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Abstract: In this paper, the Diophantine equation (4n)x − py = z2, where p is an odd prime, n ∈ Z+ and x, y, z
are non-negative integers, has been investigated to show that the solutions are given by

{(x, y, z, p)} = {(k, 1, 2nk − 1, 2nk+1 − 1)} ∪ {(0, 0, 0, p)}.

Key–Words: exponential Diophantine equation, Mersenne primes

1 Introduction

Diophantine Equation plays a significant role in the
development of many technical, engineering areas and
applied mathematical fields. Without its help, it would
not be possible for large values of the argument to an-
alyze the solution of various problems. In Cryptog-
raphy, in particular, Diophantine Equations led to the
emergence of useful applications. And also, diophan-
tine equations are shown to apply to some problems in
chemistry [11, 12, 13, 15]. In 1844, Catalan conjec-
tured that (3, 2, 2, 3) is a unique solution (a, b, x, y)
for the Diophantine equation ax − by = 1 where
a, b, x, and y are integers such that min{a, b, x, y} >
1 [2]. In 2004 the conjecture was proved by Mi-
hailescu [3], and since that, it was used to solve many
diophantine equations of the type ax + by = z2

[4, 5, 6, 9, 10, 14]. Rabago in 2018, by using Cata-
lan’s conjecture proved that the Diophantine equa-
tion 4x − py = 3z2 has the two solutions (0, 0, 0)
and (1, 0, 1)[7]. In this paper, we will use the Cata-
lan’s conjecture to show that the Diophantine equa-
tion 16x − 7y = z2 has only two solutions (x, y, z),
(the trivial solution) (0, 0, 0), and (1, 1, 3), where x, y,
and z are non-negative integers, also we will solve the
Diophantine equation 16x−py = z2 to prove a gener-
alization of the previous results, where (4n)x − py =
z2 and x, y, z are non-negative integers.

2 Preliminaries

Lemma 1 [7] The Diophantine equation 4x − py =
z2 has the set of all solutions (x, y, z) given by
(x, y, z) = (0, 0, 0) ∪ (q − 1, 1, 2q−1 − 1), for prime
p = 2q − 1 (with q also a prime). For p ≡ 3(mod 4)
not of the form 2q − 1, the Diophantine equation
4x − py = z2 has only the trivial solution (x, y, z) =
(0, 0, 0).

3 Results

Theorem 2 The Diophantine equation

16x − 7y = z2, (1)

has only two solutions (x, y, z), (the trivial solution)
(0, 0, 0), and (1, 1, 3).

Proof: Evidently, the case when z = 0 will give us
(x, y, z) = (0, 0, 0), so we may assume that z > 0.
For z > 0, we consider three cases.
case 1. x = 0. This case is trivial.
case 2. y = 0. If y = 0, then we have (2x)4 − z2 = 1
which is impossible according to Mihailescu’s Theo-
rem [3].
case 3. x, y > 0. For this case we have ((2x)4 −
z2) = ((2x)2 + z)((2x)2 − z) = 7y. It follows that
((2x)2 + z) + ((2x)2 − z) for some α < β, where
α + β = y. Hence, 22x+1 = 7α(7β−α + 1). Thus,
α = 0 and 22x+1− 7β = 1, which is true when x = 1
and y = 1. These give us the value z = 3. Therefore,
(1, 1, 3) is a solution of 16x − 7y = z2. Now,if we
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assume y > 1, then we get 22x+1 − 7β = 1 which
has no solution according to Mihailescu’s Theorem.
Therefore, (0, 0, 0), and (1, 1, 3) are the only two so-
lutions for Diophantine equation 16x − 7y = z2. ut

Theorem 3 The solutions of the Diophantine equa-
tion

16x − py = z2, (2)

are given by

{(x, y, z, p)} = {(k, 1, 22k−1, 22k+1−1)}∪{(0, 0, 0, p)},

when p is an odd prime and k, x, y, z are non-negative
integers.

Proof: By considering y > 0, we get

42x − z2 = py

i.e
(4x − z)(4x + z) = py.

Where 4x − z = pv and 4x + z = py−v, y > 2v
and v is a non-negative integer. Then we get py−v +
pv = 22x+1 or pv(py−2v + 1) = 22x+1. If v = 0, we
obtain

py + 1 = 22x+1

i.e
22x+1 − py = 1.

From Catalan’s conjecture, x = 0, x = 1 or y = 1.
For x = 0, we get 2− py = 1, hence py = 1, this

is impossible since y > 0.
For x = 1, we get 23 − py = 1, hence py =

7, therefore the solution of the equation is (p, y) =
(7, 1). Hence the solution of the equation 16x − py =
z2 is (x, y, z, p) = (1, 1, 3, 7).

For y = 1 we obtain 22x+1 − p = 1, hence p =
22x+1−1, therefore the solution of the equation 16x−
py = z2 is (x, y, z) = (x, 1, 22x − 1).

For y = 0 we get 42x − z2 = 1. From Catalan’s
conjecture, x = 0 or x = 1.

For x = 1, we get 42 − z2 = 1, hence z2 = 15
which is impossible.

For x = 0, we get 1 − z2 = 1, hence z2 = 0,
hence z = 0, therefore the solution of the equation
is (x, z) = (0, 0), which implies that 1 − py = 0,
hence py = 1, and this is true for (p, y) = (p, 0)
therefore the solution of the equation 16x − py = z2

is (x, y, z, p) = (0, 0, 0, p).
Consequently, {(x, y, z, p)} = {(k, 1, 22k −
1, 22k+1 − 1)} ∪ {(0, 0, 0, p)} are the solutions of the
equation 16x − py = z2 where k is a non-negative
integer.

ut

Theorem 4 When p is an odd prime and k, x, y, z
are non-negative integers, solutions of the Diophan-
tine equation

64x − py = z2 (3)

is given by

{(x, y, z, p)} = {(k, 1, 23k−1, 23k+1−1)}∪{(0, 0, 0, p)}.

Proof: By considering y > 0, we get

82x − z2 = py

i.e
(8x − z)(8x + z) = py.

Where 8x − z = pv and 8x + z = py−v, y > 2v
and v is a non-negative integer. Then we get py−v +
pv = 23x+1 or pv(py−2v + 1) = 23x+1. If v = 0, we
obtain

py + 1 = 23x+1

i.e
23x+1 − py = 1.

From Catalan’s conjecture, x = 0, x = 1 or y = 1.
For x = 0, we get 2− py = 1, hence py = 1, this

is impossible since y > 0.
For x = 1, we get 24 − py = 1, hence py = 15,

which has no solution.
For y = 1 we obtain 23x+1 − p = 1, hence p =

23x+1−1, therefore the solution of the equation 64x−
py = z2 is (x, y, z) = (x, 1, 23x − 1).

For y = 0 we get 82x − z2 = 1. From Catalan’s
conjecture, x = 0 or x = 1.

For x = 1, we get 82 − z2 = 1, hence z2 = 63
which is impossible.

For x = 0, we get 1 − z2 = 1, hence z2 = 0,
hence z = 0, therefore the solution of the equation
is (x, z) = (0, 0), which implies that 1 − py = 0,
hence py = 1, and this is true for (p, y) = (p, 0)
therefore the solution of the equation 64x − py = z2

is (x, y, z, p) = (0, 0, 0, p).
Consequently, {(x, y, z, p)} = {(k, 1, 23k −
1, 23k+1 − 1)} ∪ {(0, 0, 0, p)} are the solutions of the
equation 64x − py = z2 where k is a non-negative
integer.

ut
The generalization of the above Diophantine

equations is given in the following theorem.

Theorem 5 The solutions to

(4n)x − py = z2 (4)

are given by

(x, y, z, p) = (k, 1, 2nk − 1, 2nk+1 − 1)

where x,y,z are non-negative integers, k is a positive
integer, and 2nk+1 − 1 is a prime.
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Proof: To solve this equation we will conside
three cases where y = 0, y = 1, and y ≥ 2.

For y = 0, the equation (3.4) becomes 4nx − 1 =
z2. If x > 0, then we have −1 ≡ z2 (mod 4), which
is impossible, because squares are always ≡ 0 or ≡ 1
(mod 4). Therefore x = 0 and the equation becomes
0 = z2, so z = 0. Also p is arbitrary. This is the
trivial solution.

The cases y = 1 and y ≥ 2 are similar to each
other. We can use some divisibility observations here.
From (3.4) we have

py = (2nx − z)(2nx + z).

The two factors on the right cannot both be divisible
by p, because their sum is 2nx+1 which is not divisible
by p. But they are both powers of p, so the smaller one
is 2nx − z = 1 and the larger one is 2nx + z = py.
Solving this system of two equations we obtain

py = 2nx+1 − 1, (5)

z = 2nx − 1.

We can also use a size (magnitude) observation: From
(3.4) we have

4nx = py + z2 ≥ py ≥ 3

and therefore nx ≥ 1. In particular x ≥ 1.
If y ≥ 2, we have that the equation (3.5) is impos-

sible by Catalan’s Conjecture, because both exponents
are greater than or equal to 2 and it is not the one per-
missible case 32 − 23 = 1.

If y = 1, all variables of this form are solutions.
That is, if k is a positive integer and 2nk+1−1 is prime,
then

(x, y, z, p) = (k, 1, 2nk − 1, 2nk+1 − 1)

is a solution of (3.4), because we have

z2 = (2nk − 1)2 = 22nk − 2nk+1 + 1 = (4n)k − p1.

ut

4 Conclusion
In this paper, Catalan’s conjecture has been used to
show that the Diophantine equation 16x − 7y = z2

has only two solutions (x, y, z), (the trivial solution)
(0, 0, 0), and (1, 1, 3), where x, y, and z are non-
negative integers. Also the Diophantine equation
16x − py = z2 has been solved to prove a generaliza-
tion of the previous results, where (4n)x − py = z2

and x, y, z are non-negative integers have the solu-
tions given by

{(x, y, z, p)} = {(k, 1, 2nk−1, 2nk+1−1)}∪{(0, 0, 0, p)}.

And we noticed that some of the solutions contain
parts that similar to Mersenne prime, which is a prime
number of the form 2p − 1, p is a prime.
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