(A) ∩ f(B) ⊂ Cl(U) ∩ Cl(V ) = ∅, which
implies that f(A∩B) = f(A)∩f(B) = ∅ and hence,
A ∩ B = ∅. This shows that (X, τ, I) is a ΛI -T2-
space.

Recall that a topological space (X, τ) is locally in-
discrete [3], if each open subset of X is closed. In
the following definition some modifications of a lo-
cally indiscrete space are introduced in order to inves-
tigate related properties with the functions defined in
the Section 3.

Definition 4.11. We say that an ideal topological
space (X, τ, I) is:

1. Locally τ⋆-indiscrete, if each τ⋆-open subset of
X is closed in X .

2. Locally ΛI -indiscrete, if each ΛI -open subset of
X is closed in X .

3. ΛI -space, if each ΛI -open subset ofX is open in
X .

Proposition 4.12. Let (X, τ, I) be an ideal topologi-
cal space. The following statements hold:

1. If (X, τ, I) is an H.S.S. locally ΛI -indiscrete,
then (X, τ, I) is locally τ⋆-indiscrete.
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2. If (X, τ, I) is a locally τ⋆-indiscrete space, then
(X, τ) is locally indiscrete.

3. (X, τ, I) is locally τ⋆-indiscrete space if and only
if each τ⋆-closed subset of X is open in X .

4. (X, τ, I) is locally ΛI -indiscrete space if and
only if each ΛI -closed subset of X is open in X .

5. (X, τ, I) is ΛI -space if and only if each ΛI -
closed subset of X is closed in X .

Theorem 4.13. Let (X, τ, I) and (Y, σ, J) be two
ideal topological spaces and f : (X, τ, I) →
(Y, σ, J) be a contraΛI -continuous function. The fol-
lowing statements hold:

1. If (X, τ, I) is locally ΛI -indiscrete, then f is a
continuous function.

2. If (X, τ, I) is a ΛI -space, then f is a contra-
continuous function.

Proof. (1) LetB be a closed subset of Y . Since f is a
contra ΛI -continuous function, f−1(B) is a ΛI -open
subset of X and as (X, τ, I) is locally ΛI -indiscrete,
then f−1(B) is a closed subset of X . Therefore, f is
a continuous function.

The proof of (2) is similar to case (1).

The following result shows that, the direct image
of a ΛI -space under a surjective, closed and contra
ΛI -irresolute (resp. contra quasi-ΛI -continuous, con-
tra ΛI -continuous) function is a locally ΛJ -indiscrete
(resp. locally σ⋆-indiscrete, locally indiscrete) space.

Theorem 4.14. Let (X, τ, I) and (Y, σ, J) be two
ideal topological spaces and f : (X, τ, I) →
(Y, σ, J) be a surjective and closed function. The fol-
lowing statements hold:

1. If f is contra ΛI -irresolute and (X, τ, I) is a ΛI -
space, then (Y, σ, J) is a locally ΛJ -indiscrete.

2. If f is contra quasi-ΛI -continuous and (X, τ, I)
is a ΛI -space, then (Y, σ, J) is a locally σ⋆-
indiscrete.

3. If f is contra ΛI -continuous and (X, τ, I) is a
ΛI -space, then (Y, σ) is a locally indiscrete.

Proof. Straightforward.

Recall that a topological space (X, τ) is said to be
strongly S-closed [2], if each closed cover ofX has a
finite subcover. Now we introduce a modification of
a strongly S-closed space using ΛI -closed sets.

Definition 4.15. We say that an ideal topological
space (X, τ, I) is strongly S-ΛI -closed, if each cover
of X by ΛI -closed sets has a finite subcover.

Remark 4.16. Let (X, τ, I) be a H.S.S. If (X, τ, I)
is strongly S-ΛI -closed, then (X, τ) is strongly S-
closed.

The notions of ΛI -compact space and τ⋆-compact
space were introduced in [11]. We say that an ideal
topological space (X, τ, I) is ΛI -compact (resp. τ⋆-
compact), if each cover of X by ΛI -open (resp. τ⋆-
open) sets has a finite subcover. The following re-
sult shows that, the direct image of a strongly S-
ΛI -closed space under a surjective and contra ΛI -
irresolute (resp. contra quasi-ΛI -continuous, contra
ΛI -continuous) function, is a ΛJ -compact (resp. σ⋆-
compact, compact) space.

Theorem 4.17. Let (X, τ, I) and (Y, σ, J) be two
ideal topological spaces and f : (X, τ, I) →
(Y, σ, J) be a surjective function. The following state-
ments hold:

1. If f is contra ΛI -irresolute and (X, τ, I) is
strongly S-ΛI -closed, then (Y, σ, J) is ΛJ -
compact.

2. If f is contra quasi-ΛI -continuous and (X, τ, I)
is strongly S-ΛI -closed, then (Y, σ, J) is σ⋆-
compact.

3. If f is contra ΛI -continuous and (X, τ, I) is
strongly S-ΛI -closed, then (Y, σ) is compact.

Proof. (1) Let {Vα : α ∈ ∆} be a cover of Y by ΛJ -
open sets. Since f is contraΛI -irresolute, {f−1(Vα) :
α ∈ ∆} is a cover ofX by ΛI -closed and as (X, τ, I)
is strongly S-ΛI -closed, there exists a finite subcol-
lection {f−1(Vαi

) : i = 1, . . . , n} of {f−1(Vα) : α ∈

∆} such thatX =

n∪
i=1

f−1(Vαi
). Thus, Y = f(X) =

f

(
n∪

i=1

f−1(Vαi
)

)
=

n∪
i=1

f(f−1(Vαi
)) ⊂

n∪
i=1

Vαi

and hence, (Y, σ, J) is ΛJ -compact.
The proofs of (2) and (3) are similar to case (1).

5 Conclusion
The notion of continuous function is one of the most
important in the study of general topology and the
lines of research derived from it by the use of ideals
on topological spaces. This has made it possible to
establish some interesting advances in topics related
to computing and image design, particularly in digital
topology. The antagonistic concept to the continuity
of a function, is the contra-continuity of a function,
which appeared due to the need to analyze the behav-
ior of certain spaces defined in terms of coverings. In
this research work, new classes of contra-continuous
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functions were studied, which were defined using the
notions of open set, τ⋆-open set, ΛI -open set and ΛI -
closed set. The relationships between these classes
of functions were studied and some compositions in-
volving them were analyzed; as well as characteriza-
tions of such functions were established. Similarly,
the behavior of modifications of connected spaces,
normal spaces, T2-spaces, λ-spaces, locally indiscrete
spaces and strongly S-closed spaces, under direct or
inverse images of the new classes of functions defined
in this work. It should be noted that in some results
obtained that involved the use of notions described by
means of I -open sets, the additional condition had to
be requested that the topological space (X, τ, I) used
was Hayashi Samuels to guarantee thatX would turn
out to be an I-open set and, therefore, each τ⋆-open
set would be ΛI -open.
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