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Abstract: In this paper, we define a relative Minkowski normal plane ¢ and relative tangent vector 7, We construct

a new relative §-frame (Shnoda-Saad frame) of regular spacelike curves on timelike surfaces. It depends only on

the curve lies on the surface, Euclidean and Minkowski unit normal vectors. Also, we define §-curve according to

thisframewithsomerelatedtheorems.
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1 Introduction

At the beginning of the 20th century, the Einstein’s
theory opened a door to new geometries such as
Lorentzian Geometry, which is simultaneously the
geometry of special relativity. After that, researchers
discovered a bridge between modern differential
geometry and the mathematical physics of general
relativity. In particular, Ef (Minkowski space-time)
has a very strong background in physics. The
Minkowski 3-space Ef C E{ has many properties
which is different from E3. Some basic concepts
such as vector, frame, and the motion of point have
qualitative changes. Since the metric in E3 is not
positive definite metric, then the distance function (, )
can be positive, negative or zero, whereas the distance
function in the Euclidean space can only be positive

[1].

In Minkowski space F3, every point in space and
time worlds can be determined in terms of two special
coordinates besides to the coordinate of time. When
a point is moving along the time axis, it shouldn’t
move through space coordinates system. Moreover,
it moves with the speed of light as a function of
the time. Many authors tried to construct Darboux
frame of a regular curve « (t) in E3, which lies on a
regular surface ®, by rotating Frenet frame {T', N, B}
around the tangent unit vector 7" of « (t) [2, 3, 4].
The curve « (t) is called Darboux curve if it moves
on the surface ® such that its curvature and normal
curvature are identical. In other words, there is a
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transformation between Frenet frame {7', N, B} and
Darboux frame {7, Njs, G}, where Nj; and G are
the principal normal and binormal unit vectors of the
surface ® respectively. Furthermore, they are using
other known frames, e.g., Sabban frame (Spherical
Frenet) which is given according to Euclidean unit
sphere S2 [5]. Also, Bishop frame can be defined
even if the curvature vanishes at some points on the
curve « () [6, 7, 8].

Relative differential geometry can be described
as the geometry of surfaces in the affine space with
a distinguished relative normal vector field which
gives us a general form of unit normal vector field
from Euclidean differential geometry. In [9, 10, 11],
the authors obtained a relative normal vector fields
of a differentiable (smooth) surface which is defined
as a function of two variables. The moving frame
method provides a direct route to the classification
of joint invariants and joint differential invariants
[12]. There are some applications of moving frames
in the construction of invariant numerical algorithms
and the theory of geometric integration. = Most
modern Astronomy physics based on postulating a
symmetry group and formulating field equations with
a group-invariant variational principle. Furthermore,
every invariant variational problem can be written in
terms of the differential invariants of the symmetry
group. The Euler-Lagrange equations inherit the
symmetry group of the variational problem, which
can be written in terms of the differential invariants.
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The general group-invariant formula construct the
Euler-Lagrange equations from the invariant form of
the variational problem [13, 14].

In this paper, we construct a new coordinate
system by rotating the axes of space system about
the time one. We should care that the axis of time
rotates differently than the axes of space. Therefore,
the rotation of the Frenet frame of « (¢) which lies
on a surface ® in E3 should be depend on the types
of the curve, surface and axis of rotation. We call
this frame “’Shonoda-Saad frame” or simply S-frame.

This frame gives us a relative differential geome-
try between Euclidean and Minkowski invariants of a
chosen curve on a regular timelike surface ®. We will
investigate this special frame according to a regular
spacelike curve o (t) on ® in E3.

2 Differential Geometry Properties

In this section, we list some notions, formulas, and
conclusions for curves and surfaces in Minkowski
3-space F3 [15]. We consider the real vector space
E3 which defined the standard flat metric given
by (, ) =daj+dad—dx3, where (x,,zy,25) is a
rectangular coordinate system of E$. Minkowski
inner product of two vectors u,v € E} is de-
fined as (u,v),;, = wiv1 + ugvy — ugvs, where
u = (u1,u2,uz) and v = (v1, va, v3).

To distinguish the usual Euclidean inner prod-
uct, we denote it by the notation (, ), . A vector
v € E} is said to be spacelike, timelike or lightlike
if (v,v)y; >0, (v,v),, <O0or(v,v),, =0,re-
spectively. The Minkowski norm of any vector u €
E3 is defined as ||u]|,, = \/[(u,u),,|, which equals
zero iff u is lightlike vector or u =0. Furthermore,
any two vectors u, v € E3 are orthogonal with the no-
tation u L s v iff (u,v),, = 0. The Lorentz vector
product of u, v is given by

er ey —e3
uUuXyv=|u u2 us ()
U1 V2 U3

The light-cone is the set of all lightlike vectors
of E}. The timelike vector v = (vq,v2,v3) € E} is
called future (past) pointing iff v3 > 0 (v < 0), i.e. it
lies in the future (past) section of the unit ball.

Definition 1 A surface ® in the Minkowski 3-space
E3 is said to be spacelike, timelike surface if the in-
duced metric on the surface is a positive definite Rie-
mannian metric, Lorentz metric, respectively.
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In other words, the normal vector on the spacelike
(timelike) surface is a timelike (spacelike) vector [16].

Definition 2 Relative Minkowski normal plane (: Let
D be a spacelike (timelike) surface with a unit time-
like (spacelike) normal vector field Nyy € E3 and
Euclidean unit normal vector field Ni, € E3. If Ny
and Ng are non-congurent, then we have a plane ¢ =
span {Ng, Nnr} which is called "relative Minkowski
normal plane” of spacelike (timelike) surface ®.

Definition 3 Relative tangent vector Tys: Consider a
spacelike (timelike) surface ® € E, then the tangent
unit vector T'y; which generated from the intersection
of the tangent plane and the relative Minkowski nor-
mal plane is called a relative tangent unit vector.

Definition 4 For a spacelike (timelike) surface ® €
E3, the frame {Ty;, Ny, By} is called Shonoda-
Saad frame or simply S-frame where By is a relative
binormal vector field.

2.1 Angle Measure in Lorentz-Minkowski
Space F}

The angle measure between any two vectors
u,v €F} depends on the position of these
vectors with respect to the light-cone C' =
{u=(z1,29,23) €E} : 23 + 23 — 25 = 0,u # 0}.
It can be determined only if both are timelike vectors
lie in the same timelike cone or in the same spacelike
component.

Definition 5 If u EE{’ is a timelike vector, then the
timelike cone Cy (u) is given as follows

Ct(u):{vercE§:<u,v>M<o}, )

where T is the set of all timelike vectors in E3. For
more details see [17].

Corollary 6 If u,v €E3} are two timelike vectors lie
in the same lightlike cone, then there exists a unique
number ¢ (the hyperbolic angle between u and v)
such that

3)

(1, vy = — [l vl coshp.

Proof: The proof can be found in [17]. O
For any other two vectors, we have three possibil-
ities depending on the type and position of the sub-

space which contains the two vectors span {u,v}.
Therefore, the induced metric should be Riemannian,
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Lorentzian or degenerate. If the plane is Rieman-
nian, then the angle measure definition is determined
as in Euclidean space E3. If the plane is Lorentzian,
then it is isometric to the Lorentz-Minkowski plane
E? which is divided into four sections. Two of them
are future and past timelike cone, the others are two
spacelike components. Furthermore, we can’t define
the angle between two unit spacelike (timelike) vec-
tors of £ that nor belong to the same component, nei-
ther the angle between a spacelike and timelike vec-
tors. The definition of angle is discussed in details in
E2 by F. Catoni [18, 19]. The third case appears when
the plane containing both lightlike vectors. Therefore,
the vectors shouldn’t be timelike. So, we can’t define
the angle between two spacelike vectors.

Corollary 7 Let u,v EE% be two spacelike vectors

such that 75— and —y— lie in the same spacelike
llullp VIl ag

section. Then, there exists a unique number ¢ (the
hyperbolic angle between u and v) such that

(w,v)pr = [[ulfps [Vl coshp. )

3 Frame Construction on Timelike
Surface in E?}

Consider a regular spacelike curve () lies on a time-
like surface ® with a unit spacelike normal N, €
E}. We have a moving orthonormal Frenet frame
{T,N,B} on v(s) with T" Ly N, N Lp B and
B 1 T. From the definition of spacelike curve ~,
the tangent vector 7' is spacelike vector and one of N
or B is timelike vector.

Additionally, =~ we have
{T,Ny,G}, where G = —T xp Ny is a
timelike vector the curve ~y(s). We don’t know the
behavior of the principal normal vector N. Therefore,
we should discuss the cases of spacelike or timelike
principal normal vector V.

Darboux frame

Consider a frame {TA!, Nys, By} at a point P €
® or simply {Tas, Nar, Bas}, where Ty is a relative
tangent vector lies in the plane span {Ng, Nas} . So,
we have the following cases:

Case 8 When the principal normal vector N is a
timelike. Then, the Frenet equations are given in ma-
trix form as follows

T 0 k 0 T
N |=|x 0 7 N |. o
B 0 70 B
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If N and G lie in the same timelike cone. Then,
we have the usual transformation between Frenet and
Darboux frames;

T 1 0 0 T
Ny | =1 0 —sinh6  coshf N |,
G 0 coshf —sinh6 B

where the hyperbolic angle 0 = /g (N, G).
Therefore, we get

/

T 0 Kg Kn T
NJIW = —kg 0 74 Ny |,
G fn Ty 0 G
with kg = ksinh 6, k,, = Kcoshf and 7y = 7 —
do
E.

In this case, we have two subcases according to
the type of the relative tangent vector 7.

On one hand, when T}, is a spacelike vector.
Also, T and T lie in the same spacelike component.
Since Bjs should be a timelike vector. Then, we get

T cosha 0 sinha Ty
Nu | = 0o 1 0 Nu |,
G sinha 0 cosha By
and
Ty cosha 0 —sinhao T
Ny | = 0 1 0 Ny
By —sinha 0 cosha G
where o = Z (T, Tr), so we have
Ty
Ny
By
coshaa —coshfsinha  sinh#sinh a
= 0 —sinh 6 cosh @
—sinha  coshf@cosha  —sinh 6 cosh o
T
N
B

Differentiating (6) with respect to s and using Frenet
equations, we obtain

Nuv |, )
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1 _ 2 _ . 1 _

where k; = kgcosha,k; = kKgsinha, 7, =
2 : _ da
Tg cosh a, Ty =Tg sinh o, and —kp, = K5, — G-

On the other hand, if T, is a timelike vector. Then,
B should be spacelike vector. Therefore, we get

T sinh 0 coshp T
Ny | = 0 1 0 Nu |,
G coshf 0 sinhf By
where 8 = Zp (G, Tys). Then, we have
T
N
B
sinh 3 0 cosh
= coshfcosh 3 sinhf coshfsinh S
sinhfcosh 8 coshf sinh6fsinh g
T
Ny
By
Using (7), by replacing the angle o by 3, we obtain
Ty
Ny
By,
0 ng — Tgl —Kn Ty
_ 1 2 2 1
= Ty — Ky 0 Ty — Kg Ny |,
—Kn, ng — K,; 0 By
where m; = kg cosh g, mg = Kgsinh g, T; =
T4 cosh 3, 792 = 74sinh 3, and —k,, = Ky, — %.

Definition 9 Let ® be a timelike surface in E and
~(8) be a regular spacelike curve lies on ® with time-
like principal normal vector N. The curve ~(s) is
called a spaelike S-curve of first or second type, if
T K

é :tanhi/)orT—j = tanh , ¥ = aor g,9 # 0,

respectively.

Theorem 10 Let ® be a timelike surface in E} and
v(s) a regular spacelike S-curve of first or second kind
with a timelike principal normal vector N. Then, the
S- frame {Tn, Npr, Bar} of y(s) is Bishop frame of
first or second type, respectively.

Proof: Without loss of generality, consider a case

of Ty as a spacelike vector. If ;—Z = tanh «, then
we have 7, = k7. Therefore, we can rewrite (7) as
follows
T]/)J 0 coZlgla —hn Ty
NM = B CO’Z}QI «a 0 0 N
By, —FKn 0 0 By
3
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which is a new Bishop frame of the first type relative
to the surface ®. Furthermore, if ':—;’ = tanh a then we

have /{; = Tg2. Therefore, we can write (7) as follows
Ty, 0 0  —kn Ty
/ T
NM = 0 9 COSiil «a N ’
g
B M —Fn osha 0 BM

®
which is a new Bishop frame of the second type
relative to the surface ®. Similarly, if T is a timelike
vector, we can get the same results. g

Case 11 When the principal normal vector N is a
spacelike vector. So, the vector B should be timelike
vector. Then, the Frenet equations is given as follows

T 0 x 0 T
N |=| -k« 0 7 N
B’ 0 70 B

If N and N, are lie in the same spacelike sector with
the hyperbolic angle = /7 (N, Njps). Then, we have
the usual transformation between Frenet and Darboux
frames;

T 1 0 0 T
Ny | =1 0 coshf —sinhé N |,
G 0 —sinh® coshé B

and then, we get

/

T 0 Kn Kg T
N]'M =| —kn 0 74 Ny
G kg T4 0 G

In this case, we have two subcases according to the
type of the relative tangent vector 1.

Firstly, when T} is a spacelike vector and also T’
and T lie in the same spacelike component. Then,
Bj should be a timelike vector. Therefore, we get

T cosha 0 sinha Ty
Ny | = 0 1 0 Ny |,
G sinha 0 cosha By
and
Y cosh 0 —sinha T
Ny | = 0 1 0 Ny
By —sinh—«a 0 cosh—« G
(10)
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where o = / (T, Ths). Then, we obtain where ’;711 = Ky cosh B, k2 = Ky sinh 8, and —k, =
d
TM I{g ~ ds-
Nu Definition 12 Let ® be a timelike surface in E3 and
By v(s) be a regular spacelike curve lies on ® with a
cosh o sinh@sinha  — cosh §sinh o spacelike principal normal vector N. The curve ~y(s)
_ 0 cosh 6 —sinh6 is called a spaelike S-curve of third or fourth type if
N T — Kn — <oy —
—sinha  —sinhfcosha  coshécosha Kn —t.anhwor g =tanhyy ;Y = aor ,¢ # 0,
respectively.
T
N |. Theorem 13 Let ® be a timelike surface in E} and
B ~(8) be a regular spacelike S-curve of third or fourth
) type with spacelike principal normal vector N. Then,
Using Frenet and Darboux formulas lead to the S- frame {Tn;, Nas, Bar} of v(s) is Bishop frame
T of the first or second type, respectively.
M
N M Proof: Without loss of generality, consider a case of
By, Ty as a spacelike vector. If ;—i = tanh «, then we
0 R Ty have k2 = 7, . Therefore, we can rewrite (11) as
= | 2=kt 0 r-wk2 || Ny o follows
_ 1 _ 2 B / Kn
Kg — Tg = Kp 0 M TM 0 - —Ky Ty
_ _ _kn
where k. = kpcosha, k2 = kpsinha , and NM B cosha 0 0 Nu |
da By, —Kg 0 0 By

—/‘ig:/ﬂ?g—%.

which is a new Bishop frame of the first type relative

Secondly, if T, is a timelike vector. Then, B .
y M M to the surface ®. Furthermore, if ';—” = tanh «, then
g

should be a spacelike vector. Therefore, we get

we have 7'92 = /@,11 . So, we can rewrite (11) as follows
T sinh 0 coshp Ty

Ny | = o 1 0 Nu |, Ty 0 0 —ry Tas
G coshp 0 sinhpg By Ny | = 0 0 Cogfl - Nu |,

B, —Kg L 0 By

where 8 = /p (G, T)s) and then we have M 9 cosha

T which is a new Bishop frame of the second type
N relative to the surface ®. Similarly, if T} is a timelike
B vector, we obtain the same results. O

—sinh 8 —coshBsinhé  cosh 3 coshf
= 0 cosh 6 —sinh @ Corollary 14 Let ® be a timelike surface in Ej.

coshg  sinhfBsinhf  —sinh 5 coshf Then, the S-frame {Tpr, Nnr, By} and Darboux
frame are identical iff { N Tg = T, where P is a

T point lies on any regular curve v (s) C .
Ny |-
Bu Proof: Since ¢ N TY = T iff the angle o = 0, then
we have § = 0 and hence Ty = T for all pervious
Similarly, as (10) by replacing the angle « by 3, we cases. O
get
Ty
Ny 4 Conclusion
B In the three-dimensional Minkowski space E7,
0 K3 — T, gl —HRg T a suitable differential equations of an S-frame of a
= T; — K2 0 792 — Kk} Ny |, regular spacelike curve 7 (s) lies on a timelike surface
—Kyg 792 — ,‘q‘,}l 0 By d relative to Eiq’ according to a relative Euclidean and
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Minkowski normal vectors of & have been obtained.
Also, some new concepts associated to S-frame
in addition to new invariants have been defined.
Moreover, we have generated a so-called S-curve for
some special values of hyperbolic angles. Finally,
we have found that Bishop frame and S-frame are
identical for S-curve of different types.

In the future studies, we will try to apply this
frame on some special curves of a regular spacelike
curve lying on spacelike and timelike surfaces in E.
Hopefully, S-frame will be helpful to reconstruct and
modify most of Minkowski geometry research ideas.
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