WSEAS TRANSACTIONS on MATHEMATICS Anita Kirichuka

The number of solutions to the boundary value problem for the
second order differential equation with cubic nonlinearity

ANITA KIRICHUKA
Daugavpils University

Vienibas Street 13, LV-5401 Daugavpils
LATVIA
anita.kiricuka@du.lv

Abstract: The differential equation with cubic nonlinearit§ = —ax + bz3 is considered together with the Sturm

- Liouville type boundary conditions. The number of solutions for the Sturm - Liouville boundary value p roblem
is given. The equation for the initial values of solutions to boundary value problem is derived using representation
by Jacobian elliptic functions. An explanatory example is given with a number of visualizations.
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1 Introduction Cauchy problem (1),
We consider a nonlinear the second order differential  «,2(0) — as2/(0) =0, x(0) #0, 2/(0) #0,
equation with a cubic nonlinearity 2(0) =2 > 0
(3
¢’ = —ar+bz®, a>0,0>0 (1) is considered and formulas for solutions of (1), (2) are

obtained using theory of Jacobian elliptic functions
and the respective boundary value problems (BVP in ([14], [18]). Then we are able to derive equations
short) with the Sturm - Liouville boundary conditions.  for determining of the values, (in (3)) which cor-
Equations with a cubic nonlinearity often appear in respond to solutions of the BVP. Finally in Section 4
applications, for instance, in Ginzburg-Landau the- we demonstrate how all the developed technique and
ory of superconductivity ([6], [13]). Despite of the formulas work in a specific situation.
fact that phase portrait and general behaviour of solu-

tions for equation (1) are well known there are some . .
difficulties in determining the number of solutions to 2~ Review of the Dirichlet and Neu-

boundary value problems and their properties. mann prob|em

Namely, the Sturm - Liouville boundary value prob-

lem (1), Consider the equation (1). There are three critical
points of equation (1) ak; = —\/E, xo = 0,

a12(0) + a2z’ (0) =0, ag-a <0,

Brz(1) + fox’(1) = 0, B1-fo >0 2 T3 = \/% The origin is a center and; 3 = i\/;

both are saddle points. Two heteroclinic trajectories
connect the two saddle points. The phase portrait of
equation (1) is depicted in Fig. 1.

Denote open region bounded by the two heteroclinic
trajectories connecting saddle points®$.

Consider the Neumann boundary value problem (1),

is considered. After careful analysis of Sturm - Liou-
ville problem (1), (2) we provide the exact number of
solutions for considered problem.

Since boundary conditions (2) does not contain
neither Dirichlet conditions nor Neumann conditions,

in the next section (Section 2) we briefly describe the 2(0)=0, «/(T)=0 (4)
results on the Dirichlet and the Neumann problems for ’
equation (1). and the Dirichlet boundary value problem (1),
In Section 3 we provide the main result on the
number of solutions to the problem (1), (2). Also the z(0) =0, =z(T)=0. (5)
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(0,0)

Figure 1:The phase portrait of equation (1), regi6i3

In this section first, we provide the results that give
estimates of the exact number of solutions for both
problems. Second, using the theory of Jacobian ellip-
tic functions, we give expressions for solutions of the
Cauchy problems (1),

2(0) = z4, 2'(0) = 0, —\/z < T < \/f, To # 0,
(6)

and (1),

(0)

0, 2'(0) = @, —maz < @ < Qnaz, @ # 0,

(7)

a
wherea,,gp =: ——

2b
Third, we show how to find the initial values, of
solutions of the problem (1), (4) and respective the
initial valuesa of solutions of the problem (1), (5).

2.1 For the Neumann problem

Consider the problem (1), (4). The following state-
ment is true.

Theorem 1 Leti be a positive integer such that
im (i+ 1w
Va va

whereT is the right end point of the interval in (4).
The Neumann problem (1), (4) has exa@lynontri-
vial solutions such that(0) = z, # 0, 2/(0) = 0,

a a
—\/%<xa<\/%.

The proof can be found in article [9].
Let us address the eigenvalue problem posed in [13].
Consider the Cauchy problem (1), (6):

<T <

(8)

a" = —ax +bx®, 2(0) =1z, 2'(0)=0.
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Let a andT (in (4)) be given. We wish to find,
such that the respective solution@; =) of the above
problem satisfy the boundary conditia\(T") = 0,
i.e. z(t; z4) solve the Neumann problem (1), (4). The
following assertion provides the explicit formula for a
solution of (1), (6).

Lemma 2 The function

1
x(t,a,b,xy) = xacd (\/a - §b x2 t; k) . (9

_ bag
wherek = Sa—brZ

lem (1), (6).

is a solution of the Cauchy prob-

The proof is given in article [11].

Denotef(t,a,b, z,) = z}(t, a, b, z,). This derivative
can be computed and the following formula is valid.

ftya,b,24) = x0cd' t (m t: k‘) _
@(kﬂ_l)nd(mt;k) %

X sd (,\f/z — b2 t; k:) .

(10)
The following statement is true.

Lemma 3 [11] The eigenvalue problem (1), (4) far
andT given can be solved now by solving the equa-
tion with respect ta,,

f(T,a,b,z,) =0. (11)
Theorem 4 [11] A solution to the Neumann problem
(1), (4) is given by (9) where,, is a solution of (11).
2.2 For the Dirichlet problem
Consider the problem (1), (5).
Theorem 5 Leti be a positive integer such that
im (i+1)m
va va

whereT is the right end point of the interval in (5).
The Dirichlet problem (1), (5) has exact®j nontri-
vial solutions such that(0) = 0, 2/(0) = a # 0,
—Omaz < @ < Omag-

<T< (12)

Proof: Consider solutions of the Cauchy problem (1),
(7), where0 < a < amaz. Solutions fora small
enough behave like solutions of the equation of varia-

tionsy” = —ay around the trivial solution
(0%
y(t) = —=sin Vat. (13)
Va

Volume 18, 2019



WSEAS TRANSACTIONS on MATHEMATICS

(i 4+ D)

a
y(t) along with solutions:(¢; «) (for small enoughv)
have exactly zeros in the interval0, T'). These zeros
move monotonically to the right asincreases. Solu-
tions z(t; ) with 0 < a < aynqe, and close enough
to cunae have not zeros if0, 7'] since the respective
trajectories are close to the upper heteroclinic (and the
“period” of a heteroclinic solution is infinite). There-
fore there are exactly solutions of the problem (1),
(5). The additionat solutions are obtained consider-
ing solutions witha: € (—unaq,0) due to symmetry
arguments. Hence the proof.

Consider representation of solution of the Dirich-
let problem using Jacobian elliptic functions.
Sincea? = az? — bz} anda € (0,a/v/2b) we
obtaina? — 2ba? > 0. Note that) < z, < \/%we
have

solutions

Duetothe assumptiom <T<
a

_ 2_2 2
:va:\/a ”ab ba” (14)

Lemma 6 [10] The function

a2 —2ba2 2 52
x(t,a,b, Oé) — \/a \/ab 2ba sn \/a+\/a2 2ba t,k‘:| ’
k— a—+va?—2ba?

a++va?—2ba?

(15)
is a solution of the Cauchy problem (1), (7).

Lemma 7 [10] The eigenvalue problem (1), (5) far
and T given can be solved now by solving the equa-

tion with respect tay
z(T,a,b,a) = 0. (16)

Theorem 8 [10] A solution to the Dirichlet problem
(1), (5) is given by (15) where is a solution of (16).

3 Main results

3.1 Multiplicity of solutions
Equation (1) written in polar coordinates

z(t) = p(t)sing(t), &'(t) = p(t) cos p(t)
turns to a system (18):

¢'(t) = cos? ¢(t) + asin® ¢(t) — p*(t

p(t) = 1p(t) sin26(t) (1 — a+ p*(t) b sin® 3(t)) .

(18)

Consider any solution of equation (1) with the initial
conditions(xz(to), 2’ (tg)) € G3. Letinitial conditions
be written as

é(to) = 9o, p(to) = po, (¢0,po) € G3, po > 0.
(19)

17)

) b sint (1),
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Lemma 9 The angular function of any solution of
(18), (19) is monotonically increasing.

Proof given in paper [11], [8].

Consider the problem (1), (2).
statement is true.

The following

Theorem 10 Consider linear equation,” —ay.
Leti be the number of point; € (0,1), such that the
solutiony(t) of the initial value problemy” = —ay,
a1y(0) —agy'(0) = 0,4*(0) +y"(0) = 1 (y(0) > 0,
¥/ (0) > 0) satisfiesByy(r;) + Boy/(;) = 0. Then
there exist at leas?i nontrivial solutions of the Sturm
- Liouville problem (1), (2).

Proof: Consider solutions of the Cauchy problem (1),
z(0) #0, 2(0) #0,

(20)
Solutions of (1), (20) forz(0) = zp > 0 small
enough behave like solutions of the equation of varia-
tionsy” = —ay with conditionsa;7(0) — ay’ (0) =
0, °(0) + y(0) = 1 (y(0) > 0,4'(0) > 0)
and have exactly points of ; € (0,1) such that
Bry(T;) + B2y’ (1:) = 0. These zeros due to Lemma 9
move monotonically to the right ag0) = zo > 0 in-
creases. Solutions(t) with 2(0) = x¢ > 0 and such
that (z(0), 2/(0)), (0) > 0, 2/(0) > 0 close enough
to heteroclinic orbit have not zeros (6, 1] since they
are very slow (the “period” of a heteroclinic solution
is infinite). Therefore there are at leastolutions of
the problem (1), (2). The additionasolutions are ob-
tained considering solutions with{0) < 0, z/(0) < 0
due to symmetry arguments.

a12(0) — azz’(0)
SU(O) =z > 0.

0,

Remark 11 We can compute; in the following way:
consider the linear equatiop” = —ay with initial

conditiony(0) — %/(0) = 0, y%(0) + y%(0) = 1. So-
lution of this linear equation is

y(t) = T sin v/at + \% cosvat  (21)
and
y'(t) = \2 cosv/at — \/gsin Vat.  (22)

Now we are looking fot; which satisfy the condition
y(mi) + 4/ (1) = 0:

1—+va . 2
y(r)+9/ (1) = sin vat + ——= cosvat = 0,
1 V2a \2/5 23)
—a
ﬁ tan \/&’7’ = —ﬁ, (24)
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P
tan+/at = \/57 (25)
a—1
1 P
T:\/aarctana_fal+;ak, keZ  (26)

There exist; values and respective; that y(r;) +
y' (1) = 0.

Remark 12 In fact the number of solutions to BVP
(1), (2) in Theorem 10 is exact. The proof of this fact

is currently not in hand.

3.2 Formulae of solutions

Consider problem

" = —ax + ba?,
a12(0) — agz’(0) = 0, z(0) # 0, 2/(0) # 0
:L‘(O) =x9 > 0.
(27)
The first equation in problem (27) has an integral

22(t) = —az?(t) + %b#(t) +C, (28)

where(C' is an arbitrary constant. The formula for the

“upper” heteroclinic trajectory is

2

1
2 + az® — §bz4 =L

>, (29)

wherez(0) = 0, 2’ = eTt Sincez’ = g1z, then

b 4 a% 2 a? _
where
NN o \/Qaan%a% + b2af (31)
T\ b o b3 b2a3

is the end value of in (27). Therefore) < z(0) =
o < Tx.
Consider equation (28) where

2
o b
(a%—i-a)aco 23:0 «o

(32)

and from (15) we have the formula of solution of the

Cauchy problem (27).
Introduce a new variable

C(z0) = o1 2 b 33
0) = a%+a o — 570 (33)
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Lemma 13 The function

iU(t,a,b,.f()) = \/ - az_beC(IO)X

[ R +r>,4 ,

_ |a—+/a?2—-2bC(z0)
wherek = 1/—% 222500’
= |——2
a++/a?—2bC(z0)
X L Zovb

- z0vb
Sn <a—w /a2—2bC(z0)’ k)

is a solution of the Cauchy problem (27).

(34)

(35)

Denote

F(ta a, b7 LU()) = ﬁlx(t7 a, b? ZCO) + ﬁ2$2(ta a, b7 $0),

(36)
where
xy(t,a,b, ) =
= C(zo)cn [\/ w (t+1), k] X
an l a+ a2_22bc(df()) (t+F),k
(37)

The following statement is true.

Lemma 14 The initial valuesz, in (27) correspon-
ding to solutions of the Sturm - Liouville boundary

value problem (1), (2) are found by solving the equa-

tion

F(t,a,b,z9) =0 (38)

Theorem 15 A solution to the Sturm - Liouville
boundary value problem (1), (2) is given by (34),
wherezx is a solution of (38).

4 Example

Consider equation (1) with = 50, b = 25:

z" = —50x 4 253, (39)
the Sturm -Liouville type conditions are
z(0) — 2/(0) = 0,
2(1) +2/(1) = 0, (40)
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Consider linearized equation of variations with res- o}
pect to the trivial solutiorr = 0: 0af
y" = =50y, (41) TN/

with the initial conditions
y(0) —y'(0) =0,
42
y(0) = 1. (42)
From equation (25) we have that Figure 3:Solution of the problem (39), (40} = 0.575.

g(7) == tan V507 — \ﬁ (43)

Let us look for zeros ofi(7). For thls consider Fig. 2.
There existr;, 72, 73 such thaty(r;) + 3/(7;) = 0.

lanlmrlfzjﬁ
ol
S
0. 016 0, 1.0 T
of
4t Figure 4:The phase trajectory (dashed) for solution of the prob-
ol lem (39), (40)zx0 = 0.575.

Figure 2:The graph of the functiop(7) given in (43).

Hence by Theorem 10 we will have 6 nontrivial solu-
tions. We wish to construct three of them with pos-

itive xo. Additional three solutions of BVP can be 02 os N\ 06 os 10
constructed symmetrically far(0) < 0.
Consider the initial value problem (39), -1of

z(0) — 2/(0) = 0,

l‘(O) =9 > 0. (44)

We wish to find three initial values aof, such that
the problem (39), (40) has solution. The graphs of
solutions are depicted in Fig. 3, Fig. 5, Fig. 7. The
respectively phase trajectories are depicted in Fig. 4,
Fig. 6, Fig. 8.

In Fig. 9 depicted the graph of the function
F(t,a,b,xo) = F(1,50,25,x9) (defined in (38)).
The zeros correspond 16 for three solutions of BVP
(39), (40).

Conclusions Figure 6:The phase trajectory (dashed) for solution of the prob-
lem (39), (40)zo = 1.236.

We proved that the number of solutions to the Sturm
-Liouville problem (1), (2) is defined by the equation
of variationsy” = —ay, Theorem 10. The precise
estimate is given. Also equations for determining o

the initial values for solutions of the Sturm -Liouville
problem (1), (2) are derived. The author would like to thank the professor F. Sadyr-

baev for useful advices.
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(1)
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Figure 7:Solution of the problem (39), (40, = 1.2798.

Figure 8:The phase trajectory (dashed) for solution of the prob-
lem (39), (40)zo = 1.2798.

F(t,ab,x)=F(1,50,25,X))

Figure 9:The graph of the functio®'(, a, b, zo)
F(1,50,25,z0) (defined in (38)).
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