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Abstract: - In this paper, we introduce the classes of Kannan-type multiplicative contractive mappings
into fuzzy G-partial metric spaces. Thereafter, we prove some common fixed point theorems for
Kannan - type multiplicative contractive maps satisfying sequential convergent conditions in fuzzy G-
partial metric space. Our results extend and generalize some well known results in the literature.
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1 Introduction

Metrical fixed point theory deals with existence
and uniqueness of the solution of functional
equations in analysis and applied mathematics. The
existence and uniqueness of fixed point of Banach
contraction principle in metric space were first
proved by Banach [1] in 1922. This result was
generalized by many authors in the literature. In
particular, Kannan [2] introduced a contractive
mapping and proved the existence and uniqueness
of the fixed point of the map without the continuity
of the map. Moradi and Alimohammadi [3] proved
the existence and uniqueness of the fixed point of
Kannan -type contractive mappings in complete
metric spaces by employing the concept of
sequential convergence. In the extension of the
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result of Moradi and Alimohammmadi[3], Malceski
et al. [4] proved the common fixed points of Kannan
and Chatterjea type contractive mappings satisfying
a sequential convergent condition in complete
metric spaces. Eke [5] proved some common fixed
point results for weakly compatible mappings in
uniform spaces by employing the concept of A-
distance and E-distance as well as comparison
functions.

Recently, Ozavsar and Cevikel [6] generalized
Banach  contraction map by introducing
multiplicative contraction mappings . He et al. [7]
proved the existence and unigqueness of common
fixed point of two pairs of multiplicative contractive
mappings satisfying a commutative condition in
multplicative metric spaces. For the definition and
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topology of multiplicative metric spaces, we refer
the reader to [6].

Metric space has several generalizations.
Recently, Eke et al. [8] introduced the concept of
fuzzy G-partial metric space by assigning every
quadruplet of an arbitrary set to [0, 1]. In the same
paper, the topology of fuzzy G-partial metric is
established and the existence and uniqueness of
fixed point of Hardy and Rogers contractive maps in
this space are proved. Motivated by the results of
Moradi and Alimohammadi [3] and He et al. [7], we
established our results.

The aim of this paper, is to prove the existence
and uniqueness of the common fixed point of a pair
of Kannan -type multiplicative contractive
mappings satisfying the sequential convergent
condition in fuzzy G-partial metric spaces. Our
results are extensions of some results in the
literature.

2 Fuzzy G-partial Metric Spaces
According to Eke and Davvaz [7], we give the
definition of fuzzy G-partial metric space and
its motivations.

Definition 2.1 : A 3-tuple (X, G, *) is

called a fuzzy G-partial metric space if X isan
arbitrary (nonempty) set, * is a continuous t-

norm, and G is fuzzy set on X3x(0,0),

satisfying the following conditions for each
X,Y, 2z aeX andt,s > 0;

G, Gy (X ¥, 2, 1) =G (X, X, y, t)
=G, (Y, ¥, 2, t)=G(z,2, x 1)
if andonlyif x=y=z,
G,io Gy (X Y, 2, 1) 2 Gy (X, X, y, t) forall
X,y,Z eXandy= z,
Gus Gy (X Y, 2, 1) =G (z, x, ¥, 1)
=G, (Y. 2. x t) ’
Gus Gy (X y, z, max{t, s}) <G (x, a, a, t)
*G,(a y,2,5) Gy(a a, a max{t, s})

Gus Gu(x v,z .) : (0, 0)—[0, 1]is
continuous.

Example 2.2: Let X be a nonempty set and
G, a G-partial metric on X . Denote
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a*b.c:a—bfor all a, b, c e[O, 1] for each
C

t>0,xy,z2eX,

t
Gy (x vy, 2, 1) =

t+max{x,y,z}
Then (X, G,;, *) is a fuzzy G-partial metric

space.
Example 2.3: Let (X, G, ) be a G-partial
metric space and G : X°x (0, ) — [0, 1]
be a mapping defined as

Gy (X y, 2, t) =exp(_w)

if a*be =22 for all a, b, ¢ €[0, 1] then G,
c

is a fuzzy G-partial metric.
Definition 2.4 : Let (X, G, *) be a fuzzy
G-partial metric space. For t >0, the open ball

B(x, r, t) with centre x e X and radius
0< r< 1lisdefined by

B(x, r, t) = {ye X: Gy (X Y,y t)>1- r}

Asubset A of X is called an open set if for
each x e A thereexist t>0and O< r< 1

such thatB(x, r, t)c A.
A sequence {x,} in X convergesto x if and
only if G; (x,, X,, X, t) >1 as n — oo for each

t >0. Itis called Cauchy sequence if for each
O< ¢<land t>0, thereexists n, e N such

that G; (X, X, X, t)> 1 —& for each
I, m, n>n,. The fuzzy G-partial metric space

is called complete if every Cauchy sequence is
convergent.

Example 2.5 : Let X = [0, ) and
t
t+max{x,y, z}
(X, G *) is a fuzzy G-partial metric space

then

Gy (xy,2,1) =

where a*b.c:%bfor all a, b, c e[o, 1]. Let

{X,} = {l} Then the sequence is convergent
n

and we have
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lim G (X, X, X, t)= G (X, X, X, t). then there is ny e N such that [t— t,|< & for

N—o0

t
. n>n,and 6 <— .
The sequence is also Cauchy. Therefore we 0 2

obtain From Lemma 2.7 , we prove that
limG,, (X0 X0 X, )= G (X, X, X, t) G, (X, v, z, t) is non-increasing with respect
= 1imG, (X, Xy, Xy ). to t, hence we have

T G, (X z,, t,)<G xS
Definition 2.6 : Let (X, G,;, *) be a fuzzy G- ot Koo Yoo Zos 1) S G | Koo X X0
partial metric space. G, is said to be G (x vz t+ﬁj s (x y Xéj
continuous function on X*x(0,0) if for every PR 3 L O
X, ¥,z € X and t> O, o )
' y S Spr (Xn, X, X,gj *pr (yn, yy yagj
Lmpr (Xn’ yn' Zn’ tn) = pr (X’ y! z, t)
whenever fims, . fimy, -y dmz =2+, (52, 002 6, (1 k)
and s
imGy (x,y,2,1,) = Gy (x ¥, 2, t) Gy | Vs Vs y,gj

Lemma 2.7 :If (X, G, *) isafuzzy G-

<SGy | Xor X xé) *Gy (yn, Y, yéj
partial metric space then G (x, y, z, t) is non- 3 3

increasing with respect tot forall x, y, z € X. G |22, Z’éj* G (x, V. 2, t+25)-

Proof: By G, let a=x and for t> 0 we LT 3 "

obtain G (X, X, x,éJ .G (y, Y, y,éJ .G (Z, Z, Z,éj
G, (X, y, z, max{t, s} <G, (X, X, X, t) P 3) " 3) " 3
*G (X Y, 2,8) Gy(X X, X, max{t, s and

LetTist{\en We) havz( s Gy (X ¥ 2,t=20) <Gy (XY, 2, t,~0)

Gy (X ¥, 2, 1) <Gy (X X, X, ) <G, (x, X,, xn,éJ*pr (xn, Y, Z, t, —E)
*Gy (X ¥, 2,8) Gy (X x x t) 3 3

This implies, G (xn, X, xn,é j

Gy (XY, 2, 1)<G, (XY, 7, 5). 3

This shows that G (X, Y, z, t) is non- <G, (x, X, xn%}* G, (y, Y yn%)
increasing with the assumption that

LL@GW (X, y, z, t)=1and that ne N is the set G, (Xn’ Y., Z, tn_gj, G, (Xm X, xn%]

of all natural numbers. S

Lemma238:Let (X, G, *) bea fuzzy G- Gy (Yn, Yo ynng

partial metric space. Then G is a continuous
function on X°x(0,).
Proof: Since limx, =x, limy, =y,

N—o0

n—o

limz, =z and

nN—o0

limG (x,v,2, 1) = G, (x ¥, Z, t)

n—o
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n?

5, 5
Spr (X1 X Xn’g pr (y’ Ynr yn’gj

pr (Xn’ yn’ Zn’ tn )

S
.Gy (yn, Yor Yooy ]

* pr (z, z, 1,

w| wl@;

;/;/;/

pr(xn, Xy Xo

w| Y,
N—

pr[zn, z, 1,

Let n — oo and by continuity of the function
G, with respect tot,

Gy (X Y, Z, t+25)
>G (X, Y, Z, t=5).
Thus G is a continuous function on
X3x(0,oo).

Definition 2.9 [9] : Let (X, d)be a metric

space. A mapping T : X — X be continuous,
injection and sequentially convergent if, for

each sequence {y,} the following holds true:

>G (% y, 2, t)

if {Ty,} converges, then {y,} also converges.

Recently, Ozavsar and Cevikel [6] introduced
multiplicative contractive mappings as a
generalization of the Banach contraction
Principle. The multiplicative contraction
mapping is given in the setting of fuzzy G-
partial metric spaces.

Definition 2.10: Let (X, G,;, *) be a fuzzy G-
partial metric space. Amapping T : X — X

is called multiplicative contraction if there
exists a real constante € [0,1) such that

G, (TX, Ty, Ty, t)< G (X, y, v, t)"for all
X, yeX.

3 Main Results

In this section, some common fixed point
theorems for Kannan-Type multiplicative
contraction maps in fuzzy G-partial metric
spaces are established.

Theorem 3.1: Let (X, G

fuzzy G-partial metric space. If T : X — X is
continuous,  injection and  sequentially

*) be a complete
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convergent multiplicative contractive mapping

andS;, S,: X — X . If there exist ae{o,%j,

B €[0, 1) such that
G, (TSx, TSy, TS,y, 1)<

{ G, (Tx, TS, TSx, t)
*Gy (Tx, Ty, Ty, t)ﬂ

forallx, ye X . Then S, and S, have a unique
common fixed point. For any x € X , iterative
sequence (T"x) converges to the fixed point.
Proof : Let x, € X be arbitrarily chosen. We
define a sequence {x,} as follows:

X2n+1 S X2n’ 2n+2 T S X2n+l'

forn=20,1 2,-
If the sequence exists forn >0, such that
X, = X,y = X,.,, thenitis clearly proven that

X, 1s the common fixed point for S, and S, . If
there are no three consecutive congruent terms
of the sequence {x, } , then using inequality (1),

we prove that for each n > 1, the following holds
when x =X, and y = x,,., in (1).

G (TX2n+1' T 2n+2’ TX2n+2' t)
= pr (T81X2nv TSZX2n+1' T82X2n+1’t)

{pr (TX5n, TS Xy TS Xy, 1) ¢
<
t)

%Gy (TXonas TSpXon ., TS,X

2n+11 2n+1?

* pr( 2n? TX2n+11 T 2n+11 t)ﬁ

_ {pr (TXZn’ TX2n+1’ TX2n+1’ t) }a
G (TX2n+l’ T 2n+2'TX2n+2' t)

B
* pr( 2n? TX2n+l’ T 2n+l’ t)
(1-a)
G (TX2n+1' T 2n+2’ TX2n+2’ t)

SG (TXZn’ TX2n+l’ TX2n+l’ t)a+ﬁ

G (TX2n+1’ Tx 2n+2’ TX2n+2’ t)

atp
Spr( 2n? TX2n+1’ T 2n+j|_l t)l_a

= pr( ans DXonar TXonus t)h’
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a+pf
1-a
For n> m we have

Where h=

G (X, Ty, T,

* Gy (TXos T T, 1) Gpp (T, TX

n+1? n+1? n+l !

< Gy (T TXos TXo00 1)

* Gy (TXor Ty Ty, 1)
<Gy (TXy, TXogs Ty, £)*
G (TXp1r TXo2r Ty, 1)

* Gy (Txgs TX, T, ).
G (X2 TXzr T t)-
G (T Xy TX g, 1)
<G, (Tx X0 TXos £)*
G, (T TX,,,, TX t)*---*
G (TX0r Ty, T, 1)

n+1?
n+2 !
m-1?

n+2 !

Tx

n+1?

n+1 n+2 '

m-1?

)hn+hn+1+_._+hm—l

<Gy (Txg, Ty, T,
hm

<Gy (X, T, T, t)i-h

This shows that G (Tx,, Tx,, Tx,, t)—>1.

Thus the sequence is Cauchy. Since X is
complete then the sequence {Tx,} is

convergent. Also,
limG (Tx,, Tx,, Tx,, t)

n—oo

=G (Tx, Tx,Tx, t)
=limG; (Tx,, Tx,, Tx,, t) =1

n—oo

. Furthermore, the mapping T: X — X'is

sequentially convergent with {Txn} convergent.
Let {x,} converge tou. By the continuity of T,

Tx, converges toTu. Hence,
G, (Tu, TS, TS, t)
<Gy (Tu, TXypugs T t)

% G (TXpp,0, TSU, TS, 1)
G pf ( TX2n+1’ TX2n+1’ TX2n+1’ t)
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<G (TU, Tons TXops t)

* Gy (T TS, TSU, 1)
=G, (Tu TX0r TXonas t)

* Gy (TS, X0, TSU, TS, t)
<G (TU, Tongs TXops t)

*pr ( TX2n+l’ TSZX2n+1’ TSZX2n+1’
*G,; (Tu, TSu, TS, t)

t)}”‘
t)}“

pr (Tu’ TXonias TXonuas t) o

* pr (TXZn’ Tu, Tu, t)ﬁ
= pr (Tu, TX2n+l’ TX2n+l’ t)

* pr ( TX2n+1’ TX2n+2’ TX2n+2’
*G ; (Tu, TS, TS, t)

% Gp (TXyp, T, Tu, )

3 =

S| pr ( TX2n+1’ TX2n+2’ TX2n+2’ t)a

* G (T, Tu, Tu, t)ﬁ

As n— oo we get
G, (Tu, TS, TS, t)

G, (Tu, Tu,Tu, t)

<[ *Gy(Tu, Tu, Tut)" | -1

* G, (Tu Tu, Tu, t)’

Since G; (Tu, TS,u, TSu, t)=1 then we have
Tu = TSu. By the injectivity of T we have
u=_S,u. Thus u is the fixed point of S, .
Analogously, u is the fixed point of S,. We
shall prove that S, and S, have a unique

common fixed point. Let ve X be a different
fixed point of S,. Thatis, v=S,v. Hence
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G, (Tu, Tv, Tv, t)= G (TS, TS,v, TSy, t)

G, (Tu, TSy, TSu, t) |
<
*Gy (Tv, TSy, TSy, 1)

* G (Tu, Tv, Tv, t)’

= G, (Tu, Tv, Ty, t)’

This is a contradiction. Hence, Tu =Tv. By the
injectivity of T, we haveu =v.

If =0 in Theorem 3.1 we have the following
result.

Corollary 3.2 : Let (X, G, *) be a complete
fuzzy G-partial metric space. If T : X — X is
continuous, injection and sequentially
convergent multiplicative contractive mapping
and S, S,: X — X . If there exist

ae {0%} such that

G, (TS;x, TS,y, TS,y, t)<

{ Gy (Tx, TS, TSx, t) * G, (Ty, TSy, TS,y, 1)}
(2)

forall x, ye X . Then S, and S, have a unique

common fixed point. For any x € X , iterative

sequence (T"x) converges to the fixed point.

If S,= S, = lin Corollary 3.2, then we have
the following Corollary.

Corollary 3.3 : Let (X, G, *) be a complete
fuzzy G-partial metric space. If T : X — X is

continuous, injection and sequentially
convergent multiplicative contractive mapping.

If there exist « € {0%) such that

G, (Tx, Ty, Ty, t)

3
S{ pr (X,TX, TX, t) * pr (y, Ty’ Ty, t)}a( )

forall x, ye X . Then T has a unique fixed

point. For any x e X , the iterative sequence
(T"x) converges to the fixed point.
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4 Conclusion

The study established the existence and
uniqueness of common fixed point of
multiplicative contractive mappings in Fuzzy
G-partial metric spaces. The result is achieved
by employing the concept of sequential
convergence of one of the maps. It shows that
the existence of contractive maps in Fuzzy G-
partial metric space is possible.
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