1 Introduction

The study of graded rings comes into being normally
out of the study of affine schemes and admits them
to establish and consolidate arguments by induction.
However, this is not just an algebraic deception. The
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if whenever a,b € h(R) and m € h(M) such that
abm € N, then either am € N or bm € N or
ab € (N :g M) = {reR:rM C N}. One can
see that graded 2-absorbing submodules are general-
ization of graded prime submodules. Furthermore, it
is recognizable that graded 2-absorbing ideals are spe-

concept of grading in algebra, in particular graded cial cases of graded 2-absorbing submodules.

modules is fundamental in the study of homological
aspect of rings. Plenty of the contemporary growth
of the commutative algebra give preference to graded

In recent years, the study of the graded absorbing
property of graded rings, graded modules and related
concepts have been some of the topics of interest in

rings. Graded rings play a principal role in alge- the development of the graded ring and graded module

braic geometry and commutative algebra. Gradings
come into sight in many circumstances, both in ele-
mentary and advanced level. In recent years, rings
with a group-graded structure have become progres-
sively substantial and as a consequence, the graded
analogues of various concepts are extensively studied.

the concept of graded 2-absorbing ideals of commu-
tative rings with unity, which is a generalization of

theory. In this article, we study the concept of graded
2-absorbing submodules over non-commutative rings.
Also, we introduce the concept of graded strong 2-
absorbing submodules and show that in general if R
is not a commutative ring, then the concepts of graded
2-absorbing and graded strong 2-absorbing submod-
In 2016, Naghani and Moghimi in [7] proposed ules are not the same (Example 6). If R is commuta-
tive, then the concept of graded 2-absorbing submod-
ules coincides with that of the original definition in-

graded prime ideals, and investigated some proper- troduced by Al-Zoubi and Abu-Dawwas in [3].

ties. They defined a graded 2-absorbing ideal P of a
commutative ring R with unity to be a proper graded
ideal of R and if whenever z,y,z € h(R) with
zyz € P,thenzy € Poryz € Poraxz € P.
In 2019, Al-Zoubi, Abu-Dawwas and Ceken in [4]
introduced several properties concerning graded 2-
absorbing ideals over a commutative ring with unity.
Al-Zoubi and Abu-Dawwas in [3] extended graded 2-
absorbing ideals to graded 2-absorbing submodules

Graded prime submodules and graded prime ide-
als over non-commutative ring have been studied by
Abu-Dawwas, Bataineh and Al-Muanger in [2]. A
proper graded R-submodule N of M is said to be
graded prime if whenever z € h(R) and m € h(M)
such that tRm C N, thenm € N orxz € (N :gp M).
A graded R-module M is said to be graded prime if
{0} is a graded prime R-submodule of M. Also, in
[2], a proper graded R-submodule N of a graded R-

over a commutative ring with unity. They defined module M is said to be graded total prime if whenever

a proper graded R-submodule N of M over a com-
mutative ring R with unity to be graded 2-absorbing

x € h(R) and m € h(M) such that zm € N, then
eitherm € Norx € (N :g M). Moreover, M is said
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to be graded total prime if {0} is a graded total prime
R-submodule of M. In general, a graded R-module
M/N is a graded total prime R-module if and only if
N is a graded total prime -submodule of M.

In this article, we follow [6] to introduce the
concept of graded strong 2-absorbing submodules.
Among several results, we prove that if N is a
graded prime (graded total prime) R-submodule of
M, then N is a graded 2-absorbing (graded strong
2-absorbing) R-submodule of M (Proposition 8),
on the other hand, we prove that the converse is
not true in general (Example 15). However, we
prove that if N is a graded semi-commutative 2-
absorbing R-submodule of M, then N is a graded
strong 2-absorbing R-submodule of M (Proposition
11). Also, we show that if N7 and Ny are two graded
prime (graded total prime) R-submodules of M, then
Ny (N2 is a graded 2-absorbing (graded strong 2-
absorbing) R-submodule of M (Proposition 14). We
prove that if NV and K are graded R-submodules
of M such that N C K and N is a graded 2-
absorbing (graded strong 2-absorbing) R-submodule
of M, then N is a graded 2-absorbing (graded strong
2-absorbing) R-submodule of K (Proposition 16). We
prove that if N and K are graded R-submodules of
M such that K ¢ N and N is a graded 2-absorbing
(graded strongly 2-absorbing) R-submodule of M,
then NV () K is a graded 2-absorbing (graded strongly
2-absorbing) R-submodule of K (Proposition 21). Fi-
nally, we prove that if K is a graded R-submodule
of M and N is an R-submodules of M such that
K C N, then N is a graded 2-absorbing (graded
strongly 2-absorbing) R-submodule of M if and only
if N/K is a graded 2-absorbing (graded strongly 2-
absorbing) R-submodule of M /K (Proposition 23).

1.1 Preliminaries

All rings in this article are associative (not necessar-
ily commutative) and all modules are left R-modules.
Let G be a group with identity e and R be a ring.
Then R is said to be G-graded if R = @ R, with
geG
RyR;, C Ry, for all g,h € G, where R, is an ad-
ditive subgroup of R for all ¢ € G. The elements
of R, are called homogeneous of degree g. Consider
supp(R,G) = {9 € G: Ry #0}. If 2 € R, then

x can be written as E x4, where x4 is the compo-

geG
nent of z in ;. Moreover, IR, is a subring of 12 and
if R contains a unity 1, then 1 € R.. Furthermore,
h(R) = | Ry
geG
Let I be an ideal of a graded ring R. Then I is
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said to be a graded ideal if ] = @(I N Ry), i.e., for
geG
zel,x= ng, where x, € I forall g € G. The

geG
following example shows that an ideal of a graded ring
need not be graded.

Example 1. Consider R = My (K) (the ring of all
2 X 2 matrices with entries from a field K) and G =
Z4 (the group of integers modulo 4). Then R is G-

graded by
K 0 0 K
Ro—( 0 K),Rg—(K 0 >and
Ry = R3 = {0}.
. ; 11
Consider the ideal I = << 11 >> of R. Note

11

11
that,(ll 11

1 0
(01)-/
€Ro
10
0 1

not graded ideal of R.

) € I such that< > =

(1) (1) ) If I is a graded ideal of R,

ER>

then € I which is a contradiction. So, I is

Let R be a G-graded ring and [ be a graded ideal
of R. Then R/Iis G-graded by (R/I), = (Rg+1I)/1
forall g € G. If R and S are two G-graded rings, then
R x S is G-graded by (R x S), = R, x S, for all
g€ G.

Assume that M is a left R-module. Then M is

said to be G-graded if M = @ M, with RyM);, C
geG
My, for all g,h € G, where M, is an additive sub-
group of M for all g € G. The elements of M, are
called homogeneous of degree g. Also, we consider
supp(M,G) = {g € G: My # 0}. It is clear that
M, is an R.-submodule of M for all g € G. More-
over, h(M) = U M.
geqG

Let N be an R-submodule of a graded R-module
M. Then N is said to be a graded R-submodule if
N = @(NﬂMg), ie,forx € N,z = ng,

geqG geG

where x, € N forall g € G. Similarly, as in Example
1, an R-submodule of a graded R-module need not be
graded.
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2 Graded 2-Absorbing Submodules
and Graded strong 2-Absorbing
Submodules

In this section, we study the concept of graded 2-
absorbing submodules over non-commutative rings.
Also, we introduce and study the concept of graded
strong 2-absorbing submodules.

Definition 2. Let R be a graded ring and P be a
proper graded ideal of R. Then P is said to be a
graded 2-absorbing ideal of R if whenever z,y,z €
h(R) such that tRyRz C P, then either xy € P or
yz € Porxz € P.

Definition 3. Let M be a graded R-module and N
be a proper graded R-submodule of M. Then N is
said to be a graded 2-absorbing R-submodule of M
if whenever x,y € h(R) and m € h(M) such that
zRyRm C N, then either xm € N orym € N or
xy € (N :gp M). A graded R-module M is said to
be graded 2-absorbing if {0} is a graded 2-absorbing
R-submodule of M.

Remark 4. If R is a commutative ring, then the con-
cept of a graded 2-absorbing R-submodules coincides
with that of Al-Zoubi and Abu-Dawwas in [3].

Definition 5. Let M be a graded R-module and N
be a proper graded R-submodule of M. Then N is
said to be a graded strong 2-absorbing R-submodule
of M if whenever x,y € h(R) and m € h(M) such
that xym € N, then either xm € N or ym € N or
xy € (N :gp M). A graded R-module M is said to be
graded strong 2-absorbing if {0} is a graded strong
2-absorbing R-submodule of M.

The next example shows that if R is not commu-
tative ring, then the concepts of graded 2-absorbing
and graded strong 2-absorbing submodules are not the
same.

Example 6. Let R = My(Z) (the ring of all
2 X 2 matrices with integer entries) and M =

o o)Coo)(21)(1 1)}

0 0 00 11 11
where the entries of the matrices in M are from the
ring Za. Then M is an R-module. Suppose that

G = Zy4. Then R is G-graded by Ry = ( Zz 0 >
0 Z

0 Z
R2:<Z 0 )al’ldezRg:{O}.AlSO,MiS

G-graded by My = M and My = My = M3 = {0}.
The possible graded nontrivial proper R-submodules

of M ae N = {(0 O>,<1 1)}

0 0 0 0
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= {00 (5 ) e -
((00).(01)) e or et

0 0
0 0
11
11

0 0
11

0 0

under multiplication by R, for N: < 1 8 ) €ER
10 11
such that < 10 ) < 0 O) ¢ N, for K:

01
< 01 ) € R such that
01
01
1 0
< 0 0 ) € R such that
1 1

(0 0) (1

graded nontrivial proper R-submodules, i.e., M is a
graded simple and hence M is a graded prime R-
module and as such graded 2-absorbing. On the other

hand, @ — (0 0>,y: <0 3) € h(R)

5 0
€ h(M) such that zym =
00

2 (8 8)m-
o (1))

0 0
) € M such that acy(
00

Y-
(13)#(o 0

>. So, M is not graded strong
2-absorbing R-module.

Lemma 7. Let M be a G-graded R-module and N be
a graded prime R-submodule of M. If x,y € h(R)
and m € h(M) such that tRyRm C N and xm ¢
N, theny € (N :g M).

0 0

] 1> ¢ K and for L:

> ¢ L. So, M has no

/N

O =

O =
[EEea e Y

N

o O

Proof: Firstly, we show that yRm C N. Letr €
R. Thenr = ng where vy € R, forall g € G,
geG
and then for g € G, xR(yrym) C xR(yRm) C N.
Since N is graded prime, either yr;m € N or z €
(N :gr M). Then yrym € N because zm ¢ N.
That is yR,m C N for all g € G, which implies that
yRm C N. Since N is graded prime, either m € N
ory € (N :g M). Since zm ¢ N, we have m ¢ N,
sothaty € (N :g M). O

Proposition 8. Let N be a graded prime (graded total
prime) R-submodule of M. Then N is a graded 2-
absorbing (graded strong 2-absorbing) R-submodule
of M.
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Proof: Suppose that N is a graded prime R-
submodule of M. Let z,y € h(R) and m € h(M)
such that t RyRm C N. Assume that xm ¢ N. Then
by Lemma 7, we have y € (N :g M). Then ym € N
and xyM C N C N. Hence, N is a graded 2-
absorbing R-submodule of M. Now, suppose that
N is a graded total prime R-submodule of M. Let
xz,y € h(R) and m € h(M) such that zym € N.
Assume that ym ¢ N. Since N is graded total prime,
we have x € (N :g M). Hence, zyM C M C N,
and we have N is a graded strong 2-absorbing R-
submodule of M. O

Remark 9. We will prove in Example 15 that the con-
verse of Proposition 8 is not true in general, even if
the ring R is commutative.

Definition 10. Let M be a graded R-module and N
be a graded R-submodule of M. Then N is said to
be a graded semi-commutative R-submodule of M if
whenever © € h(R) and m € h(M) such that xm €
N, then tRm C N.

Proposition 11. Let M be a graded R-module and N
be a proper graded semi-commutative R-submodule
of M. If N is a graded 2-absorbing R-submodule
of M, then N is a graded strong 2-absorbing R-
submodule of M.

Proof: Let z,y € h(R) and m € h(M) such that
xzym € N. Since N is graded semi-commutative, we
have xRyRm C N. Since N is graded 2-absorbing,
we have xm € N or ym € N or xyM C N. Hence,
N is a graded strong 2-absorbing R-submodule of M.
O

Compare the next Proposition with Theorem
2.5(ii) in [3].

Proposition 12. Let M be a G-graded R-module and
N be a graded R-submodule of M. If Ny is a 2-

absorbing R.-submodule of M for some g € G, then
(Ng :r, My) is a 2-absorbing ideal of R..

Proof: Let x,y,z € Re such that xR.yRez C
(Ng :r., Mg) and suppose that zz ¢ (N, :p, M)
and yz ¢ (Ng :g, My). We prove that xy € (Ny g,
M,). Since zz,yz ¢ (Ng :r. M,), there exist
m, s € Mg such that zzm ¢ N, and yzs ¢ N,. Now,
zReyRez(m +s) C N, Since N, is 2-absorbing,
we have zy € (Ny :gr, My) or zz(m + s) € Ny
or yz(m + s) € Ng. If zz(m + s) € Ngy, then
xzs ¢ Ng since xzm ¢ Ny. Since zR.yR.zs C N,
and yzs ¢ Ny and xzs ¢ Ny, we have 2y € (Ny :g,
M,). Similar to the case yz(m + s) € Ny, we ob-
tain zy € (Ny :r. My). Hence, (Ny :g, M) is a
2-absorbing ideal of R.. O
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Lemma 13. (/5], Lemma 2.1) Let M be a graded R-
module. If N and K are graded R-submodules of M,
then N (K is a graded R-submodule of M.

Proof: Clearly, N () K is an R-submodule of M. Let
m € N()K. Then m € N and m € K. Since
N and K are graded R-submodules of M, we have
mg € N and my € K for all g € G, which implies
that my € N() K forall g € G. Hence, N (| K is a
graded R-submodule of M. O

Compare the next Proposition with Theorem 2.4
in [3].

Proposition 14. If N1 and N» are two graded prime
(graded total prime) R-submodules of a graded R-
module M, then Ny (N2 is a graded 2-absorbing
(graded strong 2-absorbing) R-submodule of M.

Proof: By Lemma 13, we have N; (| N is a graded
R-submodule of M. If Ny = Ny, then Ny [Ny is
a graded prime (graded total prime) R-submodule of
M, so that Ny (] Ny is a graded 2-absorbing (graded
strong 2-absorbing) R-submodule of M. Assume that
Nj and N; are distinct. Since N7 and Ny are proper
graded R-submodules of M, it follows that N7 [ N
is a proper graded R-submodule of M. Let z,y €
h(R) and m € h(M) such that tRyRm C Nj (] Na
(zym € Ni[) Na) with zm ¢ Ny (| Nz and ayM ¢
N1 () Na. Then we have the following two situations:

1. xm ¢ Ny oram ¢ No.
2. xyM ¢ Ny or xyM ¢ No.
These two situations give the following four cases:
1. am ¢ Ny and zyM € Njy.
2. xm ¢ Ny and zyM ¢ No.
3. xm ¢ Ny and zyM ¢ Nj.
4. xm ¢ Ny and zyM ¢ No.

Let N7 and N be two graded prime R-submodules of
a graded R-module M. Firstly, we consider Case (1).
Since zRyRm C Ni (N2 C Nj and am ¢ Ny, it
follows from Lemma 7 that yM C Nj, a contradic-
tion since zyM Q Nj. So, Case (1) is impossible.
Similarly, Case (4) does not occur. Now, we consider
Case (2). Again, we get that yM C N; and then ym €
Ni. Letr € R. Then r = ng where 7, € R, for
geG
all g € G. Since xRyRm C Ni[)N2 C No, we
have for g € G, xRyrym C Na, which implies that
xM C Nj or yrgm € Ny since Ny is graded prime.
If tM C N, then zyM C xzM C N, contradicts
zyM ¢ Ny. Thus yrgm € Ny for all ¢ € G and
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then yrm € Ns, that is yRm C N,. Since N» is
graded prime, we have yM C Ns or m € Np. If
yM C Nj, then zyM C N, leading to the same
contradiction. Hence, m € Ns and then ym € No.
Therefore, ym € Nj (] Na. The proof of Case (3) is
similar to that of Case (2).

Let N; and N, be graded total prime R-
submodules of M, z,y € h(R) and m € h(M) such
that zym € Nj () N2 C Nj. Consider Case (1), since
N7 is graded total prime, we have xtM C Nj orym €
Ni. If M C Ny, then zyM C M C N; which
is impossible. So, ym € Nj and then yM C N or
m € Nj which is impossible. Therefore, Case (1)
does not happen. Similarly, Case (4) does not occur.
Consider Case (2), we have zym € Ni[|Na C Ny
and since NV, is graded total prime, we have x M C Ny
orym € Nao. If tM C N, then xyM C M C N»
that is a contradiction. So, ym € Ny. Since zym C
N1 (N2 € Ny, we have tM C Nj or ym € Nj.
Since xm ¢ Nj, xM C Nj is impossible. Hence,
ym € Nj () N2. The proof of Case (3) is similar to
that of Case (2). O

The next example shows that the converse of
Proposition 8 is not true in general, even if the ring
R is commutative.

Example 15. Let R = Z, M = Zgli] and G = Zs.
Then R is G-graded by Ry = Z and Ry = {0}.
Also, M is G-graded by My = Zg and My = iZsg.
Now, N = {0} is a graded R-submodule of M. Note
that 2 € h(R) and 3 € h(M) such that 2.3 € N,
but 3 ¢ N and 2 ¢ (N :p M) = 6Z. There-
fore, N is not a graded prime (graded total prime)
R-submodule of M. On the other hand, 2,3 € h(M),
N1 = (2) and Ny = (3) are graded prime (graded
total prime) R-submodules of M, and by Proposition
14, N = N1(\ N is a graded 2-absorbing (strong
2-absorbing) R-submodule of M.

Proposition 16. Let N and K be two graded R-
submodules of a graded R-module M such that N C
K. If N is a graded 2-absorbing (graded strong 2-
absorbing) R-submodule of M, then N is a graded 2-
absorbing (graded strong 2-absorbing) R-submodule
of K.

Proof: If K = M, then we are done. Suppose that
K # M. Letxz,y € h(R) and m € h(K) such that
xRyRm C N (xym € N). Since m € h(K), m €
K, =K\ M,forsome g € G,som € h(M). As N
is a graded 2-absorbing (graded strong 2-absorbing)
R-submodule of M, we have xm € N or ym € N
orzy € (N :g M). Since N C K, we have (N :p
M) C (N :gp K), and then zm € N or ym € N or
xy € (N :g K). Hence, N is a graded 2-absorbing
(graded strong 2-absorbing) R-submodule of K. O
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Compare the next Lemma with Theorem 2.5(i) in

[3].

Lemma 17. Let M be a G-graded R-module and N
be a graded R-submodule of M. Assume that g € G
such that Ny is a 2-absorbing (strong 2-absorbing)
R.-submodule of My. Then xR.yK C Ny (xyK C
Ny) implies that vy € (Ng :r, My) or tK C Ny or
yK C N, for every x,y € R. and R.-submodule K
of M.

Proof: Suppose that zy ¢ (Ny :g, My), 2K € N,
and yK ¢ N,. Then there exist m,s € K such
that zm ¢ N, and ys ¢ N,. Since xR.yR.m C
zR.yK C Ny (xym € zyK C Ny) and zy ¢
(Ng :r. My) and am ¢ N, we have ym € Nj.
Also, since zR.yR.s C zR.yK C Ny (wys €
zyK C Ng)and zy ¢ (Ny :p, M) and ys ¢ Ny,
we have zs € N,. Now, since zR.yR.(m + s) C
zRyK C Ny (xzy(m + s) € zyK C Ny) and
zy ¢ (Ng :p. M), we have z(m + s) € Ny or
y(m + s) € Ny If z(m + s) € Ny, then since
rs € Ny, we have zm € N, which is a contra-
diction. If y(m + s) € N, then since ym € Ny,
we have ys € NN, which is a contradiction. Thus,
xy € (Ng :g, My)orzK C NyoryK C N,. O

Proposition 18. Let M be a G-graded R-module and
N be a graded R-submodule of M. Assume that g €
G such that N is a 2-absorbing R.-submodule of M.
Then (Ng :g, Rem) is a 2-absorbing ideal of R, for
everym € My — N,.

Proof: Let z,y,2 € R. and m € My, — N,
such that zR.yR.z C (Ng :r, Rem). Then
zRey(RezRe)m C Ng. Since RczR, is an ideal of
R, we have K = (R.zR.)m is an R.-submodule of
M,. Now, by Lemma 17, xK C N, or yK C N, or
zyMy € Ngy. Hence, xzRem C Ny or yzRem C Ny
or zyMy C Ng. Thus, zz € (Ng :g, Rem) or
yz € (Ng :r, Rem) or zyRem C axyMy, C N,
thatis xy € (Ny :r, Rem). O

Lemma 19. Let M be a G-graded R-module, N be

a graded R-submodule of M and I be an ideal of R..

Assume that g € G such that Ny is a 2-absorbing

(strong 2-absorbing) R.-submodule of M. If x € R,

and m € Mgy such that IR;xR.m C Ny (Ixm C

]\Nf)), then xm € Ny or Im C Ny or Iz C (Ny g,
g)-

Proof: Suppose that zm ¢ Ny and Iz ¢ (Ny :g,
My). Then there exists y € I such that yz ¢ (Ny :g,
M,). Now, yR.xR.m C N4 (yrm € Ny) implies
that ym € N, as N, is a 2-absorbing (strong 2-
absorbing) R.-submodule of M,. We show that Ix C
Ny. Letz € I. Then (y+2)RcxRem C IRcxRem C
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Ny ((y+2)zm € Ixm C N,). Hence, (y+z)m € N,
or (y+ 2)x € (Ng :g, Mgy). If (y + 2)m € Ny,
then since ym € N4, we have that zm € N, If
(y + z)z € (Ng :r, My), then zx ¢ (Ny :g, Mg)9
on the other hand, zR.xR.m C Ny (zzm € Ny), so
zm € Ng. Therefore, Im C N,. O

Proposition 20. Let M be a G-graded R-module
and N be a graded R-submodule of M. Assume
that g € G such that Ny is a 2-absorbing (strong
2-absorbing) R.-submodule of My. Then (Ny :p,
IN={m e M, :Im C Ny} is a 2-absorbing (strong
2-absorbing) R.-submodule of M, for every ideal 1
of Re.

Proof: Let [ be an ideal of R.. Suppose that z,y €
R. and m € M, such that zR.yR.m C (Ngy i,
I) (xym C (Ny :m, I)). So, IzRyRem C
Ny Uzym C Ngy), and then (JzR.)Rc.yRem C
IzRcyRem C Ny Thus by Lemma 19, we have
(IzRe)m € Ng or (IzRey) € (Ng :r, Mg) or
ym € Ny If ym € Ny, then Iym C N, and
then ym € (Ny :n, I) as required. If [xR.y C
(Ng :r, My), then vy € xRy C ((Ng ‘rR, My) ‘R,
I = ((Ng M, I) :r. My). If (IzR.)m C N,
then zm € xzRem C (Ny :p, I). Hence, ym €
(Ng :m, I) orxm € (Ng :ng, 1) or zy € ((Ng :u,
I) :p, M,) that ends the proof for 2-absorbing. For
Izym C N, and N, is strong 2-absorbing, it fol-
lows from Lemma 19 that zym € Ny or Im C N,
or Izy C (Ng :r. Mg). If zym € Ny, then
xm € Ngorym € Ngorazy € (Ng :r, My). So,
for zm € N, it follows that Jxm C IN, C N,
and we have zm € (Ny :p, I). For ym € Ny
it follows that Iym C IN, C N, and we have
ym € (Ng :p, I). For xy € (Ny :r, M), we have
vy € (Ng :r. Myg) :r. I) = (Ng :n, 1) :r. My).
For I'm C N, we have m € (N, :p, I) and hence
xm € (Ng :m, I). For Izy C (N, :g, M), we have
zy € (Ng :r, Myg) :r. I) = ((Ng :m, I) :r. My)
and (N :p, 1) is a strong 2-absorbing R.-submodule
of M,. O

Proposition 21. Let M be a graded R-module, N
and K be graded R-submodules of M such that K ¢
N. If N is a graded 2-absorbing (graded strongly
2-absorbing) R-submodule of M, then N (K is a
graded 2-absorbing (graded strongly 2-absorbing) R-
submodule of K.

Proof: By Lemma 13 and since K Q N, Nﬂ Kisa
proper graded R-submodule of K. Let x,y € h(R)
and k € h(K) such that tRyRk C N (K (zyk €
NN K). Clearly, zyK C K and zk,yk € K. Fur-
thermore, since tRyRk C N(\K C N (zyk €
N K C N)and N is a graded 2-absorbing (graded
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strongly 2-absorbing) R-submodule of M, zyM C N
orzk € Noryk € N. So, zyK C zyK (zyM C
NAOK orzk € NK or yk € N[ K. Hence,
N K is a graded 2-absorbing (graded strongly 2-
absorbing) R-submodule of K. O

Let M be a G-graded R-module and N be an R-
submodule of M. Then M /N may be made into a
graded module by putting (M /N)g, = (Mg + N)/N
for all g € G (see [8]). Moreover, we have the follow-
ing.

Lemma 22. ([1], Lemma 1.2) Let M be a graded
R-module and K be a graded R-submodule of M.
Suppose that N is an R-submodules of M such that
K C N. Then N is a graded R-submodule of M if
and only if N/ K is a graded R-submodule of M | K

Proof: Suppose that NV is a graded R-submodule of
M. Clearly, N/K is an R-submodule of M /K. Let
x+ K € N/K. Thenz € N and since N is graded,

T = ng where x, € N for all g € G and then

geG
(x+ K)g =24+ K € N/K forall g € G. Hence,
N/K is a graded R-submodule of M /K. Conversely,

letz € N. Thenz = Z:vg where z, € M, for all

geG
g € Gandthen (z4+K) €
for all g € GG such that

Z(m+K)g:Z z,+K) =

geG geG
r+ K e N/K.

(M,+K)/K = (M/K),

ng + K =

geG

Since N/K is graded, z, + K € N/K forallg € G
which implies that z, € N for all g € G. Hence, N
is a graded R-submodule of M. O

Proposition 23. Let M be a graded R-module and
K be a graded R-submodule of M. Suppose that
N is an R-submodules of M such that K C N.
Then N is a graded 2-absorbing (graded strongly 2-
absorbing) R-submodule of M if and only if N/K is
a graded 2-absorbing (graded strongly 2-absorbing)
R-submodule of M/ K.

Proof: Suppose that N is a graded 2-absorbing
(graded strongly 2-absorbing) R-submodule of M.
Then by Lemma 22, N/K is a proper graded R-
submodule of M /K. Letz,y € h(R) andm € h(M)
such that tRyR(m + K) € N/K (zy(m + K) C
N/K). Assume that a,b € R. Then zaybm + K =
zayb(m + K) C zRyR(m + K) C N/K, and then
there exists n € N such that xaybm + K = n + K
which implies that —n + xaybm € K C N, and
hence xaybm € N. So, xtRyRm C N. (For
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the graded strong 2-absorbing case, zym + K =
zy(m + K) C N/K and then there exists n € N
such that zym + K = n + K, so —n + xym €
K C N, and then zym € N). Thus, xm € N
or ym € N or xyM C N as N is a graded 2-
absorbing (graded strong 2-absorbing) R-submodule
of M. Hence, z(m + K) € N/K oryim + K) €
N/K or zy(M/K) C N/K. Therefore, N/K is
a graded 2-absorbing (graded strongly 2-absorbing)
R-submodule of M/K. Conversely, N is a proper
graded R-submodule of M. Letx,y € h(R)and m €
h(M) such that tRyRm C N (zym € N). Then
m+K € h(M/K) such that tRyR(m+K) C N/K
(zy(m + K) € N/K), and then z(m + K) € N/K
oryim+K) € N/Korxy(M/K) C N/K as N/K
is a graded 2-absorbing (graded strongly 2-absorbing)
R-submodule of M/K. So, zm € N or ym € N
or xyM C N, and hence N is a graded 2-absorbing
(graded strongly 2-absorbing) R-submodule of M. O

3 Conclusion

In this article, we study the concept of graded 2-
absorbing submodules over non-commutative rings.
Also, we introduce the concept of graded strong 2-
absorbing submodules and show that in general if R
is not a commutative ring, then the concepts of graded
2-absorbing and graded strong 2-absorbing submod-
ules are not the same (Example 6). If R is commuta-
tive, then the concept of graded 2-absorbing submod-
ules coincides with that of the original definition in-
troduced by Al-Zoubi and Abu-Dawwas in [3].
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