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1 Introduction
Continuity is an important concept for the study and
investigation in topological spaces. The concept of
weak continuity due to Levine [16] is one of the
most important weak forms of continuity in topolog-
ical spaces. Ekici et al. [8] established a new class
of functions called weakly λ-continuous functions
which is weaker than λ-continuous functions and in-
vestigated some fundamental properties of weakly λ-
continuous functions. Popa and Noiri [19] introduced
a new notion of weakly (τ,m)-continuous functions
as functions from a topological space into a set sat-
isfying some minimal conditions and obtained some
characterizations and several properties of such func-
tions. Janković [14] defined almost weakly continu-
ous functions as a generalization of both weakly con-
tinuous functions and almost continuous functions in
the sense of Husain [12]. Smithson [22] and Popa
[20, 21] extended independently these concepts to
multifunctions and introduced upper (resp. lower)
weakly continuous multifunctions and upper (resp.
lower) almost continuousmultifunctions. The present
authors introduced and studied other weak forms
of continuous multifunctions: weakly quasicontinu-
ous multifunctions, almost weakly continuous mul-
tifunctions, weakly α-continuous multifunctions and
weakly β-continuous multifunctions. These multi-
functions have similar properties. Noiri and Popa [18]
have defined and investigated the notion of almost
weakly continuous multifunctions. Ekici at al. [7]
introduced the concept of almost contra-continuous
multifunctions and investigated several characteriza-
tions of almost contra-continuous multifunctions. In
[17], the present authors introduced the concept of up-
per (resp. lower) almostm-continuousmultifunctions

as multifunctions from a set satisfying some minimal
conditions into a topological space and obtained some
characterizations of such multifunctions.

The concept of ideals in topological spaces has
been introduced and studied by Kuratowski [15] and
Vaidyanathswamy [23]. Every topological space is
an ideal topological space and all the results of ideal
topological spaces are generalizations of the results
established in topological spaces. In 1990, Janković
and Hamlett [13] introduced the notion of I -open
sets in ideal topologial spaces. Abd El-Monsef et
al. [1] further investigated I -open sets and I -
continuous functions. Later, several authors stud-
ied ideal topological spaces giving several conve-
nient definitions. Some authors obtained decomposi-
tions of continuity. For instance, Açikgöz et al. [2]
introduced and investigated the notions of weakly-
I -continuous and weak⋆-I -continuous functions in
ideal topological spaces. Donthev [6] introduced the
notion of per-I -open sets and obtained a decompo-
sition of I -continuity. In [11], the present authors
introduced the notions of semi-I -open sets, α-I -
open sets and β-I -open sets via idealization and us-
ing these sets obtained new decompositions of conti-
nuity. Hatir and Noiri [10] investigated further prop-
erties of semi-I -open sets and semi-I -continuity.
Moreover, the present authors [9] introduced and in-
vestigated the notions of strong β-I -open sets and
strongly β-I -continuous functions.

The purpose of the present paper is to introduce
the notions of upper and lower almost weakly ⋆-
continuous multifunctions as a multifunction from an
ideal topological space into an ideal topological space
and investigate several characterizations of such mul-
tifunctions.
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2 Preliminaries
Throughout the present paper, spaces (X, τ) and
(Y, σ) (or simplyX and Y ) always mean topological
spaces on which no separation axioms are assumed
unless explicitly stated. In a topological space (X, τ),
the closure and the interior of any subset A ofX will
denoted by Cl(A) and Int(A), respectively. An ideal
I on a topological space (X, τ) is a nonempty col-
lection of subsets ofX satisfying the following prop-
erties: (1) A ∈ I and B ⊆ A implies B ∈ I ;
(2) A ∈ I and B ∈ I implies A ∪ B ∈ I . A
topological space (X, τ) with an ideal I on X is
called an ideal topological space and is denoted by
(X, τ,I ). For an ideal topological space (X, τ,I )
and a subset A of X , A⋆(I ) is defined as follows:
A⋆(I ) = {x ∈ X : U ∩ A ̸∈ I for every open
neighbourhood U of x}. In case there is no chance
for confusion, A⋆(I ) is simply written as A⋆. In
[15], A⋆ is called the local function of A with re-
spect to I and τ and Cl⋆(A) = A⋆ ∪ A defines a
Kuratowski closure operator for a topology τ⋆(I ).
For every ideal topological space (X, τ,I ), there
exists a topology τ⋆(I ) finer than τ , generated by
B(τ,I ) = {U − I0 | U ∈ τ and I0 ∈ I }, but
in general B(τ,I ) is not always a topology [13]. A
subset A is said to be ⋆-closed [13] if A⋆ ⊆ A. The
complement of a ⋆-closed set is called ⋆-open. The
interior of a subset A in (X, τ⋆(I )) is denoted by
Int⋆(A).

By a multifunction F : X → Y , we mean a point-
to-set correspondence fromX into Y , and we always
assume that F (x) ̸= ∅ for all x ∈ X . For a multifunc-
tion F : X → Y , following [3], we shall denote the
upper and lower inverse of a set B of Y by F+(B)
and F−(B), respectively, that is,

F+(B) = {x ∈ X | F (x) ⊆ B}

and F−(B) = {x ∈ X | F (x) ∩ B ̸= ∅}. In partic-
ular, F−(y) = {x ∈ X | y ∈ F (x)} for each point
y ∈ Y . For each A ⊆ X , F (A) = ∪x∈AF (x). Then
F is said to be surjection if F (X) = Y , or equiva-
lent, if for each y ∈ Y there exists x ∈ X such that
y ∈ F (x) and F is called injection if x ̸= y implies
F (x) ∩ F (y) = ∅.
Definition 1. [6] A subset A of an ideal topological
space (X, τ,I ) is said to be:
(1) pre-I -open if A ⊆ Int(Cl⋆(A));

(2) pre-I -closed if its complement is pre-I -open.
For a subset A of an ideal topological space

(X, τ,I ), the intersection of all pre-I -closed sets
ofX containingA is called the pre-I -closure [24] of
A and is denoted by pıCl(A). The union of all pre-
I -open sets of X contained in A is called the pre-
I -interior of A and is denoted by pıInt(A).

Lemma 2. [24] LetA be a subset of an ideal topolog-
ical space (X, τ,I ) and x ∈ X . Then, the following
properties hold:

(1) x ∈ pıCl(A) if and only if U ∩ A ̸= ∅ for every
pre-I -open set U of X containing x.

(2) A is pre-I -closed if and only if A = pıCl(A).

(3) pıCl(X −A) = X − pıInt(A).

(4) pıInt(X −A) = X − pıCl(A).

Lemma 3. For a subset A of an ideal topological
space (X, τ,I ), the following properties hold:

(1) pıCl(A) = A ∪ Cl(Int⋆(A)) [25].

(2) pıInt(A) = A ∩ Int(Cl⋆(A)).

3 Some characterizations
In this section, we introduce the notions of upper
and lower almost weakly ⋆-continuous multifunc-
tions. Moreover, several interesting characterizations
of upper and lower almost weakly ⋆-continuous mul-
tifunctions are investigated.

Definition 4. A multifunction F : (X, τ,I ) →
(Y, σ,J ) is said to be:

(1) upper almost weakly ⋆-continuous if for each x ∈
X and each ⋆-open set V of Y such that F (x) ⊆
V , x ∈ Int(Cl⋆(F+(Cl⋆(V ))));

(2) lower almost weakly ⋆-continuous if for each x ∈
X and each ⋆-open set V of Y such that

F (x) ∩ V ̸= ∅,

x ∈ Int(Cl⋆(F−(Cl⋆(V )))).

The following results give some characterizations
of upper and lower almost weakly ⋆-continuous mul-
tifunctions.

Theorem 5. For a multifunction F : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) F is upper almost weakly ⋆-continuous;

(2) F+(V ) ⊆ Int(Cl⋆(F+(Cl⋆(V )))) for every ⋆-
open set V of Y ;

(3) Cl(Int⋆(F−(V ))) ⊆ F−(Cl⋆(V )) for every ⋆-
open set V of Y ;

(4) pıCl(F−(V )) ⊆ F−(Cl⋆(V )) for every ⋆-open
set V of Y ;

(5) F+(V ) ⊆ pıInt(F+(Cl⋆(V ))) for every ⋆-open
set V of Y ;
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(6) for each x ∈ X and each ⋆-open set V of Y con-
taining F (x), there exists a pre-I -open set U of
X containing x such that F (U) ⊆ Cl⋆(V ).

Proof. (1) ⇒ (2): Let V be any ⋆-open set of Y and
x ∈ F+(V ). Then F (x) ⊆ V . Since F is upper
almost weakly ⋆-continuous,

x ∈ Int(Cl⋆(F+(Cl⋆(V )))).

Consequently, we obtain

F+(V ) ⊆ Int(Cl⋆(F+(Cl⋆(V )))).

(2) ⇒ (3): Let V be any ⋆-open set of Y . Since
Y − Cl⋆(V ) is ⋆-open and by (2), we have

X − F−(Cl⋆(V )) = F+(Y − Cl⋆(V ))

⊆ Int(Cl⋆(F+(Cl⋆(Y − Cl⋆(V )))))

= Int(Cl⋆(F+(Y − Int⋆(Cl⋆(V )))))

⊆ Int(Cl⋆(F+(Y − V )))

= Int(Cl⋆(X − F−(V )))

= X − Cl(Int⋆(F−(V )))

and hence Cl(Int⋆(F−(V ))) ⊆ F−(Cl⋆(V )).
(3) ⇒ (4): Let V be any ⋆-open set of Y . By (3)

and Lemma 3(1),

pıCl(F−(V )) = F−(V ) ∪ Cl(Int⋆(F−(V )))

⊆ F−(Cl⋆(V )) ∪ Cl(Int⋆(F−(V )))

= F−(Cl⋆(V )).

(4) ⇒ (5): Let V be any ⋆-open set of Y . Since
Y − Cl⋆(V ) is ⋆-open and by (4), we have

X − pıInt(F+(Cl⋆(V ))) = pıCl(X − F+(Cl⋆(V )))

= pıCl(F−(Y − Cl⋆(V )))

⊆ F−(Cl⋆(Y − Cl⋆(V )))

⊆ F−(Cl⋆(Y − V ))

= F−(Y − V )

= X − F+(V )

and hence F+(V ) ⊆ pıInt(F+(Cl⋆(V ))).
(5) ⇒ (6): Let x ∈ X and V be any ⋆-open set of

Y containing F (x). By (5), we have

x ∈ F+(V ) ⊆ pıInt(F+(Cl⋆(V )))

and so there exists a pre-⋆-open setU ofX containing
x such that U ⊆ F+(Cl⋆(V )); hence

F (U) ⊆ Cl⋆(V ).

(6) ⇒ (1): Let x ∈ X and V be any ⋆-open set
of Y containing F (x). By (6), there exists a pre-I -
open set U of X containing x such that

F (U) ⊆ Cl⋆(V ).

Thus, U ⊆ F+(Cl⋆(V )) and hence

x ∈ U ⊆ Int(Cl⋆(U)) ⊆ Int(Cl⋆(F+(Cl⋆(V )))).

This shows that F is upper almost weakly ⋆-
continuous.

Theorem 6. For a multifunction F : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) F is lower almost weakly ⋆-continuous;

(2) F−(V ) ⊆ Int(Cl⋆(F−(Cl⋆(V )))) for every ⋆-
open set V of Y ;

(3) Cl(Int⋆(F+(V ))) ⊆ F+(Cl⋆(V )) for every ⋆-
open set V of Y ;

(4) pıCl(F+(V )) ⊆ F+(Cl⋆(V )) for every ⋆-open
set V of Y ;

(5) F−(V ) ⊆ pıInt(F−(Cl⋆(V ))) for every ⋆-open
set V of Y ;

(6) for each x ∈ X and each ⋆-open set V of Y such
that F (x)∩V ̸= ∅, there exists a pre-I -open set
U of X containing x such that

F (z) ∩ Cl⋆(V ) ̸= ∅

for each z ∈ U .

Proof. The proof is similar to that of Theorem 5.

Theorem 7. For a multifunction F : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) F is upper almost weakly ⋆-continuous;

(2) Cl(Int⋆(F−(Int⋆(K)))) ⊆ F−(K) for every ⋆-
closed set K of Y ;

(3) pıCl(F−(Int⋆(K))) ⊆ F−(K) for every ⋆-
closed set K of Y ;

(4) pıCl(F−(Int⋆(Cl⋆(B)))) ⊆ F−(Cl⋆(B)) for ev-
ery subset B of Y ;

(5) F+(Int⋆(B)) ⊆ pıInt(F+(Cl⋆(Int⋆(B)))) for
every subset B of Y .
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Proof. (1) ⇒ (2): Let K be any ⋆-closed set of Y .
Then Y − K is ⋆-open in Y and by Theorem 5, we
have

X − F−(K) = F+(Y −K)

⊆ Int(Cl⋆(F+(Cl⋆(Y −K))))

= Int(Cl⋆(F+(Y − Int⋆(K))))

= Int(Cl⋆(X − F−(Int⋆(K))))

= X − Cl(Int⋆(F−(Int⋆(K))))

and hence Cl(Int⋆(F−(Int⋆(K)))) ⊆ F−(K).
(2) ⇒ (3): Let K be any ⋆-closed set of Y . By

(2) and Lemma 3(1),

pıCl(F−(Int⋆(K)))

= F−(Int⋆(K)) ∪ Cl(Int⋆(F−(Int⋆(K))))

⊆ F−(Int⋆(K)) ∪ F−(K) = F−(K).

(3) ⇒ (4): The proof is obvious.
(4) ⇒ (5): Let B be any subset of Y . Then by

(4), we have

X − pıInt(F+(Cl⋆(Int⋆(B))))

= pıCl(X − F+(Cl⋆(Int⋆(B))))

= pıCl(F−(Y − Cl⋆(Int⋆(B))))

= pıCl(F−(Int⋆(Cl⋆(Y −B))))

⊆ F−(Cl⋆(Y −B))

= X − F+(Int⋆(B))

and henceF+(Int⋆(B)) ⊆ pıInt(F+(Cl⋆(Int⋆(B)))).
(5) ⇒ (1): Let V be any ⋆-open set of Y . Then

by (5), we have F+(V ) ⊆ pıInt(F+(Cl⋆(V ))) and
henceF is upper almost weakly ⋆-continuous by The-
orem 5.

Theorem 8. For a multifunction F : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) F is lower almost weakly ⋆-continuous;

(2) Cl(Int⋆(F+(Int⋆(K)))) ⊆ F+(K) for every ⋆-
closed set K of Y ;

(3) pıCl(F+(Int⋆(K))) ⊆ F+(K) for every ⋆-
closed set K of Y ;

(4) pıCl(F+(Int⋆(Cl⋆(B)))) ⊆ F+(Cl⋆(B)) for ev-
ery subset B of Y ;

(5) F−(Int⋆(B)) ⊆ pıInt(F−(Cl⋆(Int⋆(B)))) for
every subset B of Y .

Proof. The proof is similar to that of Theorem 7.

Definition 9. A function f : (X, τ,I ) → (Y, σ,J )
is said to be almost weakly ⋆-continuous if

f−1(V ) ⊆ Int(Cl⋆(f−1(Cl⋆(V ))))

for each ⋆-open set V of Y .

Corollary 10. For a function f : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) f is almost weakly ⋆-continuous;

(2) Cl(Int⋆(f−1(V ))) ⊆ f−1(Cl⋆(V )) for every ⋆-
open set V of Y ;

(3) pıCl(f−1(V )) ⊆ f−1(Cl⋆(V )) for every ⋆-open
set V of Y ;

(4) f−1(V ) ⊆ pıInt(f−1(Cl⋆(V ))) for every ⋆-open
set V of Y ;

(5) for each x ∈ X and each ⋆-open set V of Y con-
taining f(x), there exists a pre-I -open set U of
X containing x such that f(U) ⊆ Cl⋆(V ).

Definition 11. [4] A point x in an ideal topological
space (X, τ,I ) is called a ⋆θ-cluster point of A if

Cl⋆(U) ∩A ̸= ∅

for every ⋆-open set U of X containing x. The set of
all ⋆θ-cluster points ofA is called the ⋆θ-closure ofA
and is denoted by ⋆θCl(A).

Definition 12. [4] A subset A of an ideal topological
space (X, τ,I ) is called

(1) ⋆θ-closed if ⋆θCl(A) = A.

(2) ⋆θ-open if its complement is ⋆θ-closed.

Lemma 13. [4]For a subsetA of an ideal topological
space (X, τ,I ), the following properties hold:

(1) If A is ⋆-open in X , then Cl⋆(A) = ⋆θCl(A).

(2) ⋆θCl(A) is ⋆-closed in X .

Definition 14. [5] A subset A of an ideal topological
space (X, τ,I ) is said to be:

(1) R-I ⋆-open if A = Int⋆(Cl⋆(A));

(2) R-I ⋆-closed if its complement is R-I ⋆-open;

(3) I ⋆-preopen if A ⊆ Int⋆(Cl⋆(A));

(4) I ⋆-preclosed if its complement is I ⋆-preopen.

Theorem 15. For a multifunction F : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) F is upper almost weakly ⋆-continuous;
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(2) pıCl(F−(Int⋆(⋆θCl(B)))) ⊆ F−(⋆θCl(B)) for
every subset B of Y ;

(3) pıCl(F−(Int⋆(Cl⋆(V )))) ⊆ F−(Cl⋆(V )) for ev-
ery ⋆-open set V of Y ;

(4) pıCl(F−(Int⋆(Cl⋆(V )))) ⊆ F−(Cl⋆(V )) for ev-
ery J ⋆-preopen set V of Y ;

(5) pıCl(F−(Int⋆(K))) ⊆ F−(K) for everyR-J ⋆-
closed set K of Y .

Proof. (1) ⇒ (2): LetB be any subset ofY . Suppose
that x ∈ X − F−(⋆θCl(B)). Then, we have

F (x) ⊆ Y − ⋆θCl(B).

Since Y − ⋆θCl(B) is ⋆-open in Y and by Theorem
5, there exists a pre-I -open set U ofX containing x
such that F (U) ⊆ Cl⋆(Y − ⋆θCl(B)). Therefore,

U ⊆ F+(Cl⋆(Y − ⋆θCl(B)))

= F+(Y − Int⋆(⋆θCl(B)))

= X − F−(Int⋆(⋆θCl(B))).

This implies that U ∩ F−(Int⋆(⋆θCl(B))) = ∅ and
hence x ∈ X − pıCl(F−(Int⋆(⋆θCl(B)))). Conse-
quently, we obtain

pıCl(F−(Int⋆(⋆θCl(B)))) ⊆ F−(⋆θCl(B)).

(2) ⇒ (3): This follows from Lemma 13(1).
(3) ⇒ (4): Let V be any J ⋆-preopen set of Y .

Then V ⊆ Int⋆(Cl⋆(V )) and by (3),

pıCl(F−(Int⋆(Cl⋆(V ))))

= pıCl(F−(Int⋆(Cl⋆(Int⋆(Cl⋆(V ))))))

⊆ F−(Cl⋆(Int⋆(Cl⋆(V ))))

= F−(Cl⋆(V )).

(4) ⇒ (5): Let K be any R-J ⋆-closed set of Y .
Since Int⋆(K) is J ⋆-preopen in Y and by (4),

pıCl(F−(Int⋆(K))) = pıCl(F−(Int⋆(Cl⋆(Int⋆(K)))))

⊆ F−(Cl⋆(Int⋆(K))) = F−(K).

(5) ⇒ (1): Let V be any ⋆-open set of Y . Then
Cl⋆(V ) is R-J ⋆-closed in Y and by (5), we have

pıCl(F−(V )) ⊆ pıCl(F−(Int⋆(Cl⋆(V ))))

⊆ F−(Cl⋆(V )).

It follows from Theorem 5 that F is upper almost
weakly ⋆-continuous.

Theorem 16. For a multifunction F : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) F is lower almost weakly ⋆-continuous;

(2) pıCl(F+(Int⋆(⋆θCl(B)))) ⊆ F+(⋆θCl(B)) for
every subset B of Y ;

(3) pıCl(F+(Int⋆(Cl⋆(V )))) ⊆ F+(Cl⋆(V )) for ev-
ery ⋆-open set V of Y ;

(4) pıCl(F+(Int⋆(Cl⋆(V )))) ⊆ F+(Cl⋆(V )) for ev-
ery J ⋆-preopen set V of Y ;

(5) pıCl(F+(Int⋆(K))) ⊆ F+(K) for everyR-J ⋆-
closed set K of Y .

Proof. The proof is similar to that of Theorem 15.

Corollary 17. For a function f : (X, τ,I ) →
(Y, σ,J ), the following properties are equivalent:

(1) f is almost weakly ⋆-continuous;

(2) pıCl(f−1(Int⋆(⋆θCl(B)))) ⊆ f−1(⋆θCl(B)) for
every subset B of Y ;

(3) pıCl(f−1(Int⋆(Cl⋆(V )))) ⊆ f−1(Cl⋆(V )) for
every ⋆-open set V of Y ;

(4) pıCl(f−1(Int⋆(Cl⋆(V )))) ⊆ f−1(Cl⋆(V )) for
every J ⋆-preopen set V of Y ;

(5) pıCl(f−1(Int⋆(K))) ⊆ f−1(K) for every R-
J ⋆-closed set K of Y .

4 Conclusion
The branch of mathematics called topology is con-
cerned with all questions directly or indirectly re-
lated to continuity. Especially, the study of continu-
ity has been found to be very useful in computer sci-
ence and digital topology. Continuity of multifunc-
tions in topological spaces has been researched by
many mathematicians. This paper deals with the con-
cepts of upper and lower almost weakly ⋆-continuous
multifunctions in ideal topological spaces. Several
characterizations of upper and lower almost weakly
⋆-continuous multifunctions are obtained. The ideas
and results of this paper may motivate further re-
search.
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