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1 Introduction

In space, the movement of a straight line on the
curve establishes ruled surface. These lines are
said to be generators (rulings), and every curve
that cuts all the generators is called a directrix
(base curve). The theory of ruled surface has
been highlighted by researchers as well mathe-
maticians because it has many applications such
as problems of designs in spatial mechanisms,
physics, and kinematics [1-4]. Developable sur-
faces are special kinds of ruled surfaces, where
any point of the same generator line share the
common tangent plane. The rulings are principal
curvature lines with vanishing normal curvature
and the Gaussian curvature vanishes everywhere
on the surface. As well known, the inner met-
ric of a surface locates the Gaussian curvature,
therefore all the lengths and angles on the surface
remain invariant under bending. This advantage
is what makes ruled and developable surfaces im-
portant in manufacturing. Hence, both ruled sur-
faces and developable surfaces have been paid at-
tention in engineering, architecture, and design,
etc. (See for example [1-9]).

Previously, mathematical techniques that re-
lay on the so-called E. Study’s map has been
used to deal with ruled and developable surfaces
in computer-aided geometric design (CAGD) [10-
15]. The E. Study’s map concludes: All oriented
lines set in Euclidean 3-space E3 is in one-to- one

correspondence with all points set of the dual unit
sphere in the dual 3- space D3. Specifically, more
information of the dual elements and one-to-one
correspondence between both ruled surfaces and
the one-parameter dual spherical motions are in
[1-4]. Some relevant studies can be found in [16],
and [17].

The present work is organized as follows: In
section 2, basic definitions of the presentation of
oriented lines in terms of dual vectors and E are
introduced briefly. Study’s map. In section 3,
a method for determination of ruled surfaces is
presented using dual vector calculus. It is also
shown show that dual vectorial expression of the
ruled surface is obtained from coordinates of the
base curve. In terms of this, by using an alterna-
tive way than [14], The method for determination
of developable ruled surfaces is constructed and
the linear differential equation of first order is ob-
tained. We illustrated the method by giving some
representative examples.

2 Basic concepts
At this section some concepts, formulas of dual
numbers and dual vectors are recalled [1–4].
Starting with the use of convenient line coordi-
nates: The oriented in Euclidean 3-space E3 can
be described using the points p and q as follow:
in case t is any constant that is not zero, the
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parametric equation of the line is:

q = p + tx, x =
q− p

‖q− p‖
, < x,x > 6= 0. (1)

Then we define the moment of the vector x re-
specting to the fixed origin point in E3 as

x∗ = q× x = p× x. (2)

In other words, x∗ is not changing for any choices
of the points on the line. And the pair (x,x∗) ∈
E3 × E3 satisfying the next two equations

< x,x > = 1, < x,x∗> = 0. (3)

The six components xi, x
∗
i (i = 1, 2, 3) of x, and

x∗ named as normed Plucker coordinates of the
line.

For the real numbers x and x∗ the conjunc-
tion X = x + εx∗ is called a dual number. In
fact, ε is the dual unit subject to the rules
ε 6= 0, ε2 = 0, ε.1 = 1.ε = ε. The set of dual
numbers, D, forms the commutative ring having
the numbers εx∗(x∗real) as divisors of zero,
not a field. At algebra there is no inverse of
εa∗. However, other rules of algebra of dual
numbers are similar to the rules at the complex
numbers. Employing matrices, dual numbers
may be presented by

ε =

(
0 1
0 0

)
, and x+ εx∗ =

(
x x∗

0 x

)
The sum and product of dual numbers is
similar to adding or multiplying matrices; they
are also commutative and associative which is
corresponding to normal matrix presentation of
complex numbers [1-4].

For all pairs (x,x∗) ∈ E3 × E3 the set

D3 = {X = x + εx∗, ε 6= 0, ε2 = 0}, (4)

consider it in addition to scalar product

< X,Y >=< x,y >

+ε(< y,x∗ > + < y∗,x >), (5)

forms the dual 3-space D3. Therefore, the point
X = (X1, X2, X3)

t has dual coordinates Xi =
(xi + εx∗i ) ∈ D. The norm is defined as

< X,X >
1

2 := ‖X‖ = ‖x‖ (1+ε
< x,x∗ >

‖x‖2
). (6)

In the dual 3-space D3 the dual unit sphere is
defined as

K = {X ∈D3 | ‖X‖2 = X2
1 +X2

2 +X2
3 = 1}. (7)

Definition of dual unit sphere gives us that all
points X of K must fluffily two equations

x21 + x22 + x23 = 1, x1x
∗
1 + x2x

∗
2 + x3x

∗
3 = 0. (8)

Through this paper we have the following map
( [1-4] (E. Study’s map): The set of all oriented
lines in Euclidean E3 is in one-to-one correspon-
dence with the set of points of dual unit sphere
in the dual 3-space D3. The exemplification of
directed lines in E3 by dual unit vectors results
in various advantages and from this part we will
not distinguish between directed lines and their
corresponding dual unit vectors.

2.1 Ruled and developable surfaces
A ruled surface is the one-parameter set of
straight lines. Similar surface has the parame-
terization in the ruled form:

M : r(t, v) = y(t) + vx(t), v ∈ R, (9)

where y = y(t) is its base curve, and x = x(t) is
the unit vector giving the direction of the straight
lines (rulings) of the surface. The E. Study map
leads to rewriting Eq. (9) using dual vector func-
tion as

M : X(t)= x(t) + εy(t)× xt) = x(t) + εx∗(t),
(10)

because of the spherical image x that is a unit
vector, the dual vector X has unit magnitude as
is seen from the calculation

‖X‖2 = < x + εy × x,x + εy × x >

= ‖x‖2 +2ε < x,y × x >

+ε2 < y × x,y × x >

= ‖x‖2 =1.

The dual arc length of X(t) is defined as

dS = ds+ εds∗ =
∥∥∥X′

∥∥∥ dt
=
∥∥∥x′∥∥∥(1+ε

< x
′
,x∗

′
>

‖x′‖2

)
dt. (11)

where a dash denotes differentiation with respect
to t. Hence, the distribution parameter is given
by

λ(t) :=
ds∗

ds
=
< x

′
,x∗

′
>

‖x′‖2
. (12)

In Eq. (12): (a) in case λ(t) = 0, therefore M is
the developable ruled surface (b) if x

′
= 0, then

M is the cylindrical surface.
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3 The determination of ruled
and developable surfaces

We develop the method to construct ruled and
developable surfaces by the use of dual vector cal-
culus. The dual coordinates Xi = (xi + εx∗i ) of
an arbitrary point X of the dual unit sphere K
can be given by:

X = (cos Φ, sin Φ cos Ψ, sin Φ sin Ψ) . (13)

where Θ = ϑ+εϑ∗, and Ψ = ψ+εψ∗ are dual an-
gles. Furthermore, considering X = X(t), t ∈ R
that is corresponds to the ruled surface M .Then,
the dual arc-length of X(t) is given by

dS := ds+ εds∗ =

√
Ψ′2 sin2 Φ + Φ′2dt. (14)

Dividing real and the dual parts of Eq. (14), in
the same order, we have:

ds=
√
ψ′2 sin2 ϕ+ ϕ′2dt,

and

ds∗ = ψ
′
ψ∗
′
sin2 ϕ+ϕ∗ψ

′2 sinϕ cosϕ+ϕ
′
ϕ∗
′

√
ψ′2 sin2 ϕ+ϕ′2

.

Hence we arrive at

λ(t) := ds∗

ds

= ψ
′
ψ∗
′
sin2 ϕ+ϕ∗ψ

′2 sinϕ cosϕ+ϕ
′
ϕ∗
′

ψ′2 sin2 ϕ+ϕ′2
.

(15)

It is obvious that if ψ(t), and ϕ(t) are both con-

stants, that is
∥∥∥x′∥∥∥ = 0, then M is a cylinder in

E3.
Since ε2 = ε3 = ... = 0, the Plucker coordi-

nates of X are:

x1 = cosϕ,x∗1 = −ϕ∗ sinϕ,
x2 = sinϕ cosψ, x∗2 = ϕ∗ cosϕ cosψ

−ψ∗ sinψ sinϕ,
x3 = sinϕ sinψ, x∗3 = ϕ∗ cosϕ sinψ

+ψ∗ cosψ sinϕ.

 (16)

Now, it seems natural to pose the following
question: when we are given a curve y(t) =
(y1(t), y2(t), y3(t)) can we define the ruled surface
where its base curve is the curve y(t)?. The an-
swer is affirmative and can be stated as follows:
Since x∗ = y × x we have the system of linear
equations in yi for i=1, 2, 3 (yis are the coordi-
nates of y):

y2 sinϕ sinψ − y3 sinϕ cosψ = x∗1,
−y1 sinϕ sinψ + y3 cosϕ = x∗2,
y1 sinϕ cosψ − y2 cosϕ = x∗3.

 (17)

The matrix of coefficients of unknowns y1, y2,
and y3 is the skew symmetric matrix

 0 sinϕ sinψ − sinϕ cosψ
− sinϕ sinψ 0 cosϕ
sinϕ cosψ − cosϕ 0

 ,

and thus its rank is 2 with ϕ(t) 6= 2πk (k
is an integer). The rank of the augmented matrix 0 sinϕ sinψ − sinϕ cosψ x∗1

− sinϕ sinψ 0 cosϕ x∗2
sinϕ cosψ − cosϕ 0 x∗2

 ,
is also 2. Thereby, this system has infinite

solutions given by

y2 = (y1 − ψ∗) tanϕ cosψ − ϕ∗ sinψ,
y3 = (y1 − ψ∗) tanϕ sinψ + ϕ∗ cosψ,

y1 = y1(ϑ(t), ϕ(t)).
(18)

Since y1(t) can be chosen arbitrarily, then we may
take y1(t) = ψ∗(t). In this case, Eqs. (18) reduces
to

y1(t) = ψ∗, y2(t) = −ϕ∗ sinψ,y3(t) = ϕ∗ cosψ.
(19)

From Eq. (19), we have

y1(t) = ψ∗,ϕ∗(t) = ∓
√
y22 + y23, tanψ = −y2

y3
.

(20)
Notably, ϕ∗(t) has two values; using minus sign
results in reciprocal of the ruled surface obtained
by the use of plus sign. Therefore through the
paper we choice lower sign. Into Eq. (9) we sub-
stitute from Eqs. (19), (20) and obtain:

r(t, v) = (y1, y2, y3)
+v(cosϕ, y3√

y22+y
2
3

sinϕ,− y2√
y22+y

2
3

sinϕ), (21)

where y22 + y23 6= 0, v ∈ R, and ϕ(t) is arbitrary.

Theorem 1. Suppose y(t) is the regular
curve in Euclidean 3-space E3. Therefore there
is a family of ruled surface represented by Eq.
(21).

Example 1. Let y(t) = (2t + 1, t2, t2) be a
curve in Euclidean 3-space E3. Then, in view of
Eq. (21), the family of ruled surface is

r(t, v) = (2t+ 1, t2, t2)
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+v(cosϕ,
t√
2

sinϕ,− t√
2

sinϕ)v ∈ R. (22)

The distribution parameter is λ(t) =
√
2

ϕ′
. The

function ϕ(t) can control the shape of the surface.
In case ϕ(t) = t, then λ(t) =

√
2 for -π ≤ t ≤ π,

and −10 ≤ v ≤ 10, the ruled surface is shown
in Figure. 1. If ϑ(t) = −t, then λ(t) = −

√
2,

-π ≤ t ≤ π, and −10 ≤ v ≤ 10 the surface is
shown in Figure 2.

Figure 1:

Figure 2:

Example 2. Given the cylindrical helix
y(t) = (t3/3, 2t, t2/2). Likewise, we have:

r(t, v) = (t3/3, 2t, t2/2)
+ v(cosϕ, 4t√

t2+16
sinϕ,− 4t√

t2+16
sinϕ),

(23)
The distribution parameter is

λ(t) =
√
t2 + 16 Ω

where

Ω =

(
4t2
√
t2+16 sin2 ϕ+4 sin 2ϕ+(t2+8)(t2+16)ϕ

′

16 sin2 ϕ+(t2+16)ϕ′2

)
.

If we take

ϕ(t) = t,

then for -π ≤ t ≤ π,−10 ≤ v ≤ 10, the ruled
surface is shown in Fig. 3, and the distribution
parameter is

λ(t) =
√
t2 + 16 Ω1

where

Ω1 =
(
4t2
√
t2+16 sin2 t+4 sin 2t+(t2+8)(t2+16)

16 sin2 t+(t2+16)

)
.

For ϕ(t) = −t, π ≤ t ≤ π,−10 ≤ v ≤ 10 the
surface is shown in Figure 4, and the distribution
parameter is

λ(t) =
√
t2 + 16 Ω2

where

Ω2 =
(
4t2
√
t2+16 sin2 t−4 sin 2t−(t2+8)(t2+16)

16 sin2 t+(t2+16)

)
.

Figure 3:
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Figure 4:

The coming is the alternative way to discuss
the notions of developable surfaces discussed in
[14]. Under what condition y(t, v) is a devel-
opable ruled surface in Euclidean 3-space E3 ?.
The answer is positive and can be stated as fol-
lows: In fact, in view of Eq. (15), y(t, v) is devel-
opable if and only if λ(t) = 0, that is,

ψ
′
ψ∗
′
sin2 ϕ+ϕ∗ψ

′2 sinϕ cosϕ+ϕ
′
ϕ∗
′

= 0. (24)

From Eq. (24), we get

(cotϕ)
′
+
ϕ∗ψ

′2

ϕ∗′
cotϕ+

ψ
′
ψ∗
′

ϕ∗′
= 0. (25)

Setting

f(t) = cotϕ,G(t) =
ϕ∗ψ

′2

ϕ∗′
,H(t) =

ψ
′
ψ∗
′

ϕ∗′
,

we are lead to a linear differential equation of
first order

df(t)

dt
+G(t)f(t) +H(t) = 0. (26)

The determination of ϕ(t) is needed here. The
solution of (26) results in cotϕ which contains
the integral constant, therefore there are in-
finitely developable ruled surfaces where every
one has the base curve y(t).

Example 3. By making use of the curve in
example 1, it is easy to show that

tanψ = −1,ϕ∗ = t
√

2,ψ∗ = 2t+ 1

and

ψ∗
′

=
√

2,ψ
′

= 0, ϕ∗
′

=
√

2,

we substitute these values into Eq. (26) and solve
this differential equation

f(t) = cotϕ = c,c ∈ R.

Since cotϕ = c, then we have:

cosϕ = ± c√
1 + c2

, sinϕ = ± 1√
1 + c2

. (27)

Choosing the plus sign, the family of developable
ruled surface can be written as

r(t, v) = (2t+ 1, t2, t2) +
v√

1 + c2
(c, 1,−1), (28)

where v ∈ R. If c = 1, −2 ≤ t ≤ 2, and
-3 ≤ v ≤ 3, therefore the member of this family
is obtained as in Figure 5. Figure 6 shows
the surface with c = −1, −2 ≤ t ≤ .2, and
−3 ≤ v ≤ 3.

Figure 5:

Figure 6:

Example 4. Form the curve in example 2, we
have

tanψ = −4

t
,ϕ∗ =

t

2

√
16 + t2,ψ∗ =

t3

3
.

Then

ψ∗
′

= t2,ψ
′

= 4
16+t2 , ϕ

∗′ = 8+t2√
16+t2

,

G(t) = 8t
(16+t2)(8+t2) , H(t) = − 4t2

√
16+t2

(16+t2)(8+t2) .

(29)
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According to Eqs (26), and (29), we have:

df(t)

dt
+

8t

(16 + t2) (8 + t2)
f(t) =

4t2
√

16 + t2

(16 + t2) (8 + t2)
.

The solution of this differential equation gives

f(t) = −4

√
8 + t2

16 + t2
K

where K = [ln
(
t+
√

8 + t2
)

+ 8
8+t2+t

√
8+t2

+ c],

c ∈ R. Since f(t) = cotϕ, then we have:

sinϕ = ± 1√
1 + f2(t)

, cosϕ = ± f(t)√
1 + f2(t)

.

Hence, the family of the developable ruled
surface is given by

r(t, v) = (t3/3, 2t, t2/2)

+
v√

1 + f2(t)

(
f(t),

t√
2
,− t√

2

)
,

where v ∈ R. If c=1,-2≤ t ≤ 2, and -4 ≤ v ≤ 4,
therefore the member of this family is obtained
as in Figure 7. Figure 8 shows the surface with
c = −1, −1 ≤ t ≤ 1, and −2 ≤ v ≤ −2.

Figure 7:

Figure 8:

4 Conclusion
The use of some mathematical methods in E.
Study map has been found suitable for the de-
termination of ruled and developable surfaces.
Similar results are used widely in different fields
such as in sheet and plate metal industry [5], in
boat hulls design, the design of windshield and as
binder (blank holder) surfaces for sheet.
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