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1 Introduction

The sequential optimality conditions, for example,
Approximate-Karush-Kuhn-Tucker (AK K'T') condi-
tion [17] needs the existence of a sequence {z*},
which is converging to some x* with the condition
that % is a Karush-Kuhn-Tucker (K KT) point for
every natural number k, also there should be an ap-
propriate sequence of Lagrange multipliers with the
property that gradient of the Lagrangian function at
x" converges to zero.

The K KT conditions [12] play a vital role
to solve nonlinear optimization problems, both for
scalar optimization and for multiobjective optimiza-
tion problems. Numerically, the optimality conditions
based on the sequence of iterands, which is known as
sequential optimality conditions, do not need any con-
straint qualification [14].

Lions and Stampacchia [13] introduced the con-
cept of variational inequality problem. Further, Gian-
nessi [7] introduced the concept of vector variational
inequalities. Variational inequalities and vector vari-
ational inequalities play an important role in deriv-
ing necessary and sufficient optimality conditions for
scalar and vector optimization problems. Mastroeni
[11] established relationship between K KT condi-
tions and variational and vector variational inequali-
ties. Further, Haeser and Schuverdt [10] established
the relationship between sequential optimality condi-
tions and variational inequalities. Haeser and Schu-
verdt [10] introduced necessary AK KT condition
for a solution to the continuous variational inequality
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problem. Recently, Giorgi et al. [9] generalized the
sequential optimality conditions from scalar optimiza-
tion problem to multiobjective optimization problem.
Further, Giorgi ef al. [9] showed that these AK KT
conditions are necessary for a point to be a weak effi-
cient solution and sufficient under some convexity and
affinity assumptions.

The real world optimization problems associate
some uncertain data due to measurement errors. Two
optimization models came into existence to handle
with the uncertain data. First is robust optimization
and second one is interval valued optimization [6].
Interval analysis [5] as well as interval valued Opti-
mization are the growing branch of mathematics in
this computer age with the effect of rounding errors
due to uncertain data. Wu [2] established relationship
between K KT optimality conditions and interval val-
ued objective functions. Wu [4] derived Wolfe dual-
ity results for interval valued optimization problems.
Further, Wu [3] studied K KT optimality conditions
in multiobjective programming problems with inter-
val valued objective function.

Recently, Laha and Mishra [18] established some
results in vector optimization problems and vector
variational inequalities involving locally Lipschitz
functions.

In this paper, we introduce Approximate K KT
optimality conditions for multiobjective interval val-
ued objective function as a generalization of K KT
optimality conditions. The multiobjective function is
associated with the vector variational inequality prob-
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lem. In addition to that, we establish relationship be-
tween vector variational inequality problems and mul-
tiobjective interval valued Optimization problems un-
der the assumption of LU —convex smooth and nons-
mooth objective functions.

Motivated by the work of Wu [3], Andreani et al.
[16], Haeser and Schuverdt [10], Mastroeni [11] and
Giorgi et al. [9], we introduce Approximate-Karush-
Kuhn-Tucker optimality conditions for interval val-
ued objective function and discuss the sufficiency of
AK KT conditions for the interval valued problems
and generalize its definition to the structure of vector
variational inequality problems.

The organization of this paper is as follows: In
Section 2, we collected some basic definitions and re-
sults. In Section 3, we develop sequential optimality
conditions as AK KT conditions for interval valued
vector variational inequality problem and proved suf-
ficiency with LU —convex and affine conditions.

2 Preliminaries

2.1 Interval Analysis

We collect some basic concepts and essential defini-
tions related to interval valued functions.

We denote by Z the class of all closed intervals in
R. Let U = [u*,uY], where u” and uY denotes
the lower and upper bounds of U, respectively. Let
U = [u*,uY] and V = [v¥ vY] be in Z, then, we
have

OHU+V ={u+wv:
vL,uU—i-vU],

(i) ~U ={-u:uecU}=[-uY —ul],
(i) U -V =U+ (-V) = [ul — oY, uV — ol
v € U}y =

weU veV})=[ul+

vy tU = {tu
[tul tuV] if t>0
{ [tul tul] for t <0
where ¢ is a real number.

we refer to Moore [5], for further details on interval
analysis .

Suppose that U C R" and V' C R", then the Haus-
dorff metric between U and V is denoted and defined
by

dy (U, V) = max { sup inf ||u—wvl|,sup inf ||u—v||},
UGUUEV UEVUEU

where ||.|| is an Euclidean norm.
Let U = [u”,uY] and B = [v*,vY] be two closed
intervals, then it is easy to prove that

dg(U, V) = max{|uL — vL|, |uU — vU|}.
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Let {U, = [uk,uY]} and U be closed intervals in R,
then the sequence of closed interval {U,,} converges
to U, if for every € > 0, there exists NV > 0 such that,
for n > N, we have dy(U,,U) < e. Wu [2] proved

that

lim U, = U ifand only if lim ul = u* and
n—oo n—oo

. U U
Jim =
The function ¢ : R™ — 7 is called interval val-
ued function, this means ¢(x) = ¢(z1, -+ ,xy) is
a closed interval in R for each x € R™. ¢ can be
written as ¢(x) = [¢”(z), ¢V (2)], where ¢ and ¢V
are two real valued functions defined on R" such that
oL (x) < ¢V (x), Va € R™.
Wu [2] discussed limit and continuity of interval val-
ued functions. Let ¢ be an interval valued function
defined on R” and U = [u”,u"] be an interval in R,

we say

lim ¢(x) = U, if and only if lim ¢*(z) = ul and

Tr—a

lim ¢

T—a x) U

The interval valued function f defined on R" is said
to be continuous at a € R™ if

lim 6(x) = 6(a).

Proposition 2.1 [3] Suppose ¢ is an interval valued
function defined on R™, then ¢ is continuous at a €
R™ if and only if ¢~ and ¢V are continuous at a.

Definition 2.1 /3] Suppose K is an open set in R The
interval valued function ¢ : K — T with ¢(z) =
[pF(x), ¢V ()] is called weakly differentiable at z° if
the real valued functions ¢~ and ¢V are differentiable
at 0 (in the ordinary sense).

For U,V € Z, if there existsa W € Z such that U =
V + W, then W is called the Hukuhara difference of
U and V. Also, W can be writtenas W = U &V,
considering the Hukuhara difference W exists, which
means that u — v < WV — oY and W = [uf —
vF uY — Y.

Proposition 2.2 [3] Suppose U = [u* uY] and V =
[vl, VY] are two closed intervals in R. If ul — vF <
uV — oY, then the Hukuhara difference W exists and
W = [uf — vl u¥ — Y],

Definition 2.2 [3] Suppose K is an open set in R.
The interval valued function ¢ : K — 1 is called
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H —differentiable at x° if there exists a closed interval
U(2°) € T such that the limits

¢(z° 4+ h) © (")

li
hg&r h and
0 0 __
oy 9@ © 0 ~ 1)
h4)0+ h

both exist and equal to U (x°), which is called the H—
derivative of ¢ at °.

2.2 Solution Concepts

Suppose U = [uf,uY] and V = [v¥ vY] are two
closed intervals in R. We write U <7 V if and only
if ul < ol and w¥ < Y.

Consider multiobjective programming problem with
multiple interval valued objective functions

(MIVP)  ming(x) = (¢1(z), -, ¢p())
subjectto x = (21, ,z,) € K CR",
where each
or(z) = [pE(x), Y ()] is an interval valued func-

tionfork=1,---,p.

We write U <ry V if and only if U <py V and
U # V. We say U (Ui,---,Up) is an inter-
val valued vector if each component Uy, = [ul, u¥]
is closed interval for k = 1,--- ,p. Suppose U =
(Uy,---,Up) and V = (V1,--- ,V}) be two interval
valued vectors. We write U <y V' if and only if
U, 2y Ve Vk = 1,--- ,p,and U <y V if and
only if Uy, 2ry Vi, Vb =1,--- ,pand Uy, < V4
for at least one g. Suppose x* is a feasible solution
of (MIV P), then ¢(z*) is an interval valued vector.
The concepts of Pareto optimal (efficient) solution is
given below.

Definition 2.3 /2] Suppose 2V is a feasible solution
to the problem (MIV P).

(i) x° is said to be an efficient solution to the prob-
lem (MIV P) if there exists no T such that

() <rv ¢(20).

(ii) ¥ is said to be a strong efficient solution to the
problem (M 1V P) if there exists no T such that

o(z) 2ru ¢(20).

(iii) x is said to be a weak efficient solution to the
problem (M 11V P) if there exists no T such that

o(T) <rv ¢r(a®) Yk =1, ,p.
Definition 2.4 [2] Suppose z° is feasible solution of

the problem (M IV P). 2° is said to be local weak effi-
cient solution of the problem (M IV P), if there exists
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a neighborhood N of 2° such that for all z € K N N,
then the following cannot satisfy forany k = 1,--- ,p

o(T) <ru Pr(a?).

Zhang et al. [19] defined the concepts of local quasi
efficient and local weak quasi efficient solutions for
the problem (M IV P).

Definition 2.5 Suppose zV is feasible solution of the
problem (MIV P). 2° is said to be local quasi effi-
cient solution of the problem (M 1V P), if there exist
B € int(R") and a neighborhood N of 20 such that
forallx € K N N, then the following cannot satisfy

¢(7) + BT — 2|l <Lv ¢(a?).

Definition 2.6 Suppose z° is feasible solution of the
problem (MIV P). 2V is said to be local weak quasi
efficient solution of the problem (M IV P), if there ex-
ist By, € int(RY) and a neighborhood N of 20 such
that for all x € K N N, then the following cannot
satisfyk=1,--- |p

Ox(Z) + Billz — 2°|| <Lv dr(2?).

2.3 Optimization Problems

We recall some basic and essential definitions. The
open (closed) ball with center at y° € R™ with radius
§ > 0is denoted by B(y°, ) ( B(3°,6)). We denote
R} as the non-negative orthant of R™. We also denote
c+ = max{0,c}, ¢ = (cy)? where ¢ € R. The
notation ||-| is the Euclidean norm of R™. For y, z €
Ry <ziffy,; <z, fori=1,...ny < z,y; < 2z,
fort =1,...,n.

Let K be real Banach Space with a norm ||.|| and
K* be its dual space with a norm || - ||*. Let X be a
non-empty open convex subset of K, F : K — 2K
be a set-valued mapping from real Banach space to
the family of non-empty subsets of K*. The follow-
ing definitions and results are extracted from [8, 1] to
resolve difficulties during the derivation of upcoming
results.

Definition 2.7 (Generalized directional derivative)
Suppose ¢ is a locally Lipschitz function at a given
point a € K and b be any other vector in K. Gener-
alized directional derivative of ¢ at a in the direction
of b, denoted by ¢°(a;b), is defined by

¢O(a' b) = lim sup Py +tb) — d)(y)
7 y—a, t10 t

Definition 2.8 (Clarke’s generalized subdifferential)
Suppose ¢ is a locally Lipschitz function at a given
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point a € K and b be any other vector in K. The
Clarke’s generalized subdifferential of ¢ at a, denoted
by 0°¢p(a), is defined by

9°p(a) = (€ € K*: ¢"(a;b) > (€,b),Vb € K}.
Next, we gather some properties related to Clarke’s
generalized subdifferential which can be found in [8].

Proposition 2.3 Let ¢ : R™ — R be locally Lipschitz
at x with constant L. Then

1. 0°¢(x) is a nonempty, convex and compact set

such that 9°¢(x) C B(0; L),
2. ¢(z,v) = max{(v,&)|¢ € 0°p(x)} Yo € R™,

3. the map 0°¢(-) : R — P(R"™) is upper semi-
continuous, where P(R™) denotes the power set

of R™,
4. if ¢ is differentiable at x, then V(x) € 0°¢(x),
5. if ¢ attains its extremum at x, then 0 € 0°¢p(x).

Proposition 2.4 Let the functions ¢; : R® — R be
locally Lipschitz at x for i = 1,2, ..., k, then for \; €

R
k k
o ( 3 A,-@-) () © 3 N dilx).
=1 =1

Proposition 2.5 If ¢ and ¢ are locally Lipschitz at
x € R", then the function ¢1¢2 is locally Lipschitz at
x and

0°(¢102)(x) C O°@1(x)P2(x) + ¢1(x)0Pa(x).

2.4 Approximate-Karush-Kuhn-Tucker con-
ditions (AK KT) [17]
We consider the nonlinear constrained optimization
problems (OP).
(OP) Minimize ¢(z) subject to
xeP={xeR":g(x) <0, h(x) =0}, (1)
where p : R” - R, g: R" - R™ h:R" — R" are
smooth functions. We say a feasible point z° satis-
fies (AK KT') conditions, if there exists a sequences
(p*,7%) c R? x R", {z¥} C R" converging to 2°
and satisfies the following:

m
. k ko, (k

Jim [Vo( )+;ujvgg(m )

T

+) ()] =0,

=1
gi(z") <0 = ué? = 0 for sufficiently large k,
(2)

7=1,....,m.
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Let P be non-empty and convex subset of R" and
F : R" — R” be a continuous map, then variational
inequality (VI) problem [13] is stated as follows:

VI(F,P) findy® € P,
such that  (F(y°),y — %) >0, ¥y € P.

Wu [2] established the Karush-Kuhn-Tucker (K KT')
optimality conditions for interval valued optimization
problem.

(IVOP)  ming(z) = [¢"(z),¢" (2)]

subject to g;(z) <0, i =1,2,--- ,m.

Let P ={z € R" : gi(z) < 0,0 = 1,2,--- ,m}
be a feasible region of problem (/VOP) and a point
T € P. We say that the real valued function g;,7 =
1,2,--- ,m satisfy the K K'T' conditions at 20 if g
are convex on R™ and continuously differentiable at
20 Vi = 1,2,--- ,m. The KKT optimality condi-
tions for problem (IVOP) is given as follows.

Theorem 2.1 Let g;, i = 1,2, -+, m be the real val-
ued constraint functions which satisfy the K KT con-
ditions at x° and the interval valued objective function
¢ : R" — T is LU—convex and weakly continuously
differentiable at z°, if there exist Lagrange multipliers
0< AN AN eRand0 < pj € R, j =1,2,--+,m,
such that

(i) AEVGL(a®) + AUVU (1) + - 11, Vg;(a0) =

7=1
0;
(”) :u]g](xo) = 07 V.] = 1727' o, Mm,
then x° is a Pareto optimal solution of problem
(IVOP).

The vector variational inequality problem for interval
valued function is given in Zhang et al. [19]:
(VVIP) Find a point z° € P such that there exist no
x € P such that

((Vof () + Vol (2), 2 = a0, -

T
<0.

(Vo (a") + Vo (2%), 2 - 2))
3 Approximate K K'T" conditions and
Vector Variational Inequalities

We consider following vector optimization problem
with interval valued objective functions.

(VVI-IVOP) Minimize (F(z), z),
where (F(2°),2) = ((F1(2°),2), ..., (F,(2°), 2)),
subjectto x € P,
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where each F,(2°) = [FL(2%), FY (2)] is an inter-
val valued function for k£ = 1,2,--- ,p and feasible
set P is subset of R™.
A point 2° € P is an efficient solution of VV I —
IVOP if and only if there exists no z € P such
that F(z) < F(z2%), F(x) # F(z"). The set of
all efficient solution of VV I — IVOP is denoted by
Min(F, P).

We establish the Approximate-Karush-Kuhn-
Tucker necessary and sufficient optimality conditions
for vector variational inequality problems.

Definition 3.1 (AK KT—VVI—IVOP Conditions)
The Approximate-Karush-Kuhn-Tucker conditions are
satisfied for VV I — IV OP at a feasible point z° € P
if and only if there exist sequences (x*) C R" and
(ABR NUR R 7R) € RE x RE x R x R”, such that

(A1) xF — 2V,
P Lk oLk b Lk Uk
(A2) Y NTFR (%) + 0 ONTFS(EY) +
irznl . =1
Zl,u;‘?ng(:rk) + 121 TFVh(2F) — 0,
J: =
P P
SR SO
i=1 i=1

(A3) gj(xo <0 = /L? = 0, for sufficiently large
k,j=1,2,---,m.

The points satisfying AK KT — VVI — IVOP con-
ditions are called AK KT — V'V I points. Note that
the sequence z* is not necessarily in feasible set. we
scalarize the following nonsmooth function to estab-

lish necessary optimality conditions for the problem
VVI—-1VOP;

§ : RP — R, defined by §(y) = max{y;},

clearly §(y) <0<y <0and §(y) <0<y <O0.
We presented a lemma motivated by result from
Giorgi et al. [9]:

Lemma 3.1 If 20 is solution of interval valued
VVI(F,P), then 2° is solution of Min(F(F(.) —
F(a")), P).

Proof: Suppose x° is solution of VV I —IVOP, then
there exist no z such that

((FE@®) + FY 2°),2), -

IN

0. (3

(FHa) + FY (%))

Suppose on contrary 2 ¢ Min(F(F(.) — F(2°)), P),
then there exists @ such that F(F(a) — Fi(2°) <10
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F(Fr(2%)— Fp(2®) = 0, Vk = 1,-- -, p. This follows
that
Fk(a) =<LU Fk(xo) Vk = 17 Y 2

which is contradiction to the supposition. This com-
pletes the proof.

O

The following necessary optimality conditions for
multiobjective optimization problem for local efficient
solution of (MOP) to be a Approximate-Karush-
Kuhn-Tucker point will be helpful to develop the
proof.

Theorem 3.1 If 2° <€ P is solution to the
VVI(F, P), then 1° satisfies the AKKT — VVI —
IV OP conditions.

Proof: Since x¥ is local solution of VVI(F, P), so
by Lemma 3.1, there exists § > 0, such that 20 €
Min {§(F() — F(x")), PN B(",0)}, F(z) =
[FE(2), FV ()]

Suppose 2V is unique solution of the problem

Min §(F(z) — F(z°)) + éllx — |7,

subject to x € P N B(z°, 6),

where F(z) = [FL(z), FY(z)]. (4)
We define the following function:
1
or(@) = §(F(x) = P(a) + 5o — 2"+
kDo gi@t+ ) @) |,
j=1 I=1

forallk > 0, and k — . (5)

Let 2" be a solution of the problem
Min oy (z), subject to ||z — 20| < 4. (6)

By the convergence property of penalty methods [15],
we have

S(F(H) — F(a%) + 5

B> i@+ I}
j=1 =1

< F(F(2°) — F(2"))

¥ — 27+

that is,
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Suppose that u? = (kg;(z%))+ > 0 and 7 =
khy(z*), then we have

F(F(®) ~ F@") + gl — 20|

m
k
+ ) lubg(a
=

+!+Z|n hu(z")| < 0. (1)

By the convergence property of exact penalty

methods [15], taking the limg_, zF =20 k> o

and by the continuity of F, we have

1
I [f ko
Am |5l

m
R Te
j=1
,
+ > It (@*)] =0
=1

In (6) we observe that 2" exists because () is con-
tinuous and B(z?, §) is compact. Let z be a limit point
of zF. We assume that z* — z. From the problem (5),
we have

F(F(a") = F(2")) < pp(a®),

because of
pi(a") = F(F(a") - F(z°)) =

éuz’“—x‘)u%k{z 3ol 2 0

Since x* is a feasible solution of the problem (4) and
x* is the solution of problem (6), we have

er(%) <pu pr(2®) = 0. (®)
We claim that z is a feasible solution of the Problem

4). Since ||z* — 2°|| < 4, therefore ||z — 20| < 6,
suppose if possible

(95(2)+)* + Y _hi(z) >0
=1

m
=1
then, there exists ¢ > 0, such that

m

(97(@")+)? + ) hi(a") > e,
=1

for sufficiently large k.

J=1
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From continuity of § and 2* — 2, we have

oi(x) = §(F () ~ F@®) + 3}z — 2|

D gi@ME + Y Im@)?}
j=1 =1

=rv $(F(x) — F(2°)) + ke.

|z —x

Taking the limit k& — oo, we obtain ¢, (z*) — 400,
m

which contradicts (8). Consequently, >" (g;(2)+)? +
j=1

T —
S hi(z) = 0, thatis, z € PN B(aY6), therefore

from (7), we obtain

ask — +oo. (9)

Since k{Y7", 9;(2)-4)2 + X, [hu(@)]2) = 0, there-
fore from (9), we have §(F(2¥) — F(2°)) + 1|jz* —
20|12 < 0. As 2V is a unique solution of the problem
(4), we conclude that z = 2. Therefore, ¥ — 20
and |lz¥ — 2% < ¢ for all k sufficiently large. As
2¥ is a solution of the nonsmooth problem (6) and
it is an interior point of the feasible set, for suffi-
ciently large k, from Proposition 2.3, it follows that
0 € 0, (z*). Then, we have

P
0e conv(U{Fi(a:O)}) + (z% — )
i=1
+ Zk‘gj )+ Vg;(a¥) + Zkhl )Vhi(a®).
(10)
Hence, there exists )\f >0, 1=1,2,...,p, such that

P

ZlAf = 1 and as kg;(z%); = ,u;?, kh(z%) = 7F,
1=

then from (10), we get

ZAL’“FL +ZAL’“FU( k)
i=1
+Z,uJVg] ZTZ Vhy(z¥) = 202 — 0,
7j=1

as ¥ — 20 and F;(2*) — F;(20).
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0

We established sufficient optimality conditions
for the VV'I — IV OP problem.

Theorem 3.2 Suppose

(F;(2%), x); where each F;(x) =
[FE(2%), FV(2%)], i@ = 1,---,p are LU-convex,
gj;j=1,--- ,mareconvexand h;; i =1,--- ,r are
affine. If 2° € P satisfies the AKKT—VVI—IVOP
conditions, then x° is a weak efficient solution of
VVI—-IVOP.

Proof: Let 2° be not a weakly efficient solution then,
there exists £ € P such that

(Fi(2°),2) <pv (F(2"),2°%),i=1,2,...,p. (11)

Let () and (\*, AU¥ ) be the sequences that sat-

isfies the AKKT — VVI — IVOP at 2°. There-

fore, without loss of generality we may assume that

Aok AEO\Uk 5 AUO with A0 >0, AV0 >0
PoLo _ Pouo 0

and )N =1, YN = 1. As (Fj(2”),x), are
i=1 i=1

LU-convex, g; are convex and h; are affine, for all £

we get

(Fy(2),2),Yi=1,..,p, (12)

...(,13),

hi(Z) = hy(z®) + (Vi (), 2 —2F),VI=1,..,m.
(14
Since T is feasible point, therefore we can write

P p
SONMERED), 7) + > ATHEY (), 7)
=1 =1

+ Zug?gj(i‘) + Z lehl(:f)
j=1 =1

p p
= Y AHEFED),3) + YA HEY (2°), 7).
=1 =1
(15)
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From (12), (13), (14) and (15), we get

p p
D NHEED) 2b) + Y NHE (20, 28)+
=1 =1
> ufg(a®) + Z 7y (2"
j=1 =

< i AR RL (5 Z AVFEU (5

—l—Zu]Vg] +ZTthl ,m—x>

<1 Z AHE(a0), 7) +Z N EEY (20), 7).
=1 =1
(16)

Using (A1) — (A3) in above inequality, we get

P
2 NH(E ), 2
] =1

Lk Lk _

< Z)\ (FF(x +Z)\ (FF(29), z),
i=1 =1

since Fy(z%) — F;(2°) as ¥ — 20.

) + Epjxif”“wf(x“),w%

Which is a contradiction to (11). This completes the
proof.

O

The AK KT conditions are stronger than K KT con-
ditions in case of interval valued optimization. Here
is an example of interval valued optimization problem
which does not satisfy K K'T' conditions but satisfy
AK KT conditions.

Example 3.1 Consider the following interval valued
optimization problem:

min¢(z) = [z + 1,z + 2]
subjectto 1+ z = 0.

Example 3.2 Consider the following interval valued
optimization problem:

Min ¢(x1,22) = (¢1(x1,22), p2(x1,22))
subject to h(x1,x2) = x9 — 21 =0,
and g(x1,2) = a7 — 19 <0,
(o1 — 23 + 1,21 — 23 + 2],

[1 — 2o+ 1,21 — 29 + 2]).

where ¢(z1,x2) =
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The point 2° = (1,1) is a weak efficient solution of
the above problem. In order to find sequences satis-
fying the conditions (Al), (A2) and (A3), we solve the

equation
L 1 c| 1 U 1
AL [ 9z, + A5 1 + A7 9
1
U
Y [ ! ]
+ 1 Vh(z1, 22) + p2Vg(x1, x2) = (0,0).

Consider the sequence z* = (1 + % 1

e Lk
K1 1 ) 19

MU=t eh A ={a +

+1), k€N,

Uk
ih A= {gs +

po= {5+
Then we get

Jim APEVoL (of, 25) + 23" Veh (af, f)
+ ATV (@, o) + A3 FV Y (2, f)
+ Wy Vh(zt, 25) + pbVg(ah, 25) = (0,0),

p p
ST I A =1
=1 =1

5 1 1 1

k—i _— — _

1 1 1 1

E (.ky _ (2 = A [
o) = (5 + ) % (L )P =1 7) 0.

Hence, AKKT — IVOP conditions are satisfied at
=(1,1).

Example 3.3 Consider the following multiobjective
optimization problem:

Min ¢(x1,x2) = (¢1(21, 22), P2(21, 72))
subject to h(z1,22) =1 — 21 — 29 =0,
and g(x1,x2) = 221 — :c% +1<0,
where ¢(x1,x9) = ([xo — 23, —29 — 227],

[.7}2 — 21,1 — T2 + 1])

The point 2° = (0,1) is a weak efficient solution of
the above problem. In order to find sequences satis-
fying the conditions (Al), (A2) and (A3), we solve the
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equation
—2x -1 —4zx
[T o[ ]
-1
U
HQ{ 1 ]
-1 2
+M1[_1}+M2[_2x2]—(0,0)-

Consider the sequence % = (3,14 1), k €N, then

L,k Uk
A {48 lk} )‘ :{3*3"1'%}7 A :{i“‘
k} Ay {171 k} o
i ={5+h s ={g+h
Then we get

Jim APEVoL (e, o) + 0V (af, of)
)\Ukv¢1 (951@2) /\Ukvﬁbz ($17$§)
+ VR, %) + pbVg(at, 25) = (0,0),

p p
ST I A =1
=1 =1

8 1 1 1
k ky _ - 1=
1 1 1 1
— 4= 1+-)2—-1—— .
(g + 1) x (L P =1 1) =0

Hence, AKKT — IVOP conditions are satisfied at
= (0,1).

phg(a®) =

4 Conclusions

In this paper, we have studied the Approximate-
Karush-Kuhn-Tucker(AK K T') optimality conditions
for interval valued optimization problem. We have
provided an example which tells that AK K'T" condi-
tions are stronger than K K'T' conditions. Further, we
provided two more examples in the support of our the-
ory. The further extension of this theory is possible in
case of more generalized sequential optimality condi-
tions namely, Complementary Approximate-Karush-
Kuhn-Tucker(C AK K'T) optimality conditions [16].
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