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1 Introduction

The notions of open sets and continuous functions
in topological spaces are extensively developed and
used in many fields of applied sciences. Continuity
is a basic concept for the study in topological spaces.
This concept has been extended to the setting of mul-
tifunctions and has been generalized by weaker forms
of open sets. Several different forms of continuous
multifunctions have been introduced and studied over
the years. Many authors have researched and stud-
ied several stronger and weaker forms of continuous
functions and multifunctions. The first initiation of
the notion of upper (lower) a-continuous multifunc-
tions has been done by Neubrunn [15]. These mul-
tifunctions are further investigated by the present au-
thors [21]. Popa and Noiri [22] introduced the notion
of a-continuous multifunctions and investigated sev-
eral characterizations of such multifunctions. Abd El-
Monsef et al. [1] have introduced a weak form of open
sets called S-open sets. The notion of 5-open sets is
equivalent to that of semi-preopen sets [3]. Noiri and
Hatir [16] introduced the notions of Agy,-closed and
spg-closed sets and investigated properties of these
sets and introduced some related new separation ax-
ioms.

The concept of extremally disconnected topolog-
ical spaces introduced by Gillman and Jerison [8].
Thompson [26] introduced the notion of S-closed
spaces. Herrman [10, 11] showed that every S-closed
weakly Hausdorff space is extremally disconnected.
Cameron [6] proved that every maximally S-closed
space is extremally disconnected. Niori [20] intro-
duced the concept of locally S-closed spaces which
is strictly weaker than that of S-closed spaces. Noiri
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[19] showed that every locally S-closed weakly Haus-
dorff space is extremally disconnected. Sivaraj [24]
has obtained some characterizations of extremally dis-
connected spaces by utilizing semi-open sets due to
Levine [14]. In [18], the present author obtained
several characterizations of extremally disconnected
spaces by utilizing preopen sets and semi-preopen
sets. The concepts of maximality and submaximal-
ity of general topological spaces were introduced by
Hewitt [12]. He discovered a general way of con-
structing maximal topologies. The existence of a max-
imal space that is Tychonoff is nontrivial and due
to van Douwen [7]. The first systematic study of
submaximal spaces was undertaken in the paper of
Arhangel’skii and Collins [4]. They gave various nec-
essary and sufficient conditions for a space to be sub-
maximal and showed that every submaximal space is
left-separated. This led to the question whether every
submaximal space is o-discrete [4]. Every connected
Hausdorff space which does not admit a larger con-
nected topology is submaximal [9].

The notion of hyperconnected spaces was intro-
duced by Steen and Seebach [25]. Several concepts
which are equivalent to hyperconnectedness were de-
fined and investigated in the literature. Levine [13]
called a topological space (X, 7) a D-space if every
nonempty open set of X is dense in X and showed
that (X, 7) is a D-space if and only if it is hypercon-
nected. Sharma [23] indicated that a space is a D-
space if it is a hyperconnected space due to Steen and
Seebach. Ajmal and Kohli [2] have investigated the
further properties of hyperconnected spaces. In [17],
the present author obtained several characterizations
of hyperconnected spaces by using semi-preopen sets
and almost feebly continuous functions.
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The paper is organized as follows. In section 3,
we introduce (A, sp)-closed sets in topological spaces
and investigate some of their fundamental proper-
ties. In section 4, we introduce the concept of Agy,-
extremally disconnected spaces. Furthermore, sev-
eral characterizations of Agy,-extremally disconnected
spaces are discussed. In section 5 and 6, we in-
vestigate some characterizations of Agj,-submaximal
spaces and Agy-hyperconnected spaces, respectively.
In the last section, we introduce the concepts of upper
and lower (A, sp)-continuous multifunctions and in-
vestigate several characterizations of such multifunc-
tions.

2 Preliminaries

Throughout the paper (X, 7) (or simply X) will al-
ways denote a topological space on which no separa-
tion axioms are assumed unless explicitly stated. For
a subset A of X, the closure, interior and comple-
ment of A in (X, 7) are denoted by CI(A), Int(A) and
X — A, respectively. By (X, 7) and SC(X, T) we
denote the collection of all S-open sets and the col-
lection of all B-closed sets of (X, 7), respectively. A
subset A of a topological space (X, ) is said to be
B-open [1] if A C Cl(Int(CI(A))). The complement
of a B-open set A is called 8-closed and the 3-closure
of a set A, denoted by SCI(A), is the intersection of
all 5-closed sets containing A. The S-interior of a set
A denoted by Int(A), is the union of all 5-open sets
contained in A.

Definition 1. Let A be a subset of a topological space
(X, 7). A subset Agp(A) [16] is defined as follows:
Ap(A)=n{U | ACU,U € p(X,7)}.

Lemma 2. [16] For subsets A, B and A, (o € V) of
a topological space (X, T), the following hold:

(1) AC Ayy(A).

(2) If A C B, then Ayy(A) C Asp(B).

(3) Asp(Asp(A)) = Asp(A).

(4) IfU € B(X, 7)., then Ay(U) = U.

(5) Asp(N{Aala € V}) CN{Agp(An)|a € V]
(6) Asp(U{Aaler € V}) = U{Agp(Aa)|a € V}.

Definition 3. [16] A subset A of a topological space
(X,7) is called Agp-set if A = Agp(A). The family
of all Agp-sets of (X, T) is denoted by Ag,) (X, T) (or
simply Agp).

Lemma 4. [16] For subsets A and A,(o € V) of a
topological space (X, T), the following hold:
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(1) Asp(A) is a Agp-set.
(2) If A'is 3-open, then A is a Ag)-set.

(3) If Ay is a Agp-set for each oo € V, then Nycv Aq
is a Ag)p-set.

(4) If Ay is a Agp-set for each oo € V, then Uyev Aq
is a Ag)p-set.

By a multifunction, F' : X — Y, we mean a
point-to-set correspondence from X into Y, and we
always assume that F'(x) # () for all z € X. For a
multifunction F' : X — Y, following [5], we shall
denote the upper and lower inverse of a set B of Y by
F*(B) and F'~(B), respectively, that is,

FT(B)={re€ X | F(x) C B}
and
F~(B)={x € X | F(x)N B # 0}.

In particular, F~(Y) = {z € X | y € F(x)} for
each point y € Y and foreach A C X,

F(A) = UpeaF ().

Then F is said to be surjection if F'(X) = Y and
injection if z # y implies F'(x) N F(y) = 0.

3 On (A, sp)-closed sets

In this section, we introduce the concept of (A, sp)-
closed sets in topological spaces. We also investigate
some of their fundamental properties.

Definition 5. A subset A of a topological space (X, T)
is called (A, sp)-closed if A = T N C, where T is a
Agp-set and C'is a [-closed set. The collection of all
(A, sp)-closed sets in a topological space (X, T) is
denoted by As,C(X,T).

Theorem 6. For a subset A of a topological space
(X, 7), the following properties hold:

(1) Ais (A, sp)-closed.
(2) A=TnNBCI(A), where T is a Agp-set.
(3) A=Az (A)NBCIA).

Proof. (1) = (2): Let A =T N C,where T'is a Ag)-
set and C' is a S-closed set. Since A C C, SCI(A) C
Candhence A=TnNC 2T nNpSCI(A) O A. Thus,
A=TnRACIA).

(2) = (3): Let A = T N BCI(A), where T is a
Agp-set. Since A C T, we have Ay, (A) C Ay, (T) =
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T and hence A C Ay, (A)NBCI(A) C TNBECIA) =
A. Consequently, we obtain A = Ay, (A) N SCI(A).
(3) = (1): Since Agp(A) is a Agp-set, BCI(A) is
a B-closed set and A = A,,(A)NBCI(A). This shows
that A is (A, sp)-closed. O

Definition 7. A subset A of a topological space
(X, 7) is said to be (A, sp)-open if the complement
of Ais (A, sp)-closed. The collection of all (A, sp)-
open sets in a topological space (X, T) is denoted by
A, O(X, 7).

Theorem 8. For subsets A and A, (« € V) of a topo-
logical space (X, 1), the following properties hold:

(1) If A'is B-closed, then A is (A, sp)-closed.

(2) If A, is (A, sp)-closed for each o« € V, then
M{Aa | @ € V}is (A, sp)-closed.

(3) If Aq is (A, sp)-open for each o € V, then
U{A, | @ € V}is (A, sp)-open.

Proof. (1) Suppose that A is a -closed set. It is suf-
ficient to observe that A = X N A, where the whole
set X is a Agp-set.

(2) Let A, is (A, sp)-closed for each a@ € V.
Then, for each «, there exist a Ag,-set T,, and a (-
closed set C,, such that A, = T, N C,,. Thus,

maEVAa = maGV(Ta N Ca)
— (ﬂaevTa) N (maevca)-

By Lemma 4, we have N,evTy, is a Agy-set and
NaevCyq is a G-closed set. This shows that Npev Aq
is (A, sp)-closed.

(3) Let A, is (A, sp)-open for each o € V. Then
X — A, is (A, sp)-closed for each o € V. By (1),
we have X — UqevAn = Naev (X — Aq) is (A, sp)-
closed and hence Uyev A, is (A, sp)-open. ]

Definition 9. Let A be a subset of a topological space
(X,7). A point x € X is called a (A, sp)-cluster
point of A if ANU # ( for every (A, sp)-open set
U of X containing x. The set of all (A, sp)-cluster
points of A is called the (A, sp)-closure of A and is
denoted by ANsp).

Lemma 10. Let A and B be subsets of a topological
space (X, 1). For the (A, sp)-closure, the following
properties hold:

(1) A C ANSP) apd [ANsP)](Assp) — A(Assp),
(2) If A C B, then ANsp) C B(Asp),
(3) AWsP) s (A, sp)-closed.
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(4) Ais (A, sp)-closed if and only if A = ANP),
Theorem 11. Let A be a subset of a topological space
(X, 7). If Ais (A, sp)-closed, then

A= Agy(A)n AL,

Proof. Let Abe a (A, sp)-closed set. Then, there exist
a Ag,-set T and a B-closed set C' such that A = T'NC.
Since A C T', we have A C Ay, (A) C A, (T) =T.
Since A C C, we have A ¢ AMsp) C cAsp) = .
Thus, A C Ay, (A) NAXsP) C TNC = A and hence
A= Agy(A)n AsP), O

Definition 12. Let A be a subset of a topological
space (X, 7). The union of all (A, sp)-open sets con-
tained in A is called the (A, sp)-interior of A and is
denoted by Ay sp)-

Lemma 13. For subsets A and B of a topological
space (X, T), the following properties hold:

(1) Asp) & Aand [Asp)lasp) = Asp)-
(2) If AC B, then An.p)  Bin.sp)-

(3) Aa,sp) is (A, sp)-open.

(4) Alis (A, sp)-open if and only if A(p o) = A.
(5) [X — AP = X — Ay o).

(6) [X — Al(pgp) = X — AP,

Definition 14. A subset A of a topological space
(X, 7) is said to be:

() 7, sp)open if A = (A0
(i) s(A, sp)-openif A C [Ap o] M5P);
i) (A sp)-open i A € [ACD]y;
(iv) oA, sp)-openif A C [[Asp)] P (A sp):

)
(v) ﬁ(A7 Sp)

The family of all s(A, sp)-open (resp. (A, sp)-
open, p(A, sp)-open, a(A, sp)-open, 3(A, sp)-open)
sets in a topological space (X,7) is denoted by
sAgpO(X,T) (resp. 1A5O(X,7T), pAg,O(X,T),
alg,O(X, 1), BAs;O(X, T)).

-open if A C [[ANSP] o ](Asp),

Theorem 15. For a subset A of a topological space
(X, 7), the following properties are equivalent:

(1) A€ BAO(X, 7).
(2) AP € rAL,C(X, 7).
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(3) APl € BAL,O(X, 7).
(4) AP € AL, O(X, 7).
Proof. (1) = (2): Let A € SA,,O(X, 7). Then

AC [[A(Aﬁsp)](Ajsp)](Aﬁsp)

and hence

AWsp) [[A(A’SP)](A,SP)](A’SP) C AAsp)

This shows that AAsP) = [[A(A’Sp)](Aﬁp)](A’Sp). Con-
sequently, we obtain AP) € rA,C(X,T).

(2) = (3): Let AMP) € A ,C(X,7). Then
AWsp) — [[A(A’Sp)](A,sp)](A’Sp) and hence

AWsp) — [[4(A5p)] )] (A;5p)

(A,sp

— H[A(A,sp)](/\,sp)] )](A,sp).

(A,sp

Therefore, ANP) € BA,O(X,T).
(3) = (4): Let AMP) ¢ BA,O(X, 7). Then

A(A’Sp) g [[[A(A:SP)](Avsp)](A7sp)](A75P) and hence

AWsp) C [[[ANsp)](Assp)] |(Asp)

(A;sp)
= [[AWP))(y ] 5P,

Thus, AP € sA,O(X, 7).

(4) = (1): Let ANsP) ¢ sA,,O(X,7). Then,
we have A C AWMsP) C [[A(A’SP)](AVSP)](A*SP) and
hence A € fA,,O(X, 7).

Corollary 16. For a subset A of a topological space
(X, 7), the following properties are equivalent:

(1) A€ BA,C(X,T).

(2) An,sp) € TA5O(X, 7).
(3) Aasp) € BApC(X, 7).
(4) Arsp) € sMspC(X, 7).

4 On characterizations of A,-
extremally disconnected spaces

In this section, we introduce the notion of Agy,-
extremally disconnected spaces and investigate some
characterizations of such spaces.

Definition 17. A ropological space (X, 1) is called
Agp-extremally disconnected if Vs s (A, sp)-
open in X for every (A, sp)-open set V of X.
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Theorem 18. For a topological space (X, 1), the fol-
lowing properties are equivalent:

(1) (X,7) is Asp-extremally disconnected.

(2) A(a,sp) is (A, sp)-closed for every (A, sp)-closed
set A of X.

(3) [Apsp] ) C [ANS] o for every subset
Aof X.

(4) Every s(A, sp)-open set is p(\, sp)-open.

(5) The (A, sp)-closure of every B(A, sp)-open set of
X is (A, sp)-open.

(6) Every B(A, sp)-open set is p(A, sp)-open.

(7) For every subset A of X, A is a(A, sp)-open if
and only if A is s(A, sp)-open.

Proof. (1) = (2): Let A be a (A, sp)-closed set.
Then X — A is (A, sp)-open. By (1), we have
[X —A]Asp) = X —A(psp) is (A, sp)-open and hence
A(a,sp) 18 (A, sp)-closed.

(2) = (3): Let A be any subset of X.
Then, we have X — Ay g is (A, sp)-closed in
X. By (2), [X — A(Aﬁp)](A,Sp) is (A, sp)-closed
and hence [A(Ajsp)](A’Sp) is (A, sp)-open. Thus,
[A(A,sp)](A’sp) - [A(A’sp)](/\,sp)'

(3) = (4): Let A be a s(A, sp)-open set. By (3),
we have A - [A(A78p)](A’Sp) C [A(A’Sp)](msp). Thus,
Ais p(A, sp)-open.

(4) = (5): Let A be a B(A, sp)-open set. By
Theorem 15, we have A(*P) is s(A, sp)-open and by
(4), AA5P) is p(A, sp)-open. Thus,

AWsp) C [AAsp)) (Asp)

and hence A7) is (A, sp)-open.
(5) = (6): Let Abe a B(A, sp)-open set. By (5),
AAsp) = [AWsP)] o Therefore,

A C ANsp) — [A(A’Sp)}(/\,sp)

and hence A is p(A, sp)-open.

(6) = (7): Let A be a s(A, sp)-open set. Then
A is B(A, sp)-open and by (6), A is p(A, sp)-open.
Since A is s(A, sp)-open and p(A, sp)-open, we have
Ais a(A, sp)-open.

(7) = (1): Let A be a (A, sp)-open set. Then,
we have A(AP) is s(A, sp)-open and by (7), A(AsP)
is a(A, sp)-open. Therefore,

A(A,Sp) C [[[A(A78p)](A75p)](A78p)](A,Sp)

= [A(A’Sp)] (A,sp)
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and hence AWMsp) — [A(A,Sp)](m

that A(9P) is (A, sp)-open. Consequently, we obtain
(X, 7) is Agp-extremally disconnected. O

sp)- This shows

Theorem 19. For a topological space (X, 1), the fol-
lowing properties are equivalent:

(1) (X,7) is Asp-extremally disconnected.

(2) For every (A, sp)-open sets U and V such that
UNV =0, there exist disjoint (A, sp)-closed
sets F and H such thatU C FandV C H.

(3) UNsP) NV (AsP) = () for every (A, sp)-open sets
UandV suchthatU NV = ().

(4) [[A(A’Sp)](A,sp)](A’Sp)ﬂU(A’Sp) = () for every sub-
set A of X and every (A, sp)-open set U such
that ANU = 0.

Proof. (1) = (2): Suppose that (X,7) is Agp-
extremally disconnected. Let U and V be (A, sp)-
open sets such that U NV = (). Then, we have U(AP)
and X — UP) are disjoint (A, sp)-closed sets con-
taining U and V/, respectively.

(2) = (3): Let U and V be (A, sp)-open sets
such that U NV = (). By (2), there exist disjoint
(A, sp)-closed sets F' and H such that U C F and
V C H. Thus, UAP) a V(AsP) € F N H = () and
hence UAsP) 0 7/ (Asp) — @),

(3) = (4): Let A be any subset of X and U
be a (A, sp)-open set such that AN U = (). Since
[A(A’Sp)](msp) is (A, sp)-open and

[A(A’sp)](/\,sp) nU = @7

by (3), [[AA sp)](A )](A sP) ) U (Assp) = ).
(4) = (1): Let U be a (A, sp)-open set. Then
(X —UNPYNU = ). Since X — UNP) is (A, sp)-
open and by (4),

[[U(A,sp)](A sp)](/\,sp) N[X — gWspAsp) — g
Since U is (A, sp)-open, we have

UWsp) (X — [UAsP)]

(A,sp)] =0

and hence UA=P) C [U(A7Sp)](A,8p). Thus, U*5P)
is (A, sp)-open. This shows that (X,7) is Agp-
extremally disconnected. O

Theorem 20. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X,7) is Asp-extremally disconnected.

(2) For every r(A,sp)-open set of X is (A,sp)-
closed.
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(3) For every r(A, sp)-closed set of X is (A, sp)-
open.

Proof. (1) = (2): Suppose that (X, 7) is Ag)p-

extremally disconnected. Let U be a r(A, sp)-open

set. Then U = [U(A’SP)](A,SP). Since U is (A, sp)-

open, we have UAP) is (A, sp)-open. Thus,

U = [U(A’Sp)](A,Sp) —

and hence U is (A, sp)-closed.

(2) = (1): Suppose that every r(A, sp)-open
set of X is (A, sp)-closed. Let U be a (A, sp)-open
set. Since [U(AVSP)](A’SP) is 7(A, sp)-open, we have
[U(A’Sp)](A’sp) is (A, sp)-closed and hence

[U(Asp)]

U (Assp)

U(A’Sp) c [[U(A,sp)](Aﬁp)}(A,SP) — (A,sp)-

Thus, U®*P) is (A, sp)-open. This shows that (X, 7)
is Agp-extremally disconnected.
(2) < (3): The proof is obvious. O

Theorem 21. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X, ) is Agp-extremally disconnected.

(2) The (A, sp)-closure of every s(A, sp)-open set of
X is (A, sp)-open.

(3) The (A, sp)-closure of every p(A, sp)-open set of
X is (A, sp)-open.

(4) The (A, sp)-closure of every r(A, sp)-open set of

X is (A, sp)-open.

Proof. (1) = (2): Let U be a s(A, sp)-open set.
Then U is B(A, sp)-open and by Theorem 18, U (A57)
is (A, sp)-open.

(1) = (3): Let U be a p(A, sp)-open set. Then U
is B(A, sp)-open. By Theorem 18, we have U*+*P) is
(A, sp)-open.

(2) = (4): LetU be ar(A, sp)-open set. Then U
is s(A, sp)-open. By (2), we have UX+P) is (A, sp)-
open.

(3) = (4): Let U be ar(A, sp)-open set. Then U
is p(A, sp)-open and by (3), UAP) is (A, sp)-open.

(4) = (1) Suppose that the (A, sp)-closure of ev-
ery (A, sp)-open set of X is (A, sp)-open. Let U
be a (A, sp)-open set. Then, we have [U(A’SP)](A’SP)
is 7(A, sp)-open and hence [[U(A’Sp)](A’sp)](A’SP) is
(A, sp)-open. Therefore,

A ,SP) [[ (A,sp) ] p)](A,sp)
= [N (a,5p)] ™) ()
= [U(A Sp)](A,sp)'
Thus, U®*P) is (A, sp)-open. This shows that (X, 7)
is Agp-extremally disconnected. O
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S On characterizations
submaximal spaces

of Ag-

In this section, we introduce the notion of Agy,-
extremally disconnected spaces. Moreover, sev-
eral characterizations of Agy,-extremally disconnected
spaces are investigated.

Definition 22. A subset A of a topological space
(X, 7) is said to be locally (A, sp)-closed if A =
UNF, where U € AgyO(X,7) and F is a (A, sp)-

closed set.

Lemma 23. For a subset A of a topological space
(X, 7), the following properties are equivalent:

(1) Aislocally (A, sp)-closed.

(2) A=UnALSP) for some U AspO(X, 7).
(3) AP — A s (A, sp)-closed.

(4) AU[X — ABsP)) € A,,O(X, 7).

(5) AC[AUX — AWSP] .

Proof. (1) = (2): Let A be alocally (A, sp)-closed
set. Then, there exist a (A, sp)-open set U and a
(A, sp)-closed set I such that A = U N F. Since
A C F, we have AMsp) ¢ F(Asp) — F_ Since
ACU ,ACUNAM) CUNF = A and hence
A=UnAWsp),

(2) = (3): Suppose that A = U N ANP) for
some U € Ag,O(X, 7). Then, we have

AW A = (X — [UNADP]] 0 ADsP)

= (X —U)n AP

and hence AM5P) — A is (A, sp)-closed.

(3) = (4): Since

X —[AWsP) _ A = [X — AXsP]u A

and by (3), AU [X — ADP)] € A,O(X, 7).
(4) = (5): By (4), we have

ACAUX — AMD] = [AU[X — AL .

(5) = (1): WeputU = [AU[X—A(A’SP)H(AW).
Then U € A,,O(X, 7) and

A=ANU CUNALsP)
ClAU[X — ABsP N Asp)

= AN AWsP) = 4
Thus, A = U N AMP) Consequently, we obtain A
is a locally (A, sp)-closed set. O
E-ISSN: 2224-2880 317
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Definition 24. A subset A of a topological space
(X, 7) is said to be:

(l) Asp'dense l:fA(A’Sp) — X)-
(ii) Agp-codense if its complement is Ag),-dense.

Definition 25. A topological space (X, T) is said to
be Agp-submaximal if for each Agp-dense subset of X
is (A, sp)-open.

Theorem 26. A ropological space (X,T) is Agp-
submaximal if and only if for each Ag),-codense subset
of X is (A, sp)-closed.

Proof. Let A be a Agp-codense subset of X. Then
X —Ais Agp-dense. Since (X, 7) is A,-submaximal,
we have X — A is (A, sp)-open and hence A is (A, sp)-
closed.

Conversely, suppose that every Ay,-codense sub-
set of X is (A, sp)-closed. Let A be a Agp,-dense sub-
setof X. Then X —Ais A,,-codense and hence X — A
is (A, sp)-closed. This shows that A is (A, sp)-open.
Thus, (X, 7) is Agp-submaximal. O

Theorem 27. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X,7) is Agp-submaximal.
(2) Every subset of X is a locally (A, sp)-closed set.

(3) Every subset of X is the union of a (A, sp)-open
set and a (A, sp)-closed set.

(4) Every Agp-dense set of X is the intersection of a
(A, sp)-closed set and a (A, sp)-open set.

(5) Every Agy-codense set of X is the union of a
(A, sp)-open set and a (A, sp)-closed set.

Proof. (1) = (2): Suppose that (X,7) is Agp-
submaximal. Let A be any subset of X. Then

(X — [AWsP) — 4)](Asp)
= [AU[X — AWNsp))|(Asp) = x|

Thus, X — [A(N5P) — A]is A,,-dense and hence
X — [ADsP) _ 4]
is (A, sp)-open. Since
X —[AASP) _ A = AU X — AP,
we have AU[X — AM#P)] is (A, sp)-open. Therefore,

A =[AU[X — AP N AA5P) s a locally (A, sp)-
closed set.
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(2) < (3): Suppose that every subset of X is
a locally (A, sp)-closed set. Let A be any subset of
X. By (2), wehave X — A = U N F, where U is
a (A, sp)-open set and F'is a (A, sp)-closed set. This
implies that A = (X —U)U (X — K), where X — U
is a (A, sp)-closed set and X — F'is a (A, sp)-open
set. The converse is similar.

(2) = (4): This is obvious.

(4) < (5): The proof is obvious.

(4) = (1): Let A be a Ag,-dense set. By (4),
there exist a (A, sp)-open set U and a (A, sp)-closed
set F'suchtht A=UNZF.Since AC Fand Aisa
Agp-dense set, X C F'and hence ' = X. This shows
that A = U is (A, sp)-open. Consequently, we obtain
(X, 1) is Agp-submaximal. O

Definition 28. A subset A of a topological space
(X, 7) is said to be:

(i) t(A, sp)-set if A o) = [ADP)] (o)

(ii) s(A,sp)-regular if A is a t(A,sp)-set and
s(A, sp)-open;

(iii) B(A, sp)-setif A=U NV, where
U e Ay, O(X,7)
and V' is a t(A, sp)-set;
(iv) AB(A, sp)-setif A=UNYV, where
U e Ay, O(X,7)
and V is a s(A, sp)-regular set.

Theorem 29. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X,7) is Agp-submaximal.

(2) ANsP) — A g (A, sp)-closed for every subset A
of X.

(3) Every subset of X is locally (A, sp)-closed.

(4) Every subset of X is a B(A, sp)-set.

(5) Every Agp-dense set of X is a B(A, sp)-set.
Proof. (1) = (2): Suppose that (X, 7) is Ag)p-

submaximal. Let A be any subset of X. Then, we
have

(X — [A(A,sp) _ A”(A,sp)
=[AU[X — A(A,sp)”(/&sp) - X
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and hence X — [AP) — A] is Agp-dense. By the
hypothesis, X — [A#P) — A]is (A, sp)-open. Thus,
AWsP) — Ais (A, sp)-closed.

(2) = (3): It is obvious by Lemma 23.

(3) = (4): It follows from the fact that every
locally (A, sp)-closed set is a B(A, sp)-set.

(4) = (5): This is obvious.

(5) = (1): Let A be a Ag,-dense subset of X.
By (5), we have A is a B(A, sp)-set and hence A =
U N F, where U is (A, sp)-open and

FAsp)]

Fiasp) = (Asp)-

Since A C F, AAssp) - FAsp) and X = FAsp),
Thus, X = [FAP)] s o) = F(a s which implies
that ' = X. Consequently, we obtain

A=UNF=UnX=U

and hence A is (A, sp)-open. This shows that (X, 7)
is Agp-submaximal. ]

Theorem 30. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X, ) is Agp-submaximall.

(2) Every subset of X is a B(A, sp)-set.

(3) Every B(A, sp)-open set is a B(A, sp)-set.
(4) Every Agp-dense set is a B(A, sp)-set.

Proof. (1) = (2): It follows from Theorem 29.

(2) = (3): This is obvious.

(3) = (4): It follows from the fact that every
Agp-dense set is a S(A, sp)-open set.

(4) = (1): It follows from Theorem 29. O

6 On characterizations
hyperconnected spaces

of Ag-

We begin this section by introducing the notion of
Agp-hyperconnected spaces.

Definition 31. A ropological space (X, T) is called
Agp-hyperconnected if U is Agp-dense for every
nonempty (A, sp)-open set U of X.

Definition 32. A subset N of a topological
space (X,T) is said to be Mgy -nowhere dense if

[N(A’sp)](/\,sp) = @

Lemma 33. A subset A of a topological space (X, T)
is s(A, sp)-open if and only if there exists a (A, sp)-
open set U such thatU C A C UAssp),
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Proof. Suppose that A is s(A, sp)-open. Then, we
have A C [A(A75p)](A’5p). Put U = Apsp). Then
U is a s(A, sp)-open set such that U C A C UWssp),

Conversely, suppose that there exists a (A, sp)-
open set U such that U C A C UAsp) - Then
U C A(,sp) and hence Use) C [A(Aysp)](A’Sp).
Since A C UM5P) we have A C [A(A7sp)](A’3p). This
shows that A is s(A, sp)-open. O

Theorem 34. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X,7) is Asp-hyperconnected.

(2) Ais Agp-dense or Ag,-nowhere dense for every
subset A of X.

(3) UNV # 0 for every nonempty (A, sp)-open sets
UandV of X.

(4) UNV # 0 for every nonempty s(A, sp)-open
sets U and V of X.

Proof. (1) = (2): Suppose that A is not Ay,-nowhere
dense. Then [AN*P)]y o\ £ (. Since (X,7)
is Agp-hyperconnected, [[A(Avsp)]( A,Sp)](Avsp) = X
and hence X C AAsP). Consequently, we obtain
AWsP) = X This shows that A is A,-dense.

(2) = (3): Suppose that U NV = {) for some
nonempty (A, sp)-open sets U and V' of X. Then, we
have UA2) NV = () and hence U is not Agp-dense.
Since U is (A, sp)-open, we have U C [U(A’Sp)](msp)
and hence U is not Ag,-nowhere dense.

(3) = (4): Suppose that U NV = () for some
nonempty s(A, sp)-open sets U and V of X. By
Lemma 33, there exist G, W € A,,O(X, 7) such that
GCUCG™P and W CV C W), Since U
and V are nonempty, G and W are nonempty. More-
over, wehave GNW CUNV = 0.

(4) = (1): Suppose that (X,7) is not Agp-
hyperconnected. There exists a nonempty (A, sp)-
open set G of X such that GAP) = X . Thus,
X — GWMsP) £ () and hence [X — GAP) N G = 0.
This is a contradiction. O

Theorem 35. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X,7) is Asp-hyperconnected.

(2) V is Agp-dense for every nonempty B(A, sp)-
open set'V of X.

(3) VU [V(A’Sp)](A’Sp) = X for every nonempty
B(A, sp)-open set V of X.
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Proof. (1) = (2): Suppose that (X,7) is Agp-
hyperconnected. Let V' be a nonempty 3(A, sp)-open
set. It follows that [V(A’Sp)](msp) # () and hence

X = [V(A’Sp)](Avsp)](A"*p) = V(AsP)_ This shows that
V is Agp-dense.

(2) = (3): Let V be a nonempty (A, sp)-open
set. By (2), we have

Vu [V(A’Sp)](A,sp) =Vu X(A,sp) = X.

(3) = (1): Let V be a nonempty (A, sp)-open
set. It follows (3) that

VAP S VUV g = X

and hence V(A?) = X . Consequently, we obtain
(X, 1) is Asp-hyperconnected. O

Theorem 36. For a topological space (X, T), the fol-
lowing properties are equivalent:

(1) (X, ) is Agp-hyperconnected.

(2) V is Agp-dense for every nonempty s(A, sp)-
open set V of X.

(3) VU [V(A’Sp)](A’sp) = X for every nonempty
s(A, sp)-open set V of X.

Proof. The proof follows from Theorem 35. O

7 On upper and lower (A,sp)-
continuous multifunctions

In this section, we introduce the notions of upper and

lower (A, sp)-continuous multifunctions. Moreover,

some characterizations of upper and lower (A, sp)-
continuous multifunctions are discussed.

Definition 37. A multifunction F : (X,7) — (Y, 0)
is said to be:

(i) upper (A, sp)-continuous if for each x € X and
each (A, sp)-open set V of Y such that F(z) C
V, there exists a (A, sp)-open set U of X con-
taining x such that F(U) C V;

(ii) lower (A, sp)-continuous if for each x € X and
each (A, sp)-open set V of Y such that

F(x)nV #0,

there exists a (A, sp)-open set U of X containing
x such that F(z) NV # 0 for each z € U.

Theorem 38. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:
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(1) F is upper (A, sp)-continuous.

(2) FT(V) is (A, sp)-open in X for every (A, sp)-
open set V of Y.

(3) F~(K) is (A, sp)-closed in X for every (A, sp)-
closed set K of Y.

(4) [F~(B)|Ms) € F~[BWsP)] for every subset B
of Y.

(5) FT[Basp) € [FT(B)](a,sp) for every subset B
of Y.

Proof. (1) = (2): Let V € Ag,O(Y,0) and = €
F*(V). Then F(x) C V. There exists a (A, sp)-open
set U of X containing x such that F'(U) C V. Thus,
x €U C F*(V)andhence z € [F*(V)](a,sp). This
shows that F*(V) C [F(V)](a,sp)- Consequently,
we obtain F'* (V) is (A, sp)-open in X.

(2) = (3): This follows from the fact that
F*(Y — B) = X — F~(B) for any subset B of Y.

(3) = (4): Let B be any subset of Y. By Lemma
10, we have B(M#P) is (A, sp)-closed and by (3),
[F—(B)](A SP) C C [F~[BWM sp)”(A,sp) - F— [B(A,sp)]'

(4) = (5): Let B be any subset of Y. By (4), we
have

=[X — F+(B)](A75P)
= [F~(Y — B)|WP)

C FT[[Y — B]A)]
=F" [Y B(A sp)]
=X — FT[Bissp)

and hence F"[B(a )] € [FT(B)](a,sp)-

(5) = (1): Letz € X and V € A;,O(X, 7) such
that F(z) C V. Thenz € FH(V) = FT[Vy 4] C
[F(V)](A,sp)- There exists U € Ay,O(X, ) con-
taining = such that U C F*(V); hence F(U) C V.
This shows that F' is upper (A, sp)-continuous. [

Theorem 39. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is lower (A, sp)-continuous.

(2) F= (V) is (A, sp)-open in X for every (A, sp)-
open set V of Y.

(3) FY(K) is (A, sp)-closed in X for every (A, sp)-
closed set K of Y.

(4) [FT(B)|Msp) € FH[BWsP)] for every subset B
of Y.
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(5) FIANsP)] C
X.

[F(A)]N5P) for every subset A of

(6) F~[B,sp)] C [F~(B)|(a,sp) for every subset B
of Y.

Proof. We prove only the implications (4) = (5) and
(5) = (6) being the proofs of the other similar to
those of Theorem 38.

(4) = (5): Let A be any subset of X. By (4),
AP C [FHF(A)) M) © FF[F(A)] )] and
hence F[AMsP)] C [F(A)]Asp),

(5) = (6): Let B be any subset of Y. By (5),

F([F*(y - B)|**)] C [F[F* (Y — B)]]*P)
C [Y — B|(Asp)
- Y - B(A,Sp)'

Since

FIFHY = B9 = FIIX = F~(B)/ )

FIX — [F~(B)](a,sp)):

we have

X - [F_(B)](A,sp) - F+[Y - B(A,sp)]
=X — F[B,sp)

and hence F'~[B(p op)] € [F~(B)](a,sp)- -

Definition 40. Let A be a subset of a topo-
logical space (X,T).  The O(A,sp)-closure of
A, AYNsp) g defined as follows: APNsp) - —
{x € X | An UMP £ §foreachU €
AspO(X, T) containing x}.

Definition 41. A subset A of a topological space
(X,7) is called O(A,sp)-closed if A = AVAsp),
The complement of a O(A, sp)-closed set is said to be
0(A, sp)-open.

Lemma 42. Let A be a subset of a topological space
(X, 7). Then, . € ANP) ifand only if U N A # ()
forevery U € Ag,O(X, T) containing .

Lemma 43. For a subset A of a topological space
(X, 7), the following properties hold:

(1) If A is (A,sp)-open in X, then ANP)
AG(A,sp)'

(2) A9Lsp) g (A, sp)-closed.
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Proof. (1) In general, the holds that

AWssp) . A0(A;sp)

Suppose that z ¢ AN5P) By Lemma 42, there exists
U € A;pO(X, 7) containing z such that U N A = {);
hence A N UMP) = (), since A is (A, sp)-open. This
shows that z ¢ A?(AP)  Consequently, we obtain
Asp) — AO(A,sp).

(2) Let 2 € X — A%NsP) Then z ¢ A%(Asp),
There exists U, € Ag,O(X, 7) containing « such that
AN UNP) — ¢ and hence U, N A?Asp) — (. Thus,
x €U, CX — A?AspP) Therefore,

X _ AG(A,SP) = UUZL‘ S AspO(X) T)

This shows that A?(AP) is (A, sp)-closed. O

Definition 44. A topological space (X, T) is said to
be Agp-regular if for each (A, sp)-closed set F and
each © & F, there exist disjoint (\, sp)-open sets U
andV such thatx € U and F C V.

Lemma 45. A ropological space (X,T) is Agp-
regular if and only if for each x € X and each
(A, sp)-open set U containing x, there exists a
(A, sp)-open set V such that x € V. C VsP) C U,

Proof. Let x € X and U be a (A, sp)-open set con-
taining . Then, we have x ¢ X — U and X — U is
(A, sp)-closed. There exist disjoint (A, sp)-open sets
V and W such that z € U and X — U C W. Thus,
VCX-—WCU. Since X — W is (A, sp)-closed,
V(Asp) € X — W C U and hence

reV cvse cy.

Conversely, let F' be a (A, sp)-closed set and let
x ¢ F. Thenz € X — F € AgpO(X,7) and
there exists a (A, sp)-open set V such that x € V' C
v (Assp) C X — F. By Lemma 13, we have F' C
X = VAP = [X — V]r ) € AypO(X, 7). This
shows that (X, 7) is Ag,-regular. O

Lemma 46. Let (X, 7) be a Agy-regular space. Then,
the following properties hold:

(1) Asp) = APAsD) for every subset A of X.
(2) Every (A, sp)-open set is O(A, sp)-open.

Proof. (1) In general, we have A(A5P) € A9(Asp) for
every subset A of X. Next, we show that A?(AsP) C
AW Let 2 € AYMsP) and U be any (A, sp)-
open set containing . By Lemma 45, there exists a
(A, sp)-open set V such that x € V' C yAsp) C .
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Since z € A?(MsP) it follows that A N V(AsP) £ ()
and hence U N A # (. By Lemma 42, we have
x € AWNsP) Thus, A9Asp) C A(Assp)

(2) Let V € A,,O(X, 7). By (1), we have

X-V=[X- V](A,sz)) = [X — V]@(A,sp)

and hence X — V is 6(A, sp)-closed. Therefore, V is
6(A, sp)-open. O

Theorem 47. Let (Y, 0) be a Agp,-regular space. For
a multifunction F : (X, 7) — (Y,0), the following
properties are equivalent:

(1) F is upper (A, sp)-continuous.

(2) F~[BYM\sP)] s (A, sp)-closed in X for every
subset B of Y.

(3) F7(K) is (A,sp)-closed in X for every
O(A, sp)-closed set K of Y.

(4) FT(V)is (A, sp)-open in X for every O(A, sp)-
open setV of Y.

Proof. (1) = (2): Let B be any subset of Y. By
Lemma 43, we have BY(AP) is (A, sp)-closed in Y.
Since F is upper (A, sp)-continuous, by Theorem 38,
F~[BY(MsP)] is (A, sp)-closed in X.

(2) = (3): Let K be any 0(A, sp)-closed set of
Y. Then K?AP) = K and by (2), we have F~(K)
is (A, sp)-closed in X.

(3) = (4): This follows from the fact that
Ft(Y — B) = X — F~(B) for any subset B of Y.

(4) = (1): Let V be any (A, sp)-open set of Y.
Since (Y, 0) is Agp-regular, we have V' is (A, sp)-
open in Y and by (4), F* (V) is (A, sp)-open in X.
Thus, F is upper (A, sp)-continuous by Theorem 38.

O

Theorem 48. Let (Y, 0) be a Agy,-regular space. For
a multifunction F : (X, 7) — (Y,0), the following
properties are equivalent:

(1) F is lower (A, sp)-continuous.

(2) FH[BYMsp)] s (A, sp)-closed in X for every
subset B of Y.

(3) FH(K) is (A,sp)-closed in X for every
O(A, sp)-closed set K of Y.

(4) F~(V) is (A, sp)-open in X for every O(A, sp)-
open setV of Y.

Proof. The proof follows from Theorem 47. O
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8 Conclusion

This paper deals with the concept of (A, sp)-closed
sets which is defined as the intersection of a A,-set
and a -closed set. Some basic properties of (A, sp)-
closed sets and (A, sp)-open sets are considered. Es-
pecially, several characterizations of A,-submaximal
spaces, Agp-extremally disconnected spaces and A,-
hyperconnected spaces are obtained. = Moreover,
some characterizations of upper and lower (A, sp)-
continuous multifunctions are explored. The ideas
and results of this paper may motivate further re-
search.

References:

[1] M.—E. Abd El-Monsef, S.—N. El-Deeb and R.—
A. Mahmoud, [-open sets and [-continuous
mappings, Bull. Fac. Sci. Assiut Univ. 12, 1983,
pp- 77-90.

N. Ajmal and J.-K. Kohli, Properties of hy-
perconnected spaces, their mappings into Haus-
dorff spaces and embeddings into hypercon-
nected spaces, Acta Math. Hungar. 60, 1992,
pp- 41-49.

D. Andrijevi¢, On b-open sets, Mat. Vesnik 48,
1996, pp. 59-64.

A.—=V. Arhangel’skii and P—J. Collins, On sub-
maximal spaces, Topology Appl. 64, 1995,
pp. 219-241.

T. Banzaru, Multifunctions and M -product
spaces, Bull. Stin. Tech. Inst. Politech.
Timisoara, Ser. Mat. Fiz. Mer. Teor. Apl. 17(31),
1972, pp. 17-23.

D. Cameron, Properties of S-closed spaces,
Proc. Oklahoma Topology Conf., Oklahoma,
1978.

E.—K. van Douwen, Applications of maximal
topologies, Topology Appl. 51, 1993, pp. 125—
139.

L. Gillman and M. Jerison, Rings of continu-
ous functions, Univ. Series in Higher Math., Van
Nostrand, Princeton, New York, 1960.

[9] J—A. Guthrie, H.—E. Stone and M.-L. Wage,
Maximal connected Hausdorff topologies,
Topology Proc. 2, 1977, pp. 349-353.

[10] R.—A. Herrman, A nonstandard approach to S-
spaces, Topology Proc. 3, 1978, pp. 123-138.

[11] R—A. Herrman, RC'-convergence, Proc. Amer.
Math. Soc. 75, 1979, pp. 311-317.

[12] E. Hewitt, A problem of set-theoretic topology,
Duke Math. J. 10, 1943, pp. 309-333.

[13] N. Levine, Dense topologies, Amer. Math.
Monthly 75, 1968, pp. 847-852.

(8]

E-ISSN: 2224-2880

322

Chawalit Boonpok

[14] N. Levine, Semi-open sets and semi-continuity
in topological spaces, Amer. Math. Monthly 70,
1963, pp. 36-41.

T. Neubrunn, Strongly quasi-continuous mul-
tivalued mappings, General Topology and its
Relations to Modern Analysis and Algebra
VI (Prague 1986) Heldermann, Berlin, 1988,
pp- 351-359.

T. Noiri and E. Hatir, A,,-sets and some weak
separation axions, Acta Math. Hungar. 103,
2004, pp. 225-232.

[17] T. Noiri, Properties of hyperconnected spaces,
Acta Math. Hungar. 66, 1995, pp. 147-154.

[18] T. Noiri, Characterizations of extremally discon-
nected spaces, Indian J. Pure Appl. Math. 19,
1988, pp. 325-329.

[19] T. Noiri, A note on extremally disconnected
spaces, Pro. Amer. Math. Soc. 79(2), 1980,
pp- 327-330.

[20] T. Noiri, On S-closed subspaces, Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 64,
1978, pp. 273-285.

[21] V. Popa and T. Noiri, Characterizations of a-
continuous multifunctions, Math. Slovaca 43,
1993, pp. 477-491.

[22] V. Popa and T. Noiri, On upper and lower a-
continuous multifunctions, Univ. u Novom Sadu
Zb. Rad. Prirod.-Mat. Fak. Ser. Mat. 23(1), 1993,
pp- 29-38.

[23] A.—K. Sharma, Math. Vesnik. 1(14)(29), 1977,
pp- 25-27.

[24] D. Sivaraj, A note on extremally disconnected
spaces, Indian J. Pure Appl. Math. 17, 1986,
pp. 1373-1375.

[25] L.—A. Steen and J.—A. Seebach, Jr., Counterex-
amples in Topology, Holt, Rinehart and Winston,
New York, 1970.

[26] T. Thompson, S-closed spaces, Proc. Amer.
Math. Soc. 60, 1976, pp. 335-338.

[15]

[16]

Creative Commons Attribution License 4.0
(Attribution 4.0 International , CC BY 4.0)

This article is published under the terms of the Creative
Commons Attribution License 4.0
https://creativecommons.org/licenses/by/4.0/deed.en_US

Volume 19, 2020





