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Abstract: Let R(+)N be the idealization of the ring R by the R-module N . In this paper, we investigate when
Γ(R(+)N) is a Planar graph where R is an integral domain and we investigate when Γ(Zn(+)Zm) is a Planar
graph.
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1 Introduction
I. Beck in [6] introduce the concept of zero-divisor
graph also, D. D. Anderson and M. Naseer in [3]
studied the context of coloring which is an interest
concept of graph theory. Anderson and Livingston
in [4, Theorem 2.3] give the definition of the zero-
divisor graph. For more information in zero-divisor
graph see, [5].

Let R be a commutative ring, the zero-divisor
graph is the graph Γ(R) which vertices are the
non-zero zero divisors of R, with a and b adjacent if
a

̸

= b and a.b = 0.
For each ring R, the set of all zero-divisors of the
ring R is Z(R).

The idealization ring R(+)N is defined as N
be an R-module and let R(+)N = {(a1, h1) :
a1 ∈ R, h1 ∈ N} we have two operations
(a1, h1) + (a2, h2) = (a1 + a2, h1 + h2) and
(a1, h1)(a2, h2) = (a1a2, a1h2 + a2h1).

Another concept of interest in the graph theory.
The Planar graph is a graph isomorphic to a Plane
graph. A Plane graph is graph that can be drawn
on the plane without cross edging. If the graph has
induced subgraph isomorphic to K5 that is not a
Planar graph, by Kuratoskies Theorem.

2 When Γ(R(+)N) is a Planar
graph?

In this section, we investigate when Γ(R(+)N) is
Planar graph where R is an integral domain and N be
an R-module.

We begin with the following lemma when R

is an integral domain for the idealization ring
R(+)N.
Lemma 1:
[2] Suppose that R is an integral domain and N is an
R−module. Then we have the following cases:

• Case 1. If R is an integral domain with N ∼= Z2

is an R−module and annihilator of Z2 is equal to
zero, then the integral domain R is R ∼= Z2.

• Case 2. If R be an integral domain with N ∼= Z3

is an R−module and annihilator of Z3 is equal to
zero, then the integral domain R is R ∼= Z3.

Theorem 1:
Suppose that R is an integral domain and N ∼= Z2

is an R−module. Then the graph Γ(R(+)Z2) is a
Planar.
Proof:
To proof we have the following two cases to thought-
fulness:

• Case 1: If the annihilator of Z2 is equal to zero,
then Γ(Z2(+)Z2) is equal to {(0, 1)} which is a
Planar graph.

• Case 2: If the annihilator of Z2 is not
equal to zero, then the graph Γ(R(+)Z2) =
{(0, 1), (ki, 0), (kj , 1) : ki, kj ∈ ann(Z2)}. So,
the graph Γ(R(+)Z2) is a star which is a Planar
graph.

Theorem 2:
Suppose that R is an integral domain and N ∼= Z3

is an R−module. Then the graph Γ(R(+)Z3) is a
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Planar.
Proof:
To proof we must note the following two cases to
thoughtfulness:

• Case 1: If annihilator of Z3 is equal zero, then
Γ(R(+)Z3) is equal to {(0, 1), (0, 2)} that is a
Planar graph.

• Case 2: If annihilator of Z3 is not equal
zero, then graph Γ(R(+)Z3) is equal to
{(0, 1), (0, 2), (ri, 0), (ri, 1), (ri, 2) : ri ∈
ann(Z3)}. So, that is a Planar graph.

Figure 1: A graph which is a Planar graph.

We begin with the following lemma can be found in
[7] to discus the case N of order 4.

Lemma 2:
If the graph G is a 3-connected planar, then there is a
cycle through any five vertices of the graph G.
Theorem 3:
Suppose that R is an integral domain and |N| = 4 is
an R−module. Then we have the following cases:
• Case 1. If the order of N is equal 4 and an-
nihilator of N is equal to zero, then the graph
Γ(R(+)N) is a Planar.

• Case 2. If the order of N is equal 4 and anni-
hilator of N is not equal to zero, then the graph
Γ(R(+)N) is not a Planar.

Proof:
To proof must note two cases to thoughtfulness:

• Case 1. If the order of N is equal 4 and an-
nihilator of N is equal to zero, then the graph
Γ(R(+)N) is equal to {(0, l1), (0, l2), (0, l3) :
li ∈ N}. That is a Planar graph.

• Case 2. If the order of N is equal 4 and annihi-
lator of N is not equal to zero, then the graph
Γ(R(+)N) = {(ri, li), (0, l1), (0, l2), (0, l3) :
li ∈ N, ri ∈ ann(N)}, by previous lemma then
the graph is not a Planar graph.

Figure 2: A graph which is not a Planar graph.

The next theorem will discuss when the order of N is
greater than or equal 5.
Theorem 4:
Suppose that R is an integral domain and |N| ≥ 5 is
an R−module. Then we have the following cases:

• Case 1. If the order of N is equal to 5 and an-
nihilator of N is equal to zero, then the graph
Γ(R(+)N) is a Planar.

• Case 2. If the order of N is equal to 5 and anni-
hilator of N is not equal to zero, then the graph
Γ(R(+)N) is not a Planar.

• Case 3. If the order of N is greater than 5 , then
the graph Γ(R(+)N) is not a Planar.

Proof:
To proof must note two cases to thoughtfulness:

• Case 1. If the order of N is equal 5 and annihila-
tor ofN is equal zero, then the graph Γ(R(+)N)
is equal to {(0, l1), (0, l2), (0, l3), (0, l4) : li ∈
N}. That is a Planar graph.

• Case 2. If the order of N is equal
5 and annihilator of N is not equal
zero, then the graph Γ(R(+)N) =
{(ri, li), (0, l1), (0, l2), (0, l3), (0, l4) : li ∈
N, ri ∈ ann(N)} has an induced subgraph
isomorphic toK5. That is not a Planar graph.

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2020.19.66 Manal Al-Labadi

E-ISSN: 2224-2880 607 Volume 19, 2020



Figure 3: A graph which is not a Planar graph.

• Case 3. If the order of N is greater
than 5, then graph Γ(R(+)N) is equal
to {(0, l1), (0, l2), (0, l3), (0, l4), (0, l5), ...,
(0, li) : li ∈ N}. That has an induced subgraph
isomorphic toK5. So, the graph is not a Planar.

Figure 4: A graph which is not a Planar graph.

3 When Γ(Zn(+)Zm) is Planar grah?
In this section, we consider the planar for the zero-
divisor graph of the idealization ring Zn(+)Zm,
Γ(Zn(+)Zm) where Zm be Zn-module.

Al-Labdi [1], she classified the zero-divisor graph
of the idealization ring Zn(+)Zm.

We begin with the following lemma, when n is a
prime number such that n = pα andm = p.
Lemma 3:
Let n = pα and m = p where p is a prime num-
ber. Then the graph Γ(Zn(+)Zm) have the following
cases:

Case 1: If n is equal 4 andm is equal 2, then the
graph Γ(Z4(+)Z2) is a Planar.

Case 2: If n is equal pα and m is equal p where
p is a prime number, α ≥ 3 , then the graph
Γ(Zpα(+)Zp) is not a Planar.

Proof:
We consider two cases to proof:

Case 1: If n is equal 4 and m is equal
2, then graph Γ(Z4(+)Z2) is equal to
{(0, 1), (2, 0), (2, 1)}. So, that the graph is
a Planar.
Case 2: If n is equal pα and m is equal p
where p is a prime number greater than 2,
α ≥ 3, then the graph Γ(Zpα(+)Zp) is equal
{(0, 1), (0, 2), ..., (0, p − 1), (kp, 0), ..., (kp, p −
1) : k ∈}. So, it has an induced subgraph K5

that is not a Planar graph.

Figure 5: A graph which is not a Planar graph.

Theorem 5:
Let m is a product of powers of prime numbers
m = p1

k1 × p2
k2 × ... × pl

kl and n is product
power of primes n = p1

s1 × p2
s2 × ... × pr

sr where
pi is a prime number and l ≤ r. Then the graph
Γ(Zn(+)Zm) is not a Planar graph.
Proof
We consider two cases to proof:
If m is product power of primes m =
p1

k1 × p2
k2 × ... × pl

kl and n is product power
of primes n = p1

s1 × p2
s2 × ... × pr

sr where
pi is a prime number and l ≤ r. Then the graph
Γ(Zp1

s1×p2
s2×...×pr

sr (+)Zp1
k1×p2

k2×...×pl
kl ) is

equal to {(0, hi), (bi, hi) : bi ∈ n hi ∈ m} such that
gcd(bi, n) ≠ 1 or gcd(bi,m) ̸= 1 . So, it has an
induced subgraphK5 that is not a Planar graph.
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Figure 6: A graph which is not a Planar graph.

4 Outcome and questions
In this article, we classify the planarity for the
graph of idealization Γ(R(+)N), we conclude in the
following theorem.
Theorem 6:
Let R(+)N be an idealization ring. Then the graph
Γ(R(+)N) is a Planar graph if the ring R is an
integral domain and the order of N is less than or
equal 4 with ann(N) = 0, or the order of N is equal
to 5 with ann(N) = 0 and the graph Γ(Zn(+)Zm) is
a Planar when n = 4 ,m = 2.

One can ask the following questions:

(1) When the graph Γ(R(+)N) are Eulerian
graph?
(2) When the complement graph of idealization
ring Γ(R(+)N) are Planar graph?

(3) What is the matching number of the graph
Γ(R(+)N)?

Possible engineering applications of this study can
be found in problems of [8] and [9].
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