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1 Introduction 
We consider the differential operator    

  uxPuxPuLu )(21  , 

in the interval   1,0G   with summable 
coefficients    GLx

l
P 1 , 2,1l . 

     The root functions of the operator L  are 
understood in generalized interpretation (without 
respect to boundary conditions)  1  . 

 Consider an arbitrary system   
1k

x
k

u  

consisting of eigen-function and associated 
functions (root functions) of the operator L . Let 
 

1kk  be the corresponding system of eigenvalues 
of this operator. We require that, together with each 
associated function of order S , 1S , the system 

  
1k

x
k

u  also contains the corresponding eigen-

function and all associated functions 0 order S . 
This means that each element of the system 

  
1k

x
k

u  is identically non-zero, is absolutely 

continuous together with its first order derivative on 
G , and almost everywhere in G satisfies the 
equation 1

k
u

kk
u

kk
Lu  , where 

k


equals either 0 (in this case  x
k

u  is an eigen-

function), or 1 (in this case  x
k

u  is an associated 

function of order 1r , and  xuk 1 is an associated 
function of order 1r , 

11...1

,...1














rkkk

rkkk





 

 and )0rk . 
The highest order of root functions responding to 
the given eigen function will be called the rank of 
this eigen function. 
In such a generalized understanding of root 
functions V.A. Il’in  1  first established the Bessel 
property, necessary and sufficient conditions of 
unconditional basicity in 2L  of the system of root 

functions of the operator L  for   01 xP , 

   GLxP 12  . 

In the papers  92   these and other problems were 
studied for a higher order differential operator. This 
time, for the Bessel property it was always assumed 
that    GLxP 21  . 
In the present paper we study the Bessel and Riesz 
property for the system of root functions of the 
operator L with the coefficients    GLx

l
P 1 , 

2,1l  

Definition 1. The system     GL
k

x
k

v 21 



 is 

called Bessel (or satisfies the Bessel inequality) if 
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there exists a constant M such that for any function 
   GLxf 2  the following inequality is fulfilled: 

  2
2

1

1

2
, fM

k
k

vf 















  . 

 Definition 2. The system     GLkxv qk 

1  

satisfies the Riesz inequiality in there exists a 
constant  PMM   such that 

   1/,

1

1
, 

















ppqfM

k

q

k
vf

p

q , 

for an arbitrary function 
    .21,  pG

p
Lxf  

In the paper we prove the following assertions. 
Theorem 1 (Sufficient conditions for the Riesz  
property). Let    GLxP 1 , 2,1l  and there 

exist such a constant 0C that 

         ,...2,1,0Im  kC
k

 .                    (1) 

 
Then for the Riesz property of the system 

  

1
1

kqkk uxu  it is sufficient the existence of a 

constant 1M such that  
                          ,1 1

1Re
M

k


 

                       (2) 

where  is an arbitrary non-negative number,

kk   , 0Re k . 
Theorem 2 (Bessel property criterion). Let 
   GLxPl 1 , 2,1l ; the rank of eigen 

functions be uniformly bounded and condition (1) is 
satisfied. 
Then for the Bessel property of the system 

  

1
1

2 kkk uxu  in  GL2  it is necessary and 

sufficient the existence of a constant 1M such that 
condition (2) is satisfied. 
Remark. In a sufficient part of the Theorem 2, the 
condition of uniform boundedness of the rank of 
eigen functions is knowingly fulfilled, because it is 
a corollary of inequality (2). 
Firstly we prove the Theorem 2. Necessity. We fix 
an arbitrary number 0 . Let  

 

,))1((

,Im,1Re:
12

3

000

0





CnR

CkQ kk 

  

where 10 n  is chosen so that 4
1

0 R  and for any 

set GE  , 02RmesE  , the following inequality 
is fulfilled: 

  ,2,1,sup)( 1
0,10




 NlPR El
GE

         (3) 

where 0,11,1
;)(,)( NdxxPP

G

E

lEl    is a 

positive number whose choice of value will be 
determined later. 
Let   Qkx  ,2

1,0 . We write the mean value 

formula  1  for the points txtxx 2,,   at 0Rt   

  








dttx

uuPuP

txuttxuxu

k

tx

x

kkkk

k

kkkk

)(sin

)()()()(1

)2(cos)(2)(
2

121











   (4) 

Since by the theorem conditions the rank of eigen-
functions is uniformly bounded, then it suffices to 
consider only the eigen-functions ),(xuk  i.e. the 
case 0k . Then adding and subtracting in the 
right hand of formula the expression (4) 

ttxuk cos)(2   and by using the identity 
     2/sin2/sin2coscos    

and applying the operation ,
0

0

1
0 dtR

R


  we obtain 

    

       ,sin

)(

2
sin

2
sin

)(4),()(

2

/
1

0

2
1

0

0

1
0

1
0

0

0

dtdttxuP

uPR

dttt

txuRvuRxu

kk

k

R tx

x

k

kk

k

R

kk
















 









         (5) 

where 
2
1)(cos2)(  txtv   for  ,, 0Rxxt 

2
1)( tv  for  00 2, RxRxt    and 0)( tv  

for  .2, 0Rxxt   Taking into account the shift 
formula    1see  

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2020.19.11 Aygun Garayeva

E-ISSN: 2224-2880 114 Volume 19, 2020



       

 

 

    

      

  









dtx

uuP

uP

xut

txutxu

k

kkk

k

tx

x

k

kkk

kkk





















sin

sin

cos)(

12

1
1

1

            (6) 

for 0k  in the second addend from the right hand 
side of relation (5), we get  

   

   

 

         

 

      

      

.),(

sin

sin

2
sin

2
sin

4
2

sin

2
sinsin4

2
sin

2
sincos

4,

4

1

1
0

2

0

2

1
1

0

21

0

1
0

0

1
0

0

1
0

1
0

0

0

0

0

j

j

k

kk

k

R tx

x

k

k

kk

tx

x

k

R

k

k
k

k

R

kkk

kk

R

k

kk

vuR

dtdttxuP

uPR

dtdtx

uPuP

dtt

Rtdt

ttxuR

tdttt

RvuRxu



































 











































    (7)  

Let as estimate the integrals  4,1, jT j . 

Taking into account Qk  and using the inequality 

 2sin z , 2cos z , zz 2sin  , 
for 1Im z  we get  

   

   xunxu

CRxuRT

kk

kk

1
0

0001

8

188


 
       , 

   

   xunxu

CRxuRT

kkkk

kkk









11
0

1

00
1

02

8

188




. 

We estimate 3T  for  Qkk  ,1 . Using the 

estimations (see  6 ) 

     

     

  
;1,0,1

,Im1

Im11

1
11

1

1













sp

uu

Cu

pkkkkpk

p
k

s

k

s

k





  (8) 

    
 

   ,1,Im1

1

1
1

1
2











pu

uCu

pkk

kkpkkpk




      (9) 

for 0k  and applying the above elementary 
inequalities, we have   

   

   

   

  

   

  

   

  .

116

164

Im116

Im11

3216

3232

32

2
1

04203

200
2

1
01

21
2

1
00

2
2

1

100

2
11

1

000

1
0

0
20

0
1

1
03

2

0

0

kk

k

k

kk

kkk

k

kk

R tx

x

k

R tx

x

k

uNCuRC

uRRCC

uCCR

uCRR

uC

RuRR

uRdtdPR

dtduPRT
































 

 

















 

The same estimation is fulfilled also for the integral 

4T  for Qk , 1k . Consequently, from (7) we 
get 

    
     

  1
04

1

2

11
0

1

2
1

0
1

0
1

2

8

8,








NCuxun

uxunvuRuxu

kkk

kkkkk


. 

By virtue of symmetry (see formulas (4), (6)) this 
inequality is valid in the case  1,2/1x  as well. 
This time the function )(tv  is determined by the 
formula: 2/1)( tv  for  ,,2 00 RxRxt   

  2/1cos2)(  txtv   for  ,,0 xRxt 

0)( tv  for  .,2 0 xRxt   
Hence, for 160 n  it follows that 

   

  1
04

1

2

11
0

1
0

1

2

2

16,2








NCuxu

nvuRuxu

kk

kkkk 
. 

We square every part of this inequality, integrate 
with respect to x  from 0  to ,1  sum over 

 ,1,:  kQkkQk  and by using estimate 
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(9) for 0,2  kp  apply the Bessel inequality, 

and with regard to the equality  0
2

2
ROv  , get   

   







 QkQk

NCnCRO 11 2
08

2
07

1
0 . 

Choosing the numbers 0n  and 0N  so that 

2
12

08
2

07   NCnC  , we arrive at the inequality 

const
Qk


 

1 . Consequently, for 1k  the 

necessity of condition (2) is established.  
For 1k  the validity of condition (2) is proved in 
the following way. We consider the equation

02  kkkk uuLu  , where 2 kk  , 1k . 

Then 1Re k  and the system  ku  does not 
change. Therefore inequality (2) is fulfilled in the 
case 1k  as well. The necessity of condition (2) 
is established. 
Sufficiency. Let conditions (1) and (2) be fulfilled. 

Prove that the system   




1

1
2 kkk uxu  is Bessel in 

 GL2 . By formula (6), conditions (1) and (2) for 

the convergence of the series  
2

1

1

2
,







k

kk uuf  it 

suffices to prove the validity of the following 
inequalities: 

    2

2

22

2

2

1

1

0

0cos fCuutdttf kkk

k






 


  ; 

    2

2

2

2

2
2

1

1

0

2 0sin fCuutdttf kkkk

k








 


 ; 

     

  2

2

2

2

2

0
1

1

01

2

sin fCudtdt

uPtf

kk

k

t

k

k
















 ; 

     

  2

2

2

2

2

1 0
2

1

0

2

sin fCudtdt

uPtf

kk

k

t

k

k











 




 ; 

     

2

2

22

2

2

1 0
1

1

0

sin

fCu

dtdtutf

kk

k

t

kk

k









 




  , 

where  GLf 2 . 

The validity of these inequalities except the third 
inequality, was established in  1 . Prove the validity 
of the third inequality.  Denote 

 
 










,11,0
,10,

,
t

ttf
t




  

where  1,0 . 
Then  

       

     

     

     

    .sin,sin,

)(

sin,

sin,

sin

1

0

1

0

1

2
11

2
1

1

1

0

1

0
1

1

0

1

2
1

1

0
1

1

0

1

2
0

1
1

2

2

2

0
1

1

0

2

dzdrdrzrtdtt

uzuuuzPP

drdzrzruzuzP

tdtdtuuP

udtdtuPtf

S

kk

kkkk

kkkk

kk

t

kk

k

t

kk

kk

k















 





























 

Applying here the estimation           
                                         

 
29 1 kkk uCu 


          (10) 

(see  10 ), we get that at 1k  for kS  the 
following inequality is fulfilled: 

     

  .sin,

sin,

1

0

1

0
1

1

0

1

0
110

dzdrdrzr

tdttzPPCS

k

kk







 





 

For an arbitrary finite subset J  of the set of indices 
 1:  kkJ   we obtain 

     

 

   





 



  


zPPC

dzdrdrzr

tdttzPPCS

k

Jk

k

Jk

k

1

1

0

1

0
110

1

0

1

0
1

1

0

1

0
110

sin,

sin,






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   

      

















  

 





2
1

21

0
1

1

0

1

0
110

1

0

1

0

sin,

sin,sin,

Jk

k

Jk

kk

tdttzPPC

dzdrdrzrtdtt





 

 

        .,,

sin,

22

1

0

1

0
1111

2
1

21

0

dzdzzPPC

dzdrdrzr
Jk

k























 

 
  

Taking into account that for any  1,0  we have 
the inequality  

22
, f   , we obtain  

2

2

2

1111 fPCS
Jk

k 


. 

Hence, from arbitrariness of JJ  , it follows the 
inequality 2

212 fCS
Jk

k 


.  

The Theorem 2 is completely proved.  
Proof of theorem 1. Let conditions (1) and (2) be 
fulfilled. Then by virtue of the sufficiency part of 

Theorem 2, for an arbitrary function )()( 2 GLxf   
the following Bessel inequality is fulfilled:  

  .,
2

2/1

1

21

2
fMuuf

k

kk 













           (11) 

On the other hand, for any )()( 1 GLxf   

    .sup,sup
1

1

2

1

2
fuuuuf kk

k
kk

k






  

Hence, by virtue of the inequality  
        1,1,11  rucu krk 


(see[10])     (12) 

we get that for any function )()( 1 GLxf   the 
following inequality is valid: 

   .,sup
22

1

2
fMuuf kk

k


         (13) 

By virtue of the Riesz-Torin interpolational theorem 
(see [11], p. 144) from inequalities (11) and (13) it 

follows that the system  




1

1

2
)(

kkk uxu  satisfies the 
Riesz inequality, i.e. 

 
p

q

k

q

kk fpMuuf )(,
/1

1

1

2















 

for ).1/(,21  ppqp  
Since  

22

)()(

k

qk

qk

k

k

k

u

u

u

xu

u

xu
  

and by virtue of inequality (12), the estimation  

12
2

C
u

u

k

qk
  

is fulfilled, then the system  




1

1)(
kqkk uxu  satisfies 

the Riesz inequality as well, i.e. the inequality 

 

),1/(,)(

,

2

/1

1

1


















ppqfpM

uuf

p

q

k

q

qkk  

is fulfilled for any .21),()(  pGLxf p  
Theorem 2 is proved. In [12] and [13] some similar 
studies can be found. 
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