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Abstract: - An ordinary differential operator of second order with coefficients is considered. The Riesz
property of the system of root functions of the given operator is studied. The criterion of Bessel
property in Lof root functions system is established and use it to obtain sufficient conditions for the
Riesz property of a system of normalized root functions of this operator in __
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1 Introduction
We consider the differential operator

Lu=u"+ Pl(x)u’ + P2(x)u,
G =(0,1)
coefficients R (x) e LI(G)’ 1=1,2.

in the interval with summable

The root functions of the operator L are
understood in generalized interpretation (without

respect to boundary conditions) [1] .

Consider an arbitrary system {uk(x)}oko_ 1
consisting of eigen-function and associated
functions (root functions) of the operator L. Let

{ﬂ« }:;1 be the corresponding system of eigenvalues

of this operator. We require that, together with each
associated function of order S, S >1, the system

{uk (x)}k:1 also contains the corresponding eigen-

function and all associated functions 0 order <S.
This means that each element of the system

{uk(x)}iozl is identically non-zero, is absolutely

continuous together with its first order derivative on

G, and almost everywhere in G satisfies the
equation Luk +ﬂkuk :ek“k—r where 6,
equals either O (in this case uk(x) is an eigen-

function), or 1 (in this case Uy (X) is an associated
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function of order r =1, and ukfl(X)is an associated

function of order r —1,

0, =0, _, =

and 6, , =0).

The highest order of root functions responding to
the given eigen function will be called the rank of
this eigen function.

In such a generalized understanding of root
functions V.A. II’in [1] first established the Bessel
property, necessary and sufficient conditions of

K—r’

=0,

k—r+1=l

unconditional basicity in L2 of the system of root

functions of the operator L for B (X)E 0,

P, (x)e L, (G).
In the papers [2 - 9] these and other problems were

studied for a higher order differential operator. This
time, for the Bessel property it was always assumed

that P, (x)e L,(G).

In the present paper we study the Bessel and Riesz
property for the system of root functions of the

operator L with the coefficients R (X) ely (G),
=12
Definition 1. The system {Vk (X)}Eo:1 <L, (G) is

called Bessel (or satisfies the Bessel inequality) if
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there exists a constant M such that for any function
f (X) € L2 (G) the following inequality is fulfilled:

o0 2 %
N

Definition 2. The system {v,(x)jx_; < L,(G)

satisfies the Riesz inequiality in there exists a
constant M = M (P) such that

1
[ 5 \(favk]qJAsmufnp L= p/p-1)
k=1

for an arbitrary function

f(x)e Lp(G),1< p<2.

In the paper we prove the following assertions.
Theorem 1 (Sufficient conditions for the Riesz

property). Let P(x)e L (G), I =1,2 and there
exist such a constant C, that

‘Im,uk‘SCO,kzl,L.... (1)

Then for the Riesz property of the system

U, (x)||uk ||;1 v, it is sufficient the existence of a

constant M| such that

>1 <M, ()

7<Rey <r+1

where 7 is an arbitrary non-negative number,

s =~ A . Reyy 20.

Theorem 2 (Bessel property criterion). Let
P,(X)e LI(G), | =1,2; the rank of eigen

functions be uniformly bounded and condition (1) is
satisfied.
Then for the Bessel property of the system

o0 .

U, (x)||uk||;l e In LZ(G) it is necessary and

sufficient the existence of a constant M, such that

condition (2) is satisfied.

Remark. In a sufficient part of the Theorem 2, the
condition of uniform boundedness of the rank of
eigen functions is knowingly fulfilled, because it is
a corollary of inequality (2).

Firstly we prove the Theorem 2. Necessity. We fix
an arbitrary number 7 > 0. Let

Q. ={k:z<Rep, <r+1[imy|<C,},

R0 = (n0(1+C0)%)‘1,

E-ISSN: 2224-2880

Aygun Garayeva

where N, >1 is chosen so that R, < % and for any

set EcG, mesE < 2R,, the following inequality
is fulfilled:

o(R,) =iug{llﬁll e 1=120ENL @)

where [Rl,. = [IROOK, -, =[-|,0) : Ny isa
E

positive number whose choice of value will be
determined later.

Let Xe [O,y] ,k €Q,_. We write the mean value

formula [1] for the points X,X+t,X+2t at t <R,
u, (X) =2u, (X+t)cos gt —u, (X —2t) +

1 X+2t

+— [REOUE)+P©u @ -bu ©x &

/lk X
xsin g (X +t—&[-t)d&
Since by the theorem conditions the rank of eigen-
functions is uniformly bounded, then it suffices to

consider only the eigen-functions U, (X), i.e. the
case 6, =0. Then adding and subtracting in the

right hand of formula the expression (4)
2u, (X+t)cost and by using the identity

cos a —cos B =2sin((a + £)/2)sin((8 - «)/2)
Ry

and applying the operation R; ' '[ dt, we obtain
0

Ry
U0 =R, (U V) + 4R, [y (x+1)

0

sin A T rgin T Mt gt +

(&)
+ (Rouk)l}o I P e (6)+
+P () () }sion;ijx+t—§|—t)d§dt,
where V(t):2cosz'(x—t)—% for te[x,x+R,],
V(t) =~ 1 for te[x+R,,x+2R,] and v(t)=0

for t ¢ [X,X+2RO]. Taking into account the shift
formula (see[l])
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u, (x£t)=u, (x)cos gt +

+ 41 sin g tu) (x)+

X£t

47&I{H@wuﬂ+ (6)

PN ()0, () Ix

s (& the
for 6, =0 in the second addend from the right hand
side of relation (5), we get

u, (x)=R;"(u,,v)+4R;"
RO
X J‘cos Htsin

0

M+ T

tsin = ;“k tdlt +

Ry

+4(u R ) uy (X)Isin wtsin ’U"; tx

0

X sin%tdt +4(u, R, )" x

RO
. + . -
xj'sm’uk Tt sin 2k gt x
A 2

X+t

x [{R (£ &)+ R(E) (&) }x
xsmkaX—§|—t)d§dt +

Ry x+2t

R [P (& (&)+
+ P (g) Jsin g (x+t - &~ thedt =

4 (7)
=R U,V)+ . T
j=I1

Let as estimate the integrals T, j= l,_4 .
Taking into account K € Q_ and using the inequality
|sin Z| <2, |cos Z| <2, |sinz| S2|Z| ,
for Imz <1 we get
T < 8Ry|7 — 4 Ju (X)) <8R, (1+C, )%

x|u (X)) < 8y [uy (x)
IT,| <8R, |r—,uk”,uk’l luy X)<8R (1+C,)x

ui(x)

We estimate T, for |,uk|21,keQT. Using the

‘yk Hu (x)<8n,'

estimations (see [6])
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u®

<G 1+ | 1+ |m s ) o

.+ 0+ o] | ®
1< p<w, s=0,1;

<+l + Gl ¢

(U fimug ) Jus], b Pz,
for 6, =0 and applying the above elementary

)

inequalities, we have
Ro X+t

T <32R | [IR(£)lui (¢ ot +

Ry x+t

+32R, j j|P2(§)|d§dt <
ilX6ROa)(R0)||uk||w <320(R,)x
€1+l i+ ¥ ]|
+16R(R, )C, (1-+[1m 4] 2Ju, |, <

< 64(R, N1+ C, )2C Ju,|, +

+16C,(1+C,) 2 R,@(R, uy [, <
< C,a(R, JJue[, < C,NJu, -

The same estimation is fulfilled also for the integral
T, for keQ,, | ,uk| >1. Consequently, from (7) we
get

THEY T e R_1| (V) 805 u (N, +

+8n; x)|||uk|| +C,N,’

By virtue of symmetry (see formulas (4), (6)) this
inequality is valid in the case X e [1/ 2,1] as well.

This time the function V(t) is determined by the
formula: v(t)=-1/2 for te [X—ZRO, X— RO],
V(t) =2cos T(X—t)—1/2 for te [X— RO,X],

V(t)=0 for t & [x—2R,,x].

Hence, for n, > 16 it follows that

|uk(x)||uk||;1 < 2R;'|(uy,v) + 16n51|yk|_l x

x |u,'((x]||uk||;1 +2C,N,’

We square every part of this inequality, integrate

with respect to X from 0 to L

keQ ={k:keQ,,

sum over
,uk| > 1}, and by using estimate
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(9) for p=2, 6, =0apply the Bessel inequality,
and with regard to the equality ||V||z = O(RO), get

D1< O(Rg1 )+ {C7n(;2 +CSN<;2}21.
keQ! keQ;

Choosing the numbers n, and N, so that

, we arrive at the inequality

C,n;” +C,N,? s%

Zlgconst. Consequently, for |,uk|21 the

KeQ,
necessity of condition (2) is established.

For | ,uk| <1 the validity of condition (2) is proved in
the following way. We consider the equation
Lu, —2u, + AU, =0, where 4, =4, +2, |4]<1.
Then |Reﬂ1£|21 and the system {uk} does not

change. Therefore inequality (2) is fulfilled in the
case | ,uk| <1 as well. The necessity of condition (2)

is established.
Sufficiency. Let conditions (1) and (2) be fulfilled.

Prove that the system {uk(x]|uk||2‘l }; is Bessel in
L, (G) By formula (6), conditions (1) and (2) for

(t )

suffices to prove the validity of the following
inequalities:

it

o0
the convergence of the series Z
k=1

] jﬂCOSﬂktdt Ju, Ju 0) < | [ :
2L o
2l g OF o <
21
Z|ﬂk
|21 >
xsin 1, ( - )dédtl Jul;” <C||f||
Z|,Uk| JT_)_[P §)U
|21
xsin g (& ~ )] u, ], —C||f||
> ﬂ?jukl Jin (¢ -0,
A1

<l <€l
where f eL,(G).
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The validity of these inequalities except the third
inequality, was established in [l] Prove the validity
of the third inequality. Denote

n(t.2)= { (t+&), 0<t<1-¢,

R I-&<t<l,
where 56[0,1].
Then

Sy :|;Uk|72 X

1 t

[ )] P (&) (£)sin g (£ —t)ddt
|uk|| j (t,&)sin g, toltd £

-2
x ol =

t
=JR(
P (z)u;(z iﬂkl||uk|| J.77 r,z)sin g, rdrdz =

X

Pl ,U ”Uk” U(Z),uk ”uk” X

i
“Jjre0

O —

J (t ,& )sin My tdtJ.n r Z)sm u rdrdédz.
Applylng here the est1mat10n
9(1 + |yk|)|uk||2 (10)

(see [10]), we get that at |,uk|21 for S, the
following inequality is fulfilled:

11 1
Sy SCIOI“PI(f)”PI(Z]In(t,f}sin,uktdt X
00 0
1
X jnir,zisinukrdr
0

For an arbitrary finite subset J’ of the set of indices
= {k '|,uk| > 1} we obtain

2.8, <CloZHIP (¢IRE)

ked'0 0

dédz.

77 t,&) sin g, tdt|x

d&dz =

X 77 r,z)sin g, rdr

=CIOH|P1 &P ()
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1 1
x 3" [[ 7t &) sin g tdt| [ (¥, 2) sin g, rer|dédz <
k=J"lo 0
N\

X

1
[7(t,€) sin gt

ked'|o

scmijm@me(zx 5>

2\ 2
dédz <

1
X Zjnir,zisinykrdr
ked'|o

< clﬁla(&)a(z)llln(-,éllzlln(n ), dédz .

Taking into account that for any & e [O,l] we have
the inequality ||77(-, §)| , < || f || , » We obtain

> S <C[RIFIFI;-
keld’
Hence, from arbitrariness of J' < J, it follows the

inequality ZSk <C,|f ”2
ked
The Theorem 2 is completely proved.
Proof of theorem 1. Let conditions (1) and (2) be
fulfilled. Then by virtue of the sufficiency part of

Theorem 2, for an arbitrary function F()eL,(G)
the following Bessel inequality is fulfilled:

w A2 )2
(gl )] =mie
k=1
On the other hand, for any f(x) e L,(G)
sup{ (£ Ju |, | < supfu o, 1,

Hence, by virtue of the inequality
Judll, <cifud,» =1, r=1(seef10])

(12)

we get that for any function f(X)e L (G) the
following inequality is valid:

sup (. < mal 1, 03

By virtue of the Riesz-Torin interpolational theorem
(see [11], p. 144) from inequalities (11) and (13) it

follows that the system {Uk (x)||uk||; }kzl satisfies the

Riesz inequality, i.e.

(Sl )] Moo,

for 1< p<2,q=p/Ap-D.

Since
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u, 00 u 00 Ju,

el Tl T,
and by virtue of inequality (12), the estimation
el
<

Jul, ~

is fulfilled, then the system {uk(x)||uk||:} satisfies

©
k=1

C12

the Riesz inequality as well, i.e. the inequality

(S}

<M, (P)[f] . a=pAp-D),
is fulfilled for any f(x)e L, (G),1<p<2.

Theorem 2 is proved. In [12] and [13] some similar
studies can be found.
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