WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2020.19.45

Edward Omey, Meitner Cadena

Estimating the ratio of means

EDWARD OMEY
KULeuven@CampusBrussels
BELGIUM

MEITNER CADENA
DECE, Universidad de las Fuerzas Armadas
ECUADOR

Abstract: Confidence intervals for ratio of means for large paired and unpaired samples with finite variance,
obtained by applying the central limit theorem and Cramér-Wold device, are given. Also, these intervals for ratios
are obtained under infinite variance and when considering independent populations, by using stable distributions.
Numerical illustrations by considering problems typically presented in practice are given.

Key-Words: Ratio of means, confidence interval, large sample, stable distribution, Cramér-Wold device

Received: February 2, 2020. Revised: August 1, 2020. Accepted: August 17, 2020. Published: September 13,

2020.

1 Introduction

It is often of interest to study the ratio of means in
the place of the difference of the means. Researchers
are often interested in the ratio of two measured quan-
tities. An important example is the body mass index
(BMI).The BMI or Quetelet index is a value derived
from the mass (weight) and height of an individual.
It is defined as the body mass (in kilograms) divided
by the square of the body height (in meters). See for
example [4]. In finance, an important ratio is the so-
called Sharpe ratio. It is the ratio of the excess ex-
pected return of an investment to its return volatility
or standard deviation. This ratio introduced in 1966
[22] and revised in 1994 [23] by Sharpe has become
popular to adjust return rates of investments for risk,
allowing the understanding of how the return of in-
vestment compares to its risk. In this way, higher
Sharpe ratios would mean investments would gener-
ate better risk-adjusted returns. See e.g. [|L3, [16, L7].

In accountancy, accountants use a lot of financial
ratio’s to compare companies with a benchmark, for
instance for predicting failures. See e.g. [2]. In an
earlier paper [|19], authors studied central limit theo-
rems for the coefficient of variation and for the ratio
of variances for dependent and for independent sam-
ples.

More applications of ratios of means are recently
found in a diversity of fields. For instance, in environ-
ment we have the called Arctic amplification which
is most often expressed as the quotient between the
mean change in Arctic temperatures and the global
change over a period of analysis [21]; and, in occupa-
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tional hygiene we have that a way for evaluating the
effectiveness of implementing a work practice in re-
ducing the concentration of an analyte in the urine of
exposed workers is through the ratio between analyte
concentrations obtained before and after implement-
ing the work practice [|L5].

Regarding finite variance and large samples, typ-
ical approaches for building confidence intervals for
ratios of means of independent populations have been
based on methods as Fieller’s Theorem [9, |10, [L1]],
Taylor series [20] and bootstrap [(]. We tackle inde-
pendent as well as dependent populations by applying
the central limit theorem and Cramér-Wold device [3].

Regarding infinite variance and large samples, this
fact matters because such a situation often occurs in
many fields like meteorology, health care, finance and
insurance. However, for the best of our knowledge,
there is no proposals for building confidence intervals
when ratios of means are required. We tackle this
problem by using stable distributions if populations
are independent.

In this paper we study ratios of the mean in the case
of large paired (dependent) or large unpaired (inde-
pendent) samples. In the paper we assume that mo-
ments exist whenever needed. In the third section
we give some more comments in the case that the
variance of the underlying distribution(s) is not finite.
The last section presents concluding remarks, includ-
ing future applications.
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2 The ratio of two means

In what follows N (i, 02) denotes the normal distri-
bution with mean . € R and variance o2 (> 0).

2.1 Unpaired samples
Let X, X3, Xo, ..., X;, denote independent identically
distributed (i.i.d.) random variables (r.v.s) with
EX = p and Var(X) = o?. Independent of
the X, let Y,Y1,Ys, ..., Y, denote i.i.d. rv. with
EY = us # 0and Var(Y) = o3. This case was
treated, among others, by Mahmoudi et al. [18], see
also [24]]. Let X and Y denote the sample means.

As n,m — oo, by the usual Central Limit Theo-
rem (CLT) we have

— i~ N(O,l),

= Zy~ N(O, 1).
Assume now that n ~ Am for some A > 0. In this
case we have

Y —
\/ﬁ H2

— Z3:=V\Zy ~ N(0, ),

02

where 71, Z5 are independent. Because of the inde-
pendence, for all (a,b) # (0,0) we have

X - Y — b
\/ﬁ<a an “2):>azl+bzg,

o1 09

or

o <a02X — aoapiy + bo Y — boy g
0201

The choice aoopy = —boq o implies that

CLUQY + b01?
0201

i

) — aly + bZ;s.
Choosing a = o1 we arrive at

\/’71 (X— MY) — 0'121 — 0'2&23.
2 M2

Setting 11 = 111/ po we get at
V(X — pY)

= 0121 — 0oudy =: Zy~ N(O,a% + U%u2)\),
or equivalently

X —uYy
\/ﬁ—u = Z5 ~ N(0,1),

Voi+ o3uA
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or
X —py
K — Z5 ~N(0,1). (1)
162+ Lo2p2

We canreplace of by s7 = >, _;(Xi — X)?/(n—1),
‘i% kﬁ’ 53 :;izl(}/i - Y)Q/(m —1),and pby i =
X /Y with Y # 0 to obtain

X —uY

A= :>Z5NN(O,1)

1.2, 125 @
a1+ oSl

Formula (2) leads to confidence statements for p of
the form, for a confidence level 0 < o < 1:

e

3% +
Y
where z, is the v x 100th percentile of the standard
normal distribution. To test Hy : 4 = pp, we can use
the test statistic

, 3)

Ag = X~ po ,

1o, 1.2 2
ST T g S2kh

which under Hj has an asymptotic standard normal
distribution as pointed out in ().

Remark 1
2

1) If o2 03 = o2 we can estimate o* by the
pooled variance 312) and then (@), @) can be re-
placed by

X —
A= 271z N,
sp\/w + il
X £ 2,980/ £ + =112
po= v

X —uy
A = a b — 7y~ N(0,1),
spy/ 1+ 12
Yj:zy/zspnfl/Q\/l—FﬁQ
po= = -
Y

2.1.1 Application

Consider the blood pressure measurements (30 sec
pulse) collected in the National Health and Nutri-
tion Examination Survey, US, corresponding to 2017-
2018. These measurements are taken for males (X)
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and females (Y"). These data without missing values
concern 3301 observations for males and 3441 for fe-
males. Members of these samples are represented by
X; and Y;, respectively. We assume that X; and X
follow the same distribution, and in a similar way for
Y;and Y. Also, we assume that X; and X, ¢ # j, are
independent from each other, and the same assump-
tion between Y; and Y}, 7 # j. Further, we assume
that X and Y are independent from each other. Fi-
nally, for X as well as for Y, we admit that these r.v.s
have at least moment 2.

We are interested on behavior of i = i, / ¢ with
m the expected blood pressure for male and i the
expected blood pressure for female. To this aim, we
formulate the null hypothesis Hy: ¢+ = 1 and go to
build the confidence interval given in () at v = 5%.

From those data, we get

fim = 72.45198
iy = 74.99506

s2 = 155.4878
s; = 148.0352.

These inputs then give the confidence interval
[0.9582443;0.9739359]. This fact therefore means
that Hy is rejected at v = 5%. Further, this interval
would suggest that p < 1.

2.2 Paired samples

In this section, let (X,Y), (X1,Y1), (Xo,Y2), ...,
(X,,Y,) denote i.i.d. random vectors with EX =
p1, BY = pg, Var(X) = o2, Var(Y) = o3 and
with p = p(X,Y). Now consider linear combina-
tions of the form L = a X + bY. Clearly we have

pr = EL=au; + bus,
of = Var(L) = a*0? + b*03 + 2abpoi0s.

The CLT for L shows that

L —
\/ﬁ KL

— Z ~ N(0,1),
oL

or equivalently that

Vn(aX +bY — apy — bus)
= o4
~ N(0,a’0f + b%03 + 2abpoi02), (4)

for all (a,b) # (0,0). By the Cramér-Wold device, it
follows that

V(X =, Y — p2) = (U, V), )
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where (U, V') has a bivariate normal law with means
EU = EV = 0 and with variance-covariance matrix

n— ( p0-120-2 > )
03

Taking a = pp and b = —p relations (H), () show
that

V(X — nY)
= U -V :=Q
~ N(0, p307 + pios — 21 p2p0102).

Note that Var(Q) = Var(u2U — 1 V). Setting p =
ul/,ug, we also have

ot
pPO102

V(X —uY) = R ~ N(0,0% 4 %03 —2upoi03),
or
X —uy
n 2 2 52
\/01 + pFo5 — 2upo102

= Z ~ N(0,1).

Replacing the unknown quantities by their respective
estimates, we obtain that

X —pYy

n — — = Z ~ N(0,1).
\/s% + 11285 — 2[irsy sy

Now we get confidence statements of the form

X+ zy/zﬁ\/s% + 1283 — 2irsy so
— - .

I Q)

Remark 2
1) If 01 = 09 = 0 we can simplify and find

V(X = pY) = N(0,0*(1 + p* — 2up).
2) Ifalso p = 0, then we find

V(X — pY) = N(0,0°(1 + %))

2.2.1 Application
Consider the height (X) and weight (Y) measure-
ments (cm and kg) collected in the National Health
and Nutrition Examination Survey, US, correspond-
ing to 2017-2018. For females, these data without
missing values concern 4108 observations (X,Y).
We assume that (X;,Y;) and (X;,Y;), i # j, are
independent. Also, we assume X; follows the same
distribution than X, and for Y; a similar hypothesis.
We are interested on to evaluate behavior of the
Body Mass Index (BMI) which is calculated as weight
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in kilograms divided by height in meters squared.
To this aim, we formulate the null hypothesis Hy:
BMI < 30, because indexes greater or equal than 30
are a concern of health. To evaluate such a hypothe-
sis, we go to build the confidence interval given in (6)
at v = 5%, adapting it for testing inequalities.

From those data, we get

X 65.28055
Y = 2.335582
s = 808.1152
s2 = 0.273935
r 0.728730.

These inputs then give the confidence interval
[0.00000; 28.17132]. This fact therefore implies that
Hy is not rejected at v = 5%.

3 Domains of attraction

In this section we briefly discuss the case where the
variances are possibly not finite.

Hereafter RV, denotes the set of regularly varying
functions f with index o € R, i.e. f(tz)/f(z) — t*
asx — oo forall ¢t > 0. If @ = 0, such functions are
the so-called slowly varying functions.

3.1 Univariate case

Suppose that the real r.v. X is in the domain of at-
traction of a stable law U («) with exponent o where
1 < o < 2. Notation: X € DA(U(«)). This means
that we can find a sequence of positive numbers (a,)
so that

X - EX

(7

In the case where @ = 2, U(2) has a normal distri-
bution. To characterize (), we consider the truncated
moment function Vx (z) = [ y*dFx(y). We have

the following result.
Theorem 1 (Chapter XVILS in [5])

(i) Suppose that o = 2 and that Fx (x) is not con-
centrated at one point. We have X € DA(U(2))
if and only if Vx (z) € RV},

(ii) Suppose that 1 < o < 2 and that

P(X > x)
P(|X| > x)

P(X < —x)

TP pX[>a) Y

Then X € DA(U(«)) if and only if Vx(x) €
RV5_,.
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(iii) In both (i) and (ii) we have

?’P(|X|>2) 2-a
%
Vx (x) o'

Feller’s theorem also shows that in ([f) we can take
ap in such a way that nVy (a,) ~ a2. Now define
W(x) = 22/Vx(z) € RV,. Since a > 0, W(x) ~
We(x) where W°(z) € RV, is increasing. Then
we find that n ~ W (a,,) and a,, ~ W°(n). Among
others it follows that (a,,) is regularly varying with
index 1/c. The finite variance case corresponds to
the case where Vy (z) T EX? < oo, and then we can
choose a,, so that a2 ~ nEX?2.

3.2 Independent random variables

Now suppose that X € DA(U(«w)) and Y €
DA(V(B)) where 1 < o, < 2, and where X and
Y are independent. This means that there exist se-
quences (ay,), (by,) so that

Y—Ml

U V(B3).
n - = U(a), m - (8)
If m ~ An, A > 0, we have
X — Y —
n= "M U(a), n—F2 — cNV(B),

bn,

29
where ¢(\) is a positive constant depending on .
If b, = o(ay,), then for all (a, b) # (0,0) we have

X — —bY +b
aX —apn =WV by
Qn

aU(«).

Choosing a = 1,b = . = uq/ps we get that
X —uy
ne P Ua).

Qn

If a,, = o(by,) we have a similar result.

Next suppose that Vx (z) ~ ¢Vy (x) where ¢ > 0.
This implies that « = (3 and that we can take a,, = b,,.
Now we find that for all (a,b) # (0,0) we have

WX =Y b ) e v(d)

an

Choosing a = 1,b = pu = 1 /ps we get that

X —pYy
n=—t= — U(a) — peW)V (8).
From some of the previous results, we have the
following one, which will be used later.
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Proposition 1 Let X and Y be r.v.s belonging to do-
mains of attraction of stable laws U(«) and V()
with 1 < a, 8 < 2, respectively. If Vx (x) ~ cVy (x)
for some ¢ > 0, where Vz(x) = [ y*dFz(y), then
c=1

Proof. Because X and Y belong to domains of at-
traction of stable laws U(«) and V'(3), respectively,
there exist sequences a,, and b,, such that

Y—/h

Qn

7—u2

m

= U(a),m = V(B),

as n — oo and m — oo, respectively. Hence, Theo-
rem [If implies that

n

nVx(an) ~a? and mVy(by) ~ b2,

as n — oo and m — oo, respectively. On the other
hand, by the hypothesis Vx(z) ~ cVy(z), we can
take a,, = b,,. Hence, we deduce that

ai ~ nVx(an) ~ncVy(a,) = ncVy (by) ~ cbi,

i.e. ¢ = 1. The proposition then follows. m

Further, let F and G be the distributions functions
associated to X and Y, respectively. Assume there
exist a slowly varying function L x at infinite and con-
stants cx1,cx,2 > 0, cx,1 + cx2 > 0, such that

(1 — F(z)) (ex1+o(1))Lx(z) (8)
12F (—x) (cx2 +o(1))Lx (),

as x — 0o, and there exist a slowly varying function
Ly at infinite and constants cy,1,cy2 > 0, cy;1 +
cy,2 > 0, such that

(1 — G(x))
G (—x)
as r — o0o.

Consider the following result proved by Ibragimov
and Linnik [[12], see also e.g. [[L].

Theorem 2 (Theorem 2.6.5 in [|I2]) If F belongs to
the domain of attraction of a stable law U («) with
0 < a < 2, and satisfies (8) for some constants ¢
and co and L being slowly varying function, then the
logarithm of the characteristic function of 1 — F as
t—0is

(cy,1 +o(1)) Ly (x)

(cy2+0(1))Ly(x), ©

itd — ct|*L(|t| ™) [1 - "5‘; tan (a;ﬂ
o[t L(Jt]71)),

where
N C1 — Co
b = 1+ ¢’
¢ = T(1—a)(cr + e2)cos (%)
0 = E[X].
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A consequence of this result is the following one.

Proposition 2 Let X1, ..., X, be a sample of r.v.s of
arv. X, which follows a distribution function F'. Let
Y1, ..., Yo, be a sample of rv.s of a vv. Y, which fol-
lows a distribution function G. Assume that X andY
are independent and that they satisfy the hypothesis of
Proposition |I| with E(Y') # 0. Assume that F and G
satisfy () and (9) for some constants cx,1, ¢x,2 and
cy,1, ¢y,2 and Lx and Ly being slowly varying func-
tions, respectively. If n = Am for some A > 0 and
taking p = /,Ll/ug with 1y = E(X) and po = E(Y),
then we have, for some stable law W,

X —uY
n=— " — W(a) = W(a, B, cw, ow).
Gnp
where
cxBx + eyl 5% By
Pw = T
Cx—i-Cy‘ﬂ
1| 1/«
o = (exrer|2)"
A
ow = 0,

with cx = T'(1 — a)(cXJ + CX’Q) cos (%ﬂ), Bx =
(exq —ex2)/(exq+exp) ey =T(1 —a)(ey, +
cy,2) cos (%) and Py = (cyq —cyz) /(e + cy),
which describe the logarithm of the characteristic
function of W given by, as t — 0,

iyt — ¢S [t [1 - iﬂw‘; tan (C?)] +o([t]*).
Proof. Let X and Y be r.v.s satisfying Vx(z) ~
cVy(z) and belonging to domains of attraction
DA(U(a)) and DA(V («)), respectively. Hence and
by hypothesis, there exist sequences a,, and a,,, such
that o
— M
Qan

= U(a),

TX,n =n

and

Y —po

Ty7m =m — V(Oé),

m
asn — oo and m — oo. Hence, Theorem [ indicates
that when t — 0, the logarithm of the characteris-
tic function of T’y ,, is, after straightforward compu-
tations, as n — 0o,
(03
Ix (

log PTx (t)
. t aT
X [1 — zﬁthan (2)}

w2 (1))

t

—ncx

Gn an

t

an

Gn
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QT

where cx = I'(1 — a)(ex;1 + cx,2)cos (7) and

Bx = (ex1 — CX,Q)/(CXJ + cx2). Because T'x
converges to U(a), then logyr,  (t) converges to
the logarithm of the characteristic function of U («)
as n — oo. Hence we deduce, as n — oo,

nLx (™)
apn

L. (10)

In a similar way, we deduce, as m — oo,
mLy (| ;=71

(e}
am

1. (11)

Next, we analyze Ty, = n(X — uY) / an. After
straightforward computations, we get that, as ¢ — 0,
the logarithm of its characteristic function is

log o1, (1)

<
(
o
<

t tu |7t
—ney | —2 el
Y Aay, Y an
X |1 —1f t tan Om)
iBv— bl
IR
| tp |7
—)| L — .
+o (n Aay, Y ( Aay, ))

Taking n — oo and then applying ([L0) and ([L1) give
log ¢y, ,, (£)
- - (CX +cy }%’ ) |t]*

.Cxﬂx+cyl§\aﬁy t T
X |1—1 7 — tan (—)
cx +oy|fl* [t

2
+o([t]).

The proposition then follows. m

3.2.1 Application

In this application we evaluate the null hypothesis that
1 1s equal to a given pg when data would not have
variance but do mean. To this aim, we consider log-
arithmic variations of exchange rates r; between US
and Indonesia (US-I) and US and Malaysia (US-M),
from first January 1994 to 18th May 2020. These log-
arithmic variations are expressed as log(ry/ry—1).

E-ISSN: 2224-2880
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To this aim, we assume the distribution function
F for representing logarithmic variations of exchange
rates related to US-I as

1 —
2 (1_ %)
1

1 T e

ifz <0
Fr) =

F' 1s then continuous and

8

—a—1
ﬂf1——) ifz <0
Fl(z) = o ( g

2(1+2) " ifa>o,

and it is defined F'(0) = a/ox. Then F is also
continuous differentiable, i.e. the involved probabil-
ity density function is continuous. Also, F' is clearly
regularly varying with tail indexes, see e.g. [[14],

log(1 — F(x))

Iim —
Z—00 log x
logd (14 =) "
1' Og2 +>UX
= log z
= «
and
lim log F(—x)
T—00 log
lo l(l L)_a
. g2 +_0X
- :clggo_ log x
= «

On the other hand, we have

WO—F@D-EW<L“;>W
= T[4 o1)]
and
2F(—z) = lxa (1 + x) B
2 ox
= T[4 o(1)]
This means that Lx(z) = 0%/2 and cx; =

cx,2 = 1. In particular, we get Bx = 0.
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We define Y in a similar way to X, but taking oy
instead of o x.
Thus, W in Proposition ] becomes

w (a,O,ﬁl/a,O),

where

1Oé
u]

k=T(1 —a)cos <%> [ag( + oy

Note that this law W is symmetric. Hence, for a
v x 100 % of confidence, W(_,)/o and Wy 51, /0
satisfy W1_,y2 = —Wi/24,/2. Then, a confidence
interval for y is

X £+ Wy 20n/n

Y

In order to establish the parameters of W data are
fitted, producing the estimates

OUs—1 1.740163811
ous—r = 0.004037815
Qus—m = 1.827724618
oUS—M 0.002430342

Hence, we take

o = 1.800000000
oys—1 = 0.004037815

OUS—M 0.002430342

Under these assumptions, at v = 5 %, Table
presents hypothesis tests for some values 1. These
results imply that hypothesis like g = 1 or pg = 2
may be not rejected, but the one iy = 3 may be re-
jected.

o Inferior limit of CI ~ Superior limit of CI
1 —2.371444 2.890368

2 —2.058195 2.577119

3 —1.988479 2.507403

Table 1: CI for some g

4 Concluding remarks

1) In the paper we used a Central Limit Theorem to
construct confidence statements for the ratio of
means for large samples. We obtained a result
for both the independent and the dependent case.
Also in the infinite variance case, we proved a
result. In the latter, more results are needed to
construct attractive confidence statements.
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2) In studying ratio’s there are different approaches
possible. Consider the following three econo-
metric models:

model 1: Y =7X + ¢
model 2: Y = (7 4+ €) X;
model 3: Y = (T\/X+E)\/Y.

When we do not take into account the error term
¢, we find Y /X = 7 in the three cases. However,
when we use data and apply the least squares
method, we find different estimates for 7:

model 1: 7, = XY /X2
model 2: 7 = Y /X;
model 3: 73 = Y/ X.
We notice that the 3 models give a different esti-

mate for 7 which ideally represents the same ratio
Y/X.

3) The case of dependency under infinite variance
needs approaches for representing dependence
structures. Copulas have been used for playing
such a role, as for instance e.g. [S] and [[7]. Ina
forthcoming paper we will present new alterna-
tives for tackling confidence intervals for ratios

of means under those conditions.

4) Further research is needed to estimate parame-
ters in the dependent case/domain of attraction
case. Also we plan to investigate ratio of vari-
ances, skewness and curtosis. Also we have a
plan to apply our results in studying financial in-

dicators like the RSI (relative strenght index).
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