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1 Introduction

The non-linear problems form a major line of research
in the sciences in general since many phenomena are
modeled using nonlinear equations. It is also true
that in most cases, it is not possible to find analytical
solutions to such models and therefore knowledge
of efficient numerical methods to approximate them
is essential. Thus, there are several semi-analytical
methods that allow us to approximate the solutions
numerically, such as the ADM, the DTM and the
Padé approximant method [|1].

For this reason, the Padé method is used in the
resolution of non-linear problems due to its excellent
convergence. This method has proven to be very use-
ful in obtaining quantitative information about the so-
lution of many interesting problems in sciences. The
applications of Padé approximants are divided into
two classes:

* The provision of efficient rational approaches to
special mathematical functions.

* The acquisition of quantitative information about
a function.

We can say then that the Padé approaches are the
basis of several non-linear techniques which have a
connection with the well known € algorithm. In the
specialized literature, several methods are known to
find the Padé approximations, so the fundamental
objective of this work is to pay special attention
to this type of fractions in which the method is
applicable presenting the most relevant properties in
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the applications.

Now, by way of introduction, it is important to note
that HIV is a retrovirus that targets the C D4 7T lym-
phocytes, which are the most abundant white blood
cells of the immune system. Although HIV infects
other cells also, it wreaks the most havoc on the
CDA4TT cells by causing their decline and destruc-
tion, thus decreasing the resistance of the immune sys-
tem.

2 Padé approximant mehod

From elemental analysis, divergence in a series of
powers is essential to talk about the presence of sin-
gularities. This type of divergence shows the problem
that polynomials have to approach a function around
that singularity, where the basic idea is to represent
any function f(z) by a convergent expression [2].
One of the most used techniques that requires as input
a finite number of terms is the approximation of Pad¢.
In this method proposed by Padé, this series [[13]

f2) =) ciz,
1=0

is replaced by a succession of rational functions of the
form:

(M

M
RY () = L0
v .
Zi:o biz;
Therefore, we use the standardization by = 1 and

the remaining M + N +1 coefficients ag, . . . , aps and
bi,...,by in Eq.(2) are chosen such that M + N + 1

2
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is the coefficient in the power series expansion (see
Eq.(1)). Thay is,

f(z) =R (z) =0 (2N (3)
then
M M
F2) bz =Y aiz =0 (ZMHNT) @)
=0 i=0

If > a;z; is a series representation of f(z), then
many cases R (z) — f(z) when M, N — oo,
even if > a;z; is divergent. Generally, we consider
the convergent succession Rg ,R()’H,..., where

M = N + J with J fixed and N — o0.
Therefore, we get

e Case 1: M > N. Developing the expression (4)
we have:

M

P L JMAN

G+ i+ (*2:2 +...+ (;y:‘v +...+ CM+NZ
+eohyz+ b4 FenobsN o ey L eapnoiby MY

+ (‘01)222 +.. .+('N_2()Q:'V +...+ (‘111_21)-2:“, +... +{‘)\/+N_21)25“’+“\’

+ ('OIJA\'TV +...+ ('g\/,A\'bNZ‘U +...+ (‘3\/{):\'3““"\‘v
=ay+ a2+ (:2:2+...+ 41‘\~:‘V+4..+ aA\,:‘”

Then, equating coefficients we obtain:

ewby + enmiby + 0+ cu-npby = -

epibr + ey + + ou-npby = g
creN-bl + ocagnzaby + o+ anby = =
and

ag = Cg

(11:(’1+(’0b1

ag = Co + Clbl + Cobg

any = ¢y +cen_1by +en_oby + ...+ cobn

ay = cy + cy—1by +ep—aby + ..+ cy-nby

e Case2: M < N.

In this case and after matching coefficients we
get:
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o+ 12+ ('2:2 +...+ ('g\[:‘“ +...+ (‘,\':N +...+ (‘11/+;\/2"“+N
+egbiz+erb 224+ ez 4+ enobi2N + v b MY
M4N

deohaz? 4. dep_abarM 4+ enabazN 4 earpn—aboz

+ by M4 Fenoaby N o+ ey MY
+ coby 2N+ 4 carby MY
=ap+ az+ a2*+...+ apzM
b+ bt abun =04
b+ bt byt b =—C)
enotbi+ evaaby o evoy—ibarsn Fevop-abarga b by =—cy
epan-b Feaenaaba+ o+ exabup+ enaabygpat o Fenby ==y

ag = Cg
ay = ¢ + coby

ag = ¢y + c1by + coby

ay = ey + ear—1by + eap_aba + ...+ cobyy

I)l CM+1
b CAL4+
M2

A . = — .
bn CAI4+N

Now, solving these systems we get:

where A is a matrix n X n whose entries are given
by Aij = cympi—j withap = 0if & < 0. There-
fore, the coefficients ag, a1 . . ., are determined by us-
ing Eq.(5)

J
aj =Y cjpby, 0<j<M, (5)

k=0

where b, = 0 for kK > N. Here, the resulting rational
function R} (2) is called a Padé approximation.

2.1 Modified algorithm

Semi-analytical techniques to solve nonlinear models
require an initial vision to determine the solutions as
well as the calculation of one or more parameters that
fit the initial system. When the parameters are cho-
sen correctly, the results can be very precise, but it
is important to emphasize that there is no method for
initially choosing this choice. In this work, we sug-
gest to use directly the serial solution for a nonlinear
model to find Padé’s approximation with highly effi-
cient results [3, 4].
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T(t) = Pt 1) = c;ﬁt",, V?t) =ijﬁn§9t" 9 (4.24)
n=0 n=0 n=0
de donde,
function [P,Q] = fraccion_continuaV2(M,N,y) b
J=M-0N; t=0; T'(t) =S An—+1) (D) _4n &Hﬂ%ﬂ?ﬁéﬂ%\%ﬁ%ﬂ@fﬂ@%@&é&@_ﬁ—“ 4
: ’ ’ o inAmic de UnIo defnfeccion por VIH 2
1f (J<0) n=8u L
t=N; N=M M=t; J=abs(J); ‘é%"%aosne?
end 3 n(t )y n AN
M=M+N-1J; A=zeros(M+t1); B = zeros(M+1); d = zeros(I(I )l I)Z n+ 1 ”+1t]' [ lﬁpz " E ,)g” <4(2¥1%}? 4)
(1)[ﬂ tr} 3fyn (4.2
AL, y(J+1:end); k=0 )

) =
) =

B(1,1) = 1; d(1) = A(1,1); PO = d(1); P1 = d(1); QO = 1;
Y ’ f él (2)
for k - 1;M‘ T(t)I( dzo'( ong %,L (tn+1

1 =k-1; n=0 \k=
for i = 1:k OT/ 30’ +17 L\Lni)#‘) t"

A(i+1,1+1) = A(i,1)*B(i,1+2)-B(i, 1)*A(1 1+2); V’(t L% e
B(i+1,1+41) = B(i,1)*A(i,1+1); 1 =1 - 1; V' :
end ' ' ' Luego reemplazando (4.24) ﬂ)%ﬁﬁ
d(k+1) = A(k+1,1)/B(k+1,1); TW(ﬁ)i’
if (k>1)

P = suma_pol(P1,conv([d(k+1) 0],P0)); E%mﬁ ]P)lcgllllfén + ( (2;))[ § (’(gzzzrn '.

Q = suma_pol(Ql,conv([d(k+1) 0],Q0)); Qo= Q1; Q1 = Q; Luego, ree ando

1
e L kuego, eemlpfaz n
QL = [d(2) 13; ueg ijf?&“dﬁ " =s (4.26)
end n= (1 n"
q % n (T) n+1t (34 < t
0 Z(" = S =) e >1‘" =s (4 26)
P = suma_pol (conv(fliplr(eval(y(1:J))),Q),conv([1 zeros(1,])],P)); "= 00 ¢ 1) (3) M—
end (2) upn (2
o) Yo+ 1)el = _:m; i Lo — (9424720
t=P; P=0Q;Q-=t; n=0 Z( i‘?‘lz D=0 (127)
end
end - Zn+1 2 —A " +3E(“f =0 (4.27)
N Dt — AL% 9@@# =
Algorithm 1. Modified algorithm. Z% + 1) i/ +z § o ﬁz%éS)
= n=0 >
=0 Z(n-%—l)mn i ﬁr/Z(<ﬂ"+’yZ(s)f"*() (4.28)

Y por tanto, de (4.26): oo

Y por tanto, de (4.26):
(n + 1) =80 @44 @ =0 (4.28)
The method receives as input parameters, in addi- ~ Pard/pet tanto. de (4.26): 2(:] ' Z:‘) :)U

tion to the degrees of numerator and dR#dmingkor of v por eumse, 306 WE get for n —‘(9 ,
the Padé approximation, the coefficients of the series . e g+ Top
expansion instead of the function explicitly [3, 6]. "R Bt (o — 1)l J’J& fc@o’)+ ﬁw I QL%%“%?; bl’s= £4999)

m a )

2
<q(,>) +T7 q() e +)\(‘ r“) s (4.29)

Para n > 0: (1) (2) 9
Para n > 0: (n+ 1), +( a(l 1()(42 ,( W(Ufﬁ “)?L‘W} Loy TS0 (4 29)
3 Dynamics of an HIV infection
y Para > 0 lt&l %&%&% %gfp%e %ﬂé&%@%m 0.) -0 @
model 1 — OME) - e BT 20 (430
. (n + )"+1+ a g& )z kit r@m&)k (an 0 15k (”(i )@ ()
Below we analyze the dynamics for a model of HIV 1), 41 e ( OIS O Gk AG b ) =0 (4.30)
infection from C D4™T cells. 'll'ﬁe en ‘lr):is .
basic model are the concentration @f 2: Qgéi@‘ogg S’para n 2 0, se tiene:
CDATT cells infected with HIV and the HIV-free
particles, which we will denotebyT.(t),I(t) and V'(t) (n+1 _ )\Z (1) (3 —i—ﬁc
respectively [7]. These amounts satisfy the following
relationship:
(n+ 1)), — Be® + 7e® =0

T =s—al+rT < R%{E/)end’é ef sistema de ecuggiones ng lingales dt o R (45 ge)ar(equa} ](4 31)

ow SGvEESE Syste
I,/ = AV~ Bl los coeficientes C"@ﬁ? k= 1]U %’b?falﬁl the c(;lvfﬁaeq?sl%(@prﬂx'macl'of §n ser|e dada en
V=Bl -V

estos coeficientes se usanopara. heflate §Erﬂd¥9ﬁ$ﬂﬂ%ﬁ%t‘i’&1 Pppﬂ@nc%fﬁm&@ente a cac
modelo %(%3 y flnalmenteosé’fmahm\*ae giadichedPddé apisrozanation corre-

= sponding to each variable of the model (6) and finally
we make the corresponding graph.

with initial conditions 7°(0)
and V(0) = r3. In this case, we use the Values

s=0la=002p=03r=37=24A= The procedure proposed in this work [8, 9]. , com-

2'0025 1T maz = 1500, 7 = 10’.@-?.9'}’_7:2__:_9_2‘?9_____p_aqu_t_o_tllg_me_t__ﬁ_"éfﬂﬁﬁl;%_téﬁ‘dﬂe_v_e_lgnqd_bxme_r-_ ________
3 = .. l

dan, is much simpler from the algebraic point of view,
clear all; global N s;AlR0E fhd HiekA AR CTRCHISD (RIS L2 73

Now, we assume cle; N =5; s = 0.1; sukpla of D025 (thehad V(0 With Kefy éﬁm@ﬁcﬂy@a = 2.4;
lambda = 0.0027; Tm =sultS800; eta = 10; r1 = 0.1; r2 = 0; r3 = 0.1;

=> Dt I(tm > esistena3; yo = &ieocsa{usesmif@b Iynd 2f@61@@dﬁ9&V§wnce
n=0

for 0 N+1 of the method for the calculatlon of the coefficients
ct(k+1) = y(3*k+1);
ci(k+1) = y(3*k+2);
cv(k+1) = y(3%k+3);
end
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Tabla 4.3: Coeficientes ¢\ de las expansiones en serie dadas en (4.24)

L 1. lobal K = aloha r Tn Lambda beta ot Lo vs Con los coeficientes a tes determjnadgs, 5erd aplica Ia tra sform e Laplace, luego
clear a. H g oba. s a. p ar m am| a eta eta gamma r T T. . . ,lia
clc; N =5; s =0.1; alpha = 0.02; beta = 0.3; = 3; ganma = 2.4; la aproxmacmpr&cﬁ e @ﬁgbeﬁéjéﬁ é%\m{ Laplace para

Lambda = 0.0027; Tm = 1500; eta = 10; 1 = 0.1; r2 = 0; 3 = 0.4; hallar solucionad gpaithiido dind the appmx}nﬁltﬁdlﬁ(]?radﬂté)ﬁdﬁbléad@o)}an este trabajo
i:u; ;Fg?;i;emas' ¥0 = zeros(1,3+1+6); y = fsolve(fun,y0); aplica directan((gge (Fiagor]trﬁg {p?_r]a. hallar el aproximante de Padé de orden (3, 3)

ct(k+1) = y(3*k+1);

ci(k+1) = y(3*k+2);

| e - yEne; (1) = 0,03694657¢" + 0,08896283t* + 0,24903817¢ + 0,1
T 0,22015132¢3 + 0,88724827t2 — 1489148341 + 1,0

[Pt,Qt] = pade3(ct,3,3);
(s gﬂ - }‘;Z ealer 55y, Dindmica de un modelo de infeccién por VIH 44

}Ei; 3:201 };AM(:V ) j);ﬁfv&rmﬂs) F(3%n+1)+1/Tm*c (3%k+1) *c (3% (HLk) +1 0,00000502¢* + 0,00003579¢% + 0,00002700¢ (4.34)
R(1 = polyval(Pt,x .
R(2,:) = iolzval(Pl x)./pol ﬁ(m x) \ 10;(,]2"3‘;069172:2(\) 05835649¢2 191*9%‘*16%3&@5?{ Ilnodelo de infeccion pe
R(3,:) = polyval(Pv.x). /ﬁtfy’ WX (3%k+1) *xc (3% (n-k) +2) +lambda*c (3xk+1)*c {3+ (n-k)

plot (x,R) F(3%n+2) = F(3%n+2)-lambdakc (3%k+1)*c (;%;I(flikaok@l)l@&sou* + 0700756449# —0,11994476t + 0,1
function F = sistespide) 0,11538176t3 4+ 0,57656577t? + 1,20055244¢ + 1,0
global N s alpha r Tm lambda beta eta gamma rl r2 r3

F(1) =@+ (alpha-r) *c (1)+r/Tmkc (1) ~2+r/Tmkc (1) *c (2) +lambdaxc (1) *c(3) -s;

F(2) lambd c(1)*c(3)+be53*c(2

F(3) ﬁ&%ni *c@@aﬁﬁa

ol EL%*nT@LcZ‘s*&&g)w@gm r)*c(3*n+1); 31
g_x _@612“:(5*(6+ ?)_%%*C(S*MQ)

*n+3) = (1) *xc (3% (M+1)+3) -betaretaxc (3*xn+2) +gammaxc (3xn+3) ;

(4.33)

(4.35)

4.5x1075

le un modelo deein?ecmon por VIH 44

+/Tm#c (3#k+1) *c (3% (n-K) +2) +1ambdaxc (3xk+1) *c (3% (n-k) +3) ;
+r/Tm*c (S*kﬁil?gjikﬁl€§ﬂéé(@1f@§ lema de Troesc 3*(glkf;rocedlmlento propuesto er% este trabajo, comparado con
(n-k) +2)+la€§?§@f§ﬁ§3@‘é{ 1I>é‘r§l§r%’5éi%nkﬁd'r§%boplca desarrollado por Merdan en [20], es mucho més sencill
-lambda*c (3ddetdiks |£ §tb33)|gebra|co puesto que se hallan directamente log coeficientes de la expansign

F(3*n+6) = c(
enh serie de t:} I(t) y V(t) con resultados muy similares, veamos:

1 L
Algorithm 2. Modified algorithm for model (6).
Este trabajo Merdan [20]

/
n T G 46 K0 10— V(O i
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0.10
ados muy similares, veamos:  Tabla 4.3: Coeﬁ? e)ntes ) de las expansiongs en serie dadasen (4.24)

Table 1. Expansion coefficients ¢;,” given in (5) for

thi%mr&_cgeﬁdgntes_au-tes_detemmados,_Mendan_en [20)], aplica la transformada de [Laplace, luego

la_aproximacion deMesddh i 20tha expresién vy finalmefte la transformada inversa de

= o

40 hallar £8flciones aproxdifdtias de T(t),vl@) y V(t)/El procedimiento establecido €
00000000 2R 30d556586"="5.6batRAELEY ! B21adbalnsh 2pyorimante de Padé dg forden (43
2400000000 0.3979530000  0.0000270000  -0.240000000
630405000 0.5028490535 00000172 37350.0:283040908 00698312 4 024003817 |+ 0.1

304151263 0.5887187713  -0100006G4 4.33
382427719 0.4382951585 ggogooeWﬁ%égn‘wm LASOLIS3| £ 1 )
663528422 0.2608632944  -0.000003 0.0663528422 .
265397189 0.1291047326 0000001 T536:0000102688b78500603579¢ >+ 0,0000270(f 0
® S R AB By DO RO TTR 35049t £ 0163531310 Figure 4.4: ApmmmcmS 'ﬁé}ﬂfﬂd@é&r@?f’?f‘m‘m‘m“ de Padépe
de las expansiones en serie dadas en (4.24) (k) Figure 2: Padé approximants for ().

Table 2. Expansion coef 101ents c % en in % )
017445017° 4 0 ,0 756449¢ —0,11994476t 4 0,1

s, Merdan eﬁg[%]p lap & n%f%rma@a G35 aTHALS, BSES5657717 + 1,20055244 1 1,0 (4.35)
sién y finalmente la transformada inversa de Laplace para 4 Conclusion
I(t) y V(), Ehmidced Witgntheeptableaisly dotesirinisd jeffi- In this work we have illustrated the accuracy and
hallar el amiexithavterdanRadd applies 1 Japlace transform, applicability of the Padé approximation method for
then Padé approximation to that expression and fi- a nonlinear model. It could be seen that Padé’s
nally the inverse Laplace transform to ind approxi- approximations, calculated from the terms of the

34+ 0 088%2&3@%1ﬁ1ﬂ)ﬁ§%@8{lﬁﬁ; H6),and V (¢ LI\O 114 33')1“11\ series expansion, improve the approximation of the
263 + 0,88724827¢% — 1,48914834t + 1,0 0

022 + 0,00003579t + 0,00002700¢

- 4.34
7t3 + 0,05835649¢% + 0,68584349¢t + 1 ( )
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series with respect to the series calculated by other
techniques.

Two algorithms were designed to calculate the
coefficients of the rational expression corresponding
to Padé’s approximations of the order (M, N): the
first one was calculated by solving a system of linear
equations in which the matrix of coefficients is a
Toeplitz matrix, which gave very efficient results
numerically; the second algorithm developed is much
more efficient than the previous one since it uses
properties of continuous fractions in which Padé’s
approximations correspond to any order under the
condition of normality of succession.

Finally, it was verified that the results obtained
with the algorithms of this work, gave the same re-
sults that those obtained with other methods. There-
fore, from the algebraic point of view, the procedure is
much simpler and efficient, since the expansion coef-
ficients of the series of 7'(t), I(t) and V (t) were found
in a direct way for the initial model.
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