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1 Introduction 

There are different types of uncertainties involved in 
almost everywhere in day to day real life problems. 
Fuzzy set theory, introduced by Lofti Zadeh [1] in 
1965, is a natural way for dealing such kind of 
uncertain environment. The fuzzy set theory is 
further generalized by Atanassov ([2]-[3]), who 
introduced the concept of intuitionistic fuzzy set 
(IFS). An intuitionistic fuzzy set is characterized by 
degrees of membership and non-membership. 
Intuitionistic fuzzy set theory is more powerful tool 
to solve real world problems. In past few years 
many authors have applied IFS theory to solve 
several problems in different application areas [4-6].  

Differential equations have potential to model the 
real life physical phenomenon. A differential 
equation involves one or more parameters, which 
plays a significant role to represent real world 

problems. But in many real life situations, we 
encounter many uncertainties. In 1972, Chang and 
Zadeh [7] introduced the concept of fuzzy 
derivative. Fuzzy derivative was further studied and 
extended by many other researchers (see, [8]-[11]). 
In 1987, Kaleva [12] first introduced the concept of 
fuzzy differential equations and gave the existence 
and uniqueness theorem for a solution to a fuzzy 
differential equation. In 1987, Seikkala [13] studied 
the notion of fuzzy initial value problem by using 
extension principle and the use of extremal solutions 
of deterministic initial value problems. Friedman 
and Kandel [14] proposed a numerical algorithm for 
solving fuzzy ordinary differential equation. 
Thereafter this topic has attracted widespread 
attention to many researchers and has started work 
in this direction (see for instance, [15]-[19]). Millani 
and Chandi ([20]-[21]) discussed the ordinary and 
partial differential equations under intuitionistic 
fuzzy environments. Abbasbandy and Allahviranloo 
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[22] proposed a numerical solution of fuzzy 
differential equation by Runge-kutta method with 
intuitionistic fuzzy treatment.  

Many authors (see, [23]-[24]) have used the concept 
of fuzzy Laplace transform for solving various 
differential equations and their applications. Thus, 
the intuitionistic fuzzy differential equations model 
real life problems more precisely.  In 2015, Mondal 
and Roy [15] described the generalized intuitionistic 
fuzzy Laplace transform method for solving first 
order generalized intuitionistic fuzzy differential 
equations. Mondal and Roy [16] solved second 
order intuitionistic fuzzy differential equation using 
generalized trapezoidal intuitionistic fuzzy number. 

Cauchy-Euler equation is a special form of a linear 
ordinary differential equation with variable 
coefficients. The second order Cauchy–Euler 
equations are used in time-harmonic vibrations of a 
thin elastic rod, problems on annual and solid disc, 
wave mechanics, etc.  This paper deals with the 
Cauchy-Euler homogeneous second order linear 
differential equation with intuitionistic fuzzy 
boundary conditions. In addition, we apply this 
approach to solve problem of solid disk whose 
differential equation is the second order linear 
ordinary differential equation with variable 
coefficients. 
 
 
2 Preliminaries 

Definition 2.1 Fuzzy Set [1]: Let 𝑋𝑋 be a fixed set. 
A fuzzy set 𝐴𝐴 in 𝑋𝑋 is a set of ordered pairs defined 
as 𝐴𝐴 = ��𝑥𝑥, 𝜇𝜇𝐴𝐴(𝑥𝑥)�: 𝑥𝑥 ∈ 𝑋𝑋, 𝜇𝜇𝐴𝐴(𝑥𝑥) ∈ [0, 1]�. 

Definition 2.2. Intuitionistic Fuzzy Set [2]: Let X 
be any fixed set.  An intuitionistic fuzzy set is 
defined as the set of the form 
𝐴𝐴 = ��𝑥𝑥, 𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜈𝜈𝐴𝐴(𝑥𝑥)�: 𝑥𝑥 ∈ 𝑋𝑋, 𝜇𝜇𝐴𝐴(𝑥𝑥) ∈
[0, 1], 𝜈𝜈𝐴𝐴(𝑥𝑥) ∈ [0, 1] & 0 ≤ 𝜇𝜇𝐴𝐴(𝑥𝑥) + 𝜈𝜈𝐴𝐴(𝑥𝑥) ≤ 1 �. 
Here, 𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜈𝜈𝐴𝐴(𝑥𝑥):𝑋𝑋 → [0, 1] define the degree of 
membership and degree of non-membership 
respectively, of the element 𝑥𝑥 ∈ 𝑋𝑋 to the set 𝐴𝐴. 

Definition 2.3. 𝜶𝜶–cut on Fuzzy set [26]: Let A be a 
fuzzy interval in R and  𝛼𝛼 ∈ (0,1]. The  𝛼𝛼 -cut of A 
is the crisp set  [𝐴𝐴]𝛼𝛼  that contains all elements with 
membership degree in A greater than or equal to 𝛼𝛼, 
i.e.,  [𝐴𝐴]𝛼𝛼 = {𝑥𝑥 ∈ 𝑅𝑅|𝐴𝐴(𝑥𝑥) ≥ 𝛼𝛼}. 

Definition 2.4. Convex Fuzzy set [26]: A fuzzy set 
𝐴𝐴 on a real Euclidean space 𝑋𝑋 is said to be convex 

fuzzy set iff the 𝛼𝛼 − level set of 𝐴𝐴, denoted by [𝐴𝐴]𝛼𝛼  
is a convex subset of  𝑋𝑋. If = 𝑅𝑅𝑛𝑛  , with 𝑅𝑅 being the 
set of real numbers, then the fuzzy set A is convex 
iff the following condition holds: Given any two 
different points 𝑥𝑥 and y in [𝐴𝐴]𝛼𝛼 ,  then for any 
𝑎𝑎 ∈ [0,1] , 𝑎𝑎𝑎𝑎 + (1 − 𝑎𝑎)𝑦𝑦 ∈ [𝐴𝐴]𝛼𝛼 . 

Definition 2.5. Normal Fuzzy set [25]: A fuzzy set  
A  defined  on  fixed set X  is said  to  be  normal  if 
and  only  if    𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥∈𝑋𝑋 𝜇𝜇𝐴𝐴(𝑥𝑥) = 1.  

Definition 2.6. Fuzzy Number [26]: A fuzzy 
number is a fuzzy set on the real line that satisfies 
the conditions of normality and convexity. 

Definition 2.7. Trapezoidal Fuzzy Number [27]: 
A Trapezoidal fuzzy number 𝐴𝐴 = (𝑎𝑎1,𝑎𝑎2, 𝑎𝑎3, 𝑎𝑎4) 
is a fuzzy set, where 𝑎𝑎1,𝑎𝑎2, 𝑎𝑎3 and 𝑎𝑎4 are real 
numbers and 𝑎𝑎1 ≤ 𝑎𝑎2 ≤ 𝑎𝑎3 ≤ 𝑎𝑎4 with membership 
function defined as 

𝜇𝜇𝐴𝐴(𝑥𝑥)

=

⎩
⎪⎪
⎨

⎪⎪
⎧

𝑥𝑥 − 𝑎𝑎1

𝑎𝑎2 − 𝑎𝑎1
,                       𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎1 ≤ 𝑥𝑥 < 𝑎𝑎2  

1,                                        𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎2 ≤ 𝑥𝑥 ≤ 𝑎𝑎3 
𝑎𝑎4 − 𝑥𝑥
𝑎𝑎4 − 𝑎𝑎3

,                            𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎3 < 𝑥𝑥 ≤ 𝑎𝑎4

0 ,                                       𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
    

� 

Definition 2.8. Trapezoidal Intuitionistic Fuzzy 
Number [16]: A Trapezoidal intuitionistic fuzzy 
number is denoted by 𝐴𝐴 = �(𝑎𝑎1,𝑎𝑎2, 𝑎𝑎3,
𝑎𝑎4), (𝑎𝑎1′,𝑎𝑎2, 𝑎𝑎3, 𝑎𝑎4′)� where 𝑎𝑎1′ ≤ 𝑎𝑎1 ≤ 𝑎𝑎2 ≤
𝑎𝑎3 ≤ 𝑎𝑎4 ≤ 𝑎𝑎4′ with membership and non-
membership function defined as 

𝜇𝜇𝐴𝐴(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧
𝑥𝑥−𝑎𝑎1
𝑎𝑎2−𝑎𝑎1

,         𝑎𝑎1 ≤ 𝑥𝑥 < 𝑎𝑎2  
1,               𝑎𝑎2 ≤ 𝑥𝑥 ≤ 𝑎𝑎3 
𝑎𝑎4−𝑥𝑥
𝑎𝑎4−𝑎𝑎3

,       𝑎𝑎3 < 𝑥𝑥 ≤ 𝑎𝑎4 

0 ,          𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

�,          

 𝜈𝜈𝐴𝐴(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧

𝑎𝑎2−𝑥𝑥
𝑎𝑎2−𝑎𝑎1 ′

,      𝑎𝑎1
′ ≤ 𝑥𝑥 < 𝑎𝑎2  

0,              𝑎𝑎2 ≤ 𝑥𝑥 ≤ 𝑎𝑎3 
𝑥𝑥−𝑎𝑎3
𝑎𝑎4 ′−𝑎𝑎3

,      𝑎𝑎3 < 𝑥𝑥 ≤ 𝑎𝑎4
′

1 ,          𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

�  

with 𝑎𝑎1
′ ≤ 𝑎𝑎1 ≤ 𝑎𝑎2 ≤ 𝑎𝑎3 ≤ 𝑎𝑎4 ≤ 𝑎𝑎4

′ . 

Definition 2.9. Generalized Trapezoidal 
Intuitionistic Fuzzy Number [16]: A generalized 

WSEAS TRANSACTIONS on MATHEMATICS
Manoj Sahni, Ritu Sahni, Rajkumar Verma, 

Ashnil Mandaliya, Dhairya Shah

E-ISSN: 2224-2880 106 Volume 18, 2019



Trapezoidal intuitionistic fuzzy number is denoted 
by 𝐴𝐴 = �(𝑎𝑎1,𝑎𝑎2, 𝑎𝑎3, 𝑎𝑎4;𝑤𝑤𝐴𝐴), �𝑎𝑎1

′ ,𝑎𝑎2, 𝑎𝑎3,

𝑎𝑎4
′ ;𝑢𝑢𝐴𝐴)  � with membership and non-membership 

function defined as 

        𝜇𝜇𝐴𝐴(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧𝑤𝑤𝐴𝐴 �

𝑥𝑥−𝑎𝑎1
𝑎𝑎2−𝑎𝑎1

� ,    𝑎𝑎1 ≤ 𝑥𝑥 ≤ 𝑎𝑎2  
𝑤𝑤𝐴𝐴 ,                  𝑎𝑎2 ≤ 𝑥𝑥 ≤ 𝑎𝑎3 
𝑤𝑤𝐴𝐴 �

𝑎𝑎4−𝑥𝑥
𝑎𝑎4−𝑎𝑎3

� ,    𝑎𝑎3 ≤ 𝑥𝑥 ≤ 𝑎𝑎4 

0 ,                 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

�,   

𝜈𝜈𝐴𝐴(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧𝑢𝑢𝐴𝐴 �

𝑎𝑎2 − 𝑥𝑥
𝑎𝑎2 − 𝑎𝑎1′

� ,      𝑎𝑎1
′ ≤ 𝑥𝑥 < 𝑎𝑎2  

𝑢𝑢𝐴𝐴 ,                         𝑎𝑎2 ≤ 𝑥𝑥 ≤ 𝑎𝑎3 

𝑢𝑢𝐴𝐴 �
𝑥𝑥 − 𝑎𝑎3

𝑎𝑎4′− 𝑎𝑎3
� ,      𝑎𝑎3 < 𝑥𝑥 ≤ 𝑎𝑎4

′

0 ,          𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

� 

with 𝑎𝑎1
′ ≤ 𝑎𝑎1 ≤ 𝑎𝑎2 ≤ 𝑎𝑎3 ≤ 𝑎𝑎4 ≤ 𝑎𝑎4

′ . 

Definition 2.10. (α,β) - cuts on Intuitionistic fuzzy 
number [16]: Let [𝐴𝐴1(𝛼𝛼),𝐴𝐴2(𝛼𝛼),𝐴𝐴1

′(𝛽𝛽),𝐴𝐴2
′(𝛽𝛽)] be 

the (α, β)-cuts of a trapezoidal intuitionistic fuzzy 
number 𝐴𝐴 and 𝜔𝜔,𝜎𝜎 be the gradation of membership 
and non-membership function respectively then the 
intuitionistic fuzzy number is given by  

𝐴𝐴 = ((𝐴𝐴1(𝛼𝛼 = 0),𝐴𝐴1(𝛼𝛼 = 𝜔𝜔),𝐴𝐴2(𝛼𝛼 = 𝜔𝜔),𝐴𝐴2(𝛼𝛼
= 0);𝜔𝜔); (𝐴𝐴1

′(𝛽𝛽 = 𝜎𝜎),𝐴𝐴1
′(𝛽𝛽

= 0),𝐴𝐴2
′(𝛽𝛽 = 0),𝐴𝐴2

′(𝛽𝛽 = 𝜎𝜎);𝜎𝜎) 

Definition 2.11. Generalized Hukuhara 
derivative for first order [23]: The generalized 
Hukuhara derivative of a fuzzy valued function 
𝑓𝑓: (𝑎𝑎, 𝑏𝑏) → 𝑅𝑅𝐹𝐹  at 𝑡𝑡0 is defined as 𝑓𝑓 ′(𝑡𝑡0) =
𝑙𝑙𝑙𝑙𝑙𝑙ℎ→0

𝑓𝑓(𝑡𝑡0+ℎ)ΘgH 𝑓𝑓(𝑡𝑡0)
ℎ

 . 
If 𝑓𝑓 ′(𝑡𝑡0) ∈ 𝑅𝑅𝐹𝐹 exists, we say that 𝑓𝑓 is generalized 
Hukuhara differentiable at 𝑡𝑡0. 
Also we say that 𝑓𝑓(𝑡𝑡) is (i) –𝑔𝑔𝑔𝑔 differentiable at 𝑡𝑡0 
if 
�𝑓𝑓 ′(𝑡𝑡0)�𝛼𝛼 = �𝑓𝑓1

′(𝑡𝑡0,𝛼𝛼),𝑓𝑓2
′(𝑡𝑡0,𝛼𝛼)�  

and 𝑓𝑓(𝑡𝑡) is (ii) - 𝑔𝑔𝑔𝑔 differentiable at 𝑡𝑡0 if 
�𝑓𝑓 ′(𝑡𝑡0)�𝛼𝛼 = �𝑓𝑓2

′(𝑡𝑡0,𝛼𝛼),𝑓𝑓1
′(𝑡𝑡0,𝛼𝛼)� . 

 
Definition 2.12. Generalized Hukuhara 
derivative for second order [23]: The second order 
generalized Hukuhara derivative of a fuzzy valued 
function 𝑓𝑓: (𝑎𝑎, 𝑏𝑏) → 𝑅𝑅𝐹𝐹 at 𝑡𝑡0 is defined as 

𝑓𝑓 ′′(𝑡𝑡0) = 𝑙𝑙𝑙𝑙𝑙𝑙ℎ→0
𝑓𝑓 ′(𝑡𝑡0+ℎ)ΘgH 𝑓𝑓 ′(𝑡𝑡0)

ℎ
 . 

If 𝑓𝑓 ′′(𝑡𝑡0) ∈ 𝑅𝑅𝐹𝐹 , we say that 𝑓𝑓 ′(𝑡𝑡0) is generalized 
Hukuhara at 𝑡𝑡0. 
Also we say that 𝑓𝑓 ′(𝑡𝑡0) is (i) –𝑔𝑔𝑔𝑔 differentiable at 
𝑡𝑡0 if  
𝑓𝑓 ′′(𝑡𝑡0,𝛼𝛼) = 

⎩
⎪
⎨

⎪
⎧ �𝑓𝑓1

′(𝑡𝑡0,𝛼𝛼),𝑓𝑓2
′(𝑡𝑡0,𝛼𝛼)�   𝑖𝑖𝑖𝑖

𝑓𝑓 𝑖𝑖𝑖𝑖 (𝑖𝑖) − 𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 (𝑎𝑎, 𝑏𝑏)

�𝑓𝑓2
′(𝑡𝑡0,𝛼𝛼),𝑓𝑓1

′(𝑡𝑡0,𝛼𝛼)�  𝑖𝑖𝑖𝑖
𝑓𝑓 𝑖𝑖𝑖𝑖 (𝑖𝑖𝑖𝑖) − 𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 (𝑎𝑎, 𝑏𝑏)

� 

 
for all 𝛼𝛼 ∈ [0,1] , and that 𝑓𝑓 ′(𝑡𝑡0) is (ii) – gH 
differentiable at 𝑡𝑡0 if  
𝑓𝑓 ′′(𝑡𝑡0,𝛼𝛼)

=

⎩
⎪
⎨

⎪
⎧ �𝑓𝑓2

′(𝑡𝑡0,𝛼𝛼),𝑓𝑓1
′(𝑡𝑡0,𝛼𝛼)�   

 𝑖𝑖𝑖𝑖 𝑓𝑓 𝑖𝑖𝑖𝑖 (𝑖𝑖) − 𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 (𝑎𝑎, 𝑏𝑏)

    �𝑓𝑓1
′(𝑡𝑡0,𝛼𝛼),𝑓𝑓2

′(𝑡𝑡0,𝛼𝛼)�     
 𝑖𝑖𝑖𝑖 𝑓𝑓 𝑖𝑖𝑖𝑖 (𝑖𝑖𝑖𝑖) − 𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 (𝑎𝑎, 𝑏𝑏)

� 

for all 𝛼𝛼 ∈ [0,1]. 
 
 
3 Finding Radial Displacement of a 
Solid Disk under Intuitionistic Fuzzy 
Environment 

Here, the problem of a solid disk is taken. The 
differential equation is of the form of second order 
Cauchy-Euler where the dependent variable is radial 
displacement (𝑢𝑢) and boundary condition is defined 
at 𝑟𝑟 = 0 and 𝑟𝑟 = 𝐿𝐿. 

Let the radial displacement 𝑢𝑢 in a rotating disc at a 
distance 𝑟𝑟 from the axis is given by 

𝑟𝑟2 𝑑𝑑2𝑢𝑢
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
− 𝑢𝑢 = 0                  (1) 

with Boundary conditions: 𝑢𝑢 = 0, when 𝑟𝑟 = 0 and 
𝑟𝑟 = 𝐿𝐿. 

Considering the above differential equation 
𝑟𝑟2 𝑑𝑑2𝑢𝑢

𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− 𝑢𝑢 = 0, with boundary conditions 

𝑢𝑢(0) = 𝑎𝑎� and 𝑢𝑢(𝐿𝐿) = 𝑏𝑏�, where 𝑎𝑎�, 𝑏𝑏� are generalized 
trapezoidal intuitionistic fuzzy number. 

Let 𝑎𝑎� = �(𝑎𝑎1,𝑎𝑎2,𝑎𝑎3,𝑎𝑎4; 𝑤𝑤1 ), �𝑎𝑎1
′ ,𝑎𝑎2,𝑎𝑎3,𝑎𝑎4′;  𝜎𝜎1��  

and 𝑏𝑏� = �(𝑏𝑏1,𝑏𝑏2,𝑏𝑏3,𝑏𝑏4; 𝑤𝑤2 ), �𝑏𝑏1
′ ,𝑏𝑏2,𝑏𝑏3,𝑏𝑏4′; 𝜎𝜎2��. 
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The four cases arises depending on (i) and (ii) – gH 
differentiability 

Case 1: When 𝑢𝑢(𝑟𝑟) is (i) –gH differentiable and  
𝑑𝑑𝑑𝑑 (𝑟𝑟)
𝑑𝑑𝑑𝑑

 is (i) –gH differentiable. 

For membership function, we have  

𝑟𝑟2 𝑑𝑑2𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
− 𝑢𝑢1(𝑟𝑟,𝛼𝛼) = 0                                                                                                 

𝑟𝑟2 𝑑𝑑2𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
− 𝑢𝑢2(𝑟𝑟,𝛼𝛼) = 0  

For non-membership, it is written as 

𝑟𝑟2 𝑑𝑑2𝑢𝑢1 ′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1 ′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑑𝑑
− 𝑢𝑢1′(𝑟𝑟,𝛽𝛽) = 0  

𝑟𝑟2 𝑑𝑑2𝑢𝑢2 ′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2 ′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑑𝑑
− 𝑢𝑢2′(𝑟𝑟,𝛽𝛽) = 0  

with boundary conditions, 

 𝑢𝑢1(0,𝛼𝛼) = 𝑎𝑎1 + 𝛼𝛼
𝑤𝑤
𝑙𝑙𝑎𝑎�  , 𝑢𝑢2(0,𝛼𝛼) = 𝑎𝑎4 −

𝛼𝛼
𝑤𝑤
𝑟𝑟𝑎𝑎�  , 

𝑢𝑢1(𝐿𝐿,𝛼𝛼) = 𝑏𝑏1 + 𝛼𝛼
𝑤𝑤
𝑙𝑙𝑏𝑏�  , 𝑢𝑢2(𝐿𝐿,𝛼𝛼) = 𝑏𝑏4 −

𝛼𝛼
𝑤𝑤
𝑟𝑟𝑏𝑏�  , 

𝑢𝑢1′(0,𝛽𝛽) = 𝑎𝑎2 −
𝛽𝛽
𝜎𝜎
𝑙𝑙𝑎𝑎�  , 𝑢𝑢2

′ (0,𝛽𝛽) = 𝑎𝑎3 + 𝛽𝛽
𝜎𝜎
𝑟𝑟′𝑎𝑎�  , 

𝑢𝑢1′(𝐿𝐿,𝛽𝛽) = 𝑏𝑏2 −
𝛽𝛽
𝜎𝜎
𝑙𝑙𝑏𝑏�  , 𝑢𝑢2

′ (𝐿𝐿,𝛽𝛽) = 𝑏𝑏3 + 𝛽𝛽
𝜎𝜎
𝑟𝑟′𝑏𝑏� , where 

𝑙𝑙𝑎𝑎� = 𝑎𝑎2 − 𝑎𝑎1, 𝑟𝑟𝑎𝑎� = 𝑎𝑎4 − 𝑎𝑎3, 𝑙𝑙𝑏𝑏� = 𝑏𝑏2 − 𝑏𝑏1, 𝑟𝑟𝑏𝑏� =
𝑏𝑏4 − 𝑏𝑏3, 𝑙𝑙′𝑎𝑎� = 𝑎𝑎2 − 𝑎𝑎1′, , 𝑟𝑟′𝑎𝑎� = 𝑎𝑎4′− 𝑎𝑎3, 𝑙𝑙′𝑏𝑏� =
𝑏𝑏2 − 𝑏𝑏1′, 𝑟𝑟′𝑏𝑏� = 𝑏𝑏4′− 𝑏𝑏3 and 𝑤𝑤 = min{𝑤𝑤1,𝑤𝑤2} ,
𝜎𝜎 = min{𝜎𝜎1,𝜎𝜎2}. 

The general solution of equation (1) is  𝑢𝑢(𝑟𝑟) =
𝐶𝐶1𝑟𝑟 + 𝐶𝐶2

𝑟𝑟
.  

Using the initial condition  𝑢𝑢1(0,𝛼𝛼) = 𝑎𝑎1 + 𝛼𝛼
𝑤𝑤
𝑙𝑙𝑎𝑎� , 

we get 𝐶𝐶2 = 0. 

Using the condition at the boundary  𝑢𝑢1(𝐿𝐿,𝛼𝛼) =

𝑏𝑏1 + 𝛼𝛼
𝑤𝑤
𝑙𝑙𝑏𝑏�  , we get  𝐶𝐶1 =

𝑏𝑏1+𝛼𝛼
𝑤𝑤

(𝑏𝑏2−𝑏𝑏1)

𝐿𝐿
 . 

Thus,  𝑢𝑢1(𝑟𝑟,𝛼𝛼) =
�𝑏𝑏1+𝛼𝛼

𝑤𝑤
(𝑏𝑏2−𝑏𝑏1)�

𝐿𝐿
. 𝑟𝑟 

Similarly, using  𝑢𝑢2(0,𝛼𝛼) = 𝑎𝑎4 −
𝛼𝛼
𝑤𝑤

(𝑎𝑎4 − 𝑎𝑎3), 
𝑢𝑢2(𝐿𝐿,𝛼𝛼) = 𝑏𝑏4 −

𝛼𝛼
𝑤𝑤

(𝑏𝑏4 − 𝑏𝑏3).  

we get, 𝑢𝑢2(𝑟𝑟,𝛼𝛼) = 1
𝐿𝐿
�𝑏𝑏4 −

𝛼𝛼
𝑤𝑤

(𝑏𝑏4 − 𝑏𝑏3)� . 𝑟𝑟 

Using, other conditions such as 𝑢𝑢1′(0,𝛽𝛽) = 𝑎𝑎2 −
𝛽𝛽
𝜎𝜎
𝑙𝑙𝑎𝑎�  and 𝑢𝑢1′(𝐿𝐿,𝛽𝛽) = 𝑏𝑏2 −

𝛽𝛽
𝜎𝜎
𝑙𝑙𝑏𝑏� , we get 𝑢𝑢1′(𝑟𝑟,𝛽𝛽) =

1
𝐿𝐿
�𝑏𝑏2 −

𝛽𝛽
𝜎𝜎

(𝑏𝑏2 − 𝑏𝑏1′)� . 𝑟𝑟 and using conditions 

𝑢𝑢2
′ (0,𝛽𝛽) = 𝑎𝑎3 + 𝛽𝛽

𝜎𝜎
𝑟𝑟′𝑎𝑎�  and 𝑢𝑢2

′ (𝐿𝐿,𝛽𝛽) = 𝑏𝑏3 + 𝛽𝛽
𝜎𝜎
𝑟𝑟′𝑏𝑏� , 

we get 𝑢𝑢2′(𝑟𝑟,𝛽𝛽) = 1
𝐿𝐿
�𝑏𝑏3 + 𝛽𝛽

𝜎𝜎
(𝑏𝑏4′− 𝑏𝑏3)� . 𝑟𝑟 

Case 2: When 𝑢𝑢(𝑟𝑟) is (ii) –gH differentiable and 
𝑑𝑑𝑑𝑑 (𝑟𝑟)
𝑑𝑑𝑑𝑑

 is (i) –gH differentiable. 

For membership function, we have  

𝑟𝑟2 𝑑𝑑2𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
= 𝑢𝑢1(𝑟𝑟,𝛼𝛼)                                                                          

𝑟𝑟2 𝑑𝑑2𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
= 𝑢𝑢2(𝑟𝑟,𝛼𝛼)                                                                          

For non-membership, it is written as 

𝑟𝑟2 𝑑𝑑2𝑢𝑢2
′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2
′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑑𝑑

= 𝑢𝑢1
′(𝑟𝑟,𝛽𝛽)                                                                       

𝑟𝑟2 𝑑𝑑2𝑢𝑢1
′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1
′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑑𝑑

= 𝑢𝑢2
′(𝑟𝑟,𝛽𝛽)   

On solving above differential equation, we get 

𝑢𝑢1(𝑟𝑟,𝛼𝛼) = 𝐶𝐶1𝑟𝑟 + 𝐶𝐶2
𝑟𝑟

+ 𝑟𝑟𝐶𝐶3 cos(log 𝑟𝑟) +
𝑟𝑟𝐶𝐶4 sin(log 𝑟𝑟) . 

Similarly other equations can be derived. 

𝑢𝑢2(𝑟𝑟,𝛼𝛼) = 𝐶𝐶1𝑟𝑟 + 𝐶𝐶2
𝑟𝑟
− 𝑟𝑟𝑟𝑟3 cos(log 𝑟𝑟) −

𝑟𝑟𝑟𝑟4 sin(log 𝑟𝑟) , 

𝑢𝑢1
′ (𝑟𝑟,𝛽𝛽) = 𝑑𝑑1𝑟𝑟 + 𝑑𝑑2

𝑟𝑟
+ 𝑑𝑑3 cos(log 𝑟𝑟) +

𝑑𝑑4 sin(log 𝑟𝑟) , 

𝑢𝑢2
′ (𝑟𝑟,𝛽𝛽) = 𝑑𝑑1𝑟𝑟 + 𝑑𝑑2

𝑟𝑟
− 𝑑𝑑3 cos(log 𝑟𝑟) −

𝑑𝑑4 sin(log 𝑟𝑟).  

Using the initial conditions 𝑢𝑢1(0,𝛼𝛼) = 𝑎𝑎1 + 𝛼𝛼
𝑤𝑤
𝑙𝑙𝑎𝑎�  , 

𝑢𝑢2(0,𝛼𝛼) = 𝑎𝑎4 −
𝛼𝛼
𝑤𝑤
𝑟𝑟𝑎𝑎� , we get 𝐶𝐶2 = 0. From the 

conditions 𝑢𝑢1(𝐿𝐿,𝛼𝛼) = 𝑏𝑏1 + 𝛼𝛼
𝑤𝑤
𝑙𝑙𝑏𝑏�  and 𝑢𝑢2(𝐿𝐿,𝛼𝛼) =

𝑏𝑏4 −
𝛼𝛼
𝑤𝑤
𝑟𝑟𝑏𝑏� , we get 

L.𝑢𝑢1(𝐿𝐿,𝛼𝛼) = 𝐶𝐶1.𝐿𝐿2 + 𝐿𝐿.𝐶𝐶3cos⁡(log𝐿𝐿) +
𝐿𝐿.𝐶𝐶4 sin(log𝐿𝐿)  

L.𝑢𝑢2(𝐿𝐿,𝛼𝛼) = 𝐶𝐶1.𝐿𝐿2 − 𝐿𝐿. [𝐶𝐶3cos⁡(log𝐿𝐿) +
 𝐶𝐶4 sin(log𝐿𝐿)].  
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Adding above two equations, we get  𝐶𝐶1 =
𝑢𝑢1(𝐿𝐿,𝛼𝛼)+𝑢𝑢2(𝐿𝐿,𝛼𝛼)

2𝐿𝐿
 . 

As it is not possible to get the values of other two 
constants, we will get the general solution, but not 
particular solution for case 2. 

Case 3: When 𝑢𝑢(𝑟𝑟) is (i) –gH differentiable and 
𝑑𝑑𝑑𝑑 (𝑟𝑟)
𝑑𝑑𝑑𝑑

 is (ii) –gH differentiable. For membership 
function, we have  

𝑟𝑟2 𝑑𝑑2𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
− 𝑢𝑢1(𝑟𝑟,𝛼𝛼) = 0                                                                                                 

𝑟𝑟2 𝑑𝑑2𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
− 𝑢𝑢2(𝑟𝑟,𝛼𝛼) = 0  

For non-membership, it is written as 

𝑟𝑟2 𝑑𝑑2𝑢𝑢1 ′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1 ′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑑𝑑
− 𝑢𝑢1′(𝑟𝑟,𝛽𝛽) = 0  

𝑟𝑟2 𝑑𝑑2𝑢𝑢2 ′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2 ′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑑𝑑
− 𝑢𝑢2′(𝑟𝑟,𝛽𝛽) = 0  

  

The boundary conditions will remain same as per 
case 1 and 2. 

The case 3 is same as that of case 2. 

Case 4: When 𝑢𝑢(𝑟𝑟) is (ii) –gH differentiable and  
𝑑𝑑𝑑𝑑 (𝑟𝑟)
𝑑𝑑𝑑𝑑

 is (ii) –gH differentiable. 

For membership function, we have  

𝑟𝑟2 𝑑𝑑2𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
− 𝑢𝑢1(𝑟𝑟,𝛼𝛼) = 0                                                                                                 

𝑟𝑟2 𝑑𝑑2𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2(𝑟𝑟 ,𝛼𝛼)

𝑑𝑑𝑑𝑑
− 𝑢𝑢2(𝑟𝑟,𝛼𝛼) = 0  

For non-membership, it is written as 

𝑟𝑟2 𝑑𝑑2𝑢𝑢1 ′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢1 ′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑑𝑑
− 𝑢𝑢1′(𝑟𝑟,𝛽𝛽) = 0  

𝑟𝑟2 𝑑𝑑2𝑢𝑢2 ′(𝑟𝑟,𝛽𝛽)
𝑑𝑑𝑟𝑟2 + 𝑟𝑟 𝑑𝑑𝑢𝑢2 ′(𝑟𝑟,𝛽𝛽)

𝑑𝑑𝑑𝑑
− 𝑢𝑢2′(𝑟𝑟,𝛽𝛽) = 0 . 

Case 4 is same as that of case 1 and having the same 
boundary conditions. The solutions for cases 1 and 4 
are same.  

To illustrate the above example, we take particular 
values of the above trapezoidal intuitionistic fuzzy 
numbers for case 1. 

Let  𝑢𝑢(0) = 𝑎𝑎� =
�(10, 15, 20, 25;  0.6 ), (8, 15, 20, 28;  0.3)� and 
𝑢𝑢(5) = 𝑏𝑏� =
�(30, 35, 40, 45;  0.7 ), (29, 35, 40, 48;  0.3)�. Here 
𝐿𝐿 = 5.  

Here 𝑤𝑤 = 𝑚𝑚𝑚𝑚𝑚𝑚(0.6,0.7) = 0.6 and 𝜎𝜎 =
𝑚𝑚𝑚𝑚𝑚𝑚(0.3,0.3) = 0.3. And 𝛼𝛼 ∈ [0,𝑤𝑤] and  𝛽𝛽 ∈ [𝜎𝜎, 1]. 
Thus 𝛼𝛼 ∈ [0,0.6] and  𝛽𝛽 ∈ [0.3,1] . 

Table 1: Solutions for 𝑟𝑟 = 1 

𝛼𝛼 𝑢𝑢1(𝑟𝑟,𝛼𝛼) 𝑢𝑢2(𝑟𝑟,𝛼𝛼) 𝛽𝛽 𝑢𝑢1′(𝑟𝑟,𝛽𝛽) 𝑢𝑢2′(𝑟𝑟,𝛽𝛽) 

0 6 9 0.3 5.8 9.6 

0.1 6.1667 8.8333 0.4 5.4 10.1333 

0.2 6.3333 8.6667 0.5 5 10.6667 

0.3 6.5 8.5 0.6 4.6 11.2 

0.4 6.6667 8.3333 0.7 4.2 11.7333 

0.5 6.8333 8.1667 0.8 3.8 12.2667 

0.6 7 8 0.9 3.4 12.8 

   1.0 3 13.3333 

Table 2: Solutions for 𝑟𝑟 = 4 

𝛼𝛼 𝑢𝑢1(𝑟𝑟,𝛼𝛼) 𝑢𝑢2(𝑟𝑟,𝛼𝛼) 𝛽𝛽 𝑢𝑢1′(𝑟𝑟,𝛽𝛽) 𝑢𝑢2′(𝑟𝑟,𝛽𝛽) 

0 24.0000 36 0.3 23.2 38.4 

0.1 24.6667 35.3333 0.4 21.6 40.533 

0.2 25.3333 34.6667 0.5 20 42.667 

0.3 26.0000 34.0000 0.6 18.4 44.8 

0.4 26.6667 33.3333 0.7 16.8 46.933 

0.5 27.3333 32.6667 0.8 15.2 49.067 

0.6 28 32 0.9 13.6 51.2 

   1.0 12 53.333 

The tables are drawn for radii at 𝑟𝑟 = 1 and 𝑟𝑟 = 4. It 
is observed that with the increase in value of 𝛼𝛼, 
𝑢𝑢1(𝑟𝑟,𝛼𝛼) increases and 𝑢𝑢2(𝑟𝑟,𝛼𝛼) decreases, whereas 
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with the increase in 𝛽𝛽,  𝑢𝑢1′(𝑟𝑟,𝛽𝛽) decreases and 
𝑢𝑢2′(𝑟𝑟,𝛽𝛽) increases. 
 
 
4 Conclusion 
In this paper, we have considered the boundary 
value problem of a solid disk under intuitionistic 
fuzzy environment. The problem has modeled in the 
form of fuzzy linear Cauchy Euler second order 
ordinary differential equation. The radial 
displacement at different radii is calculated using 
trapezoidal intuitionistic fuzzy numbers and the 
results are shown in the form of tables for different 
radii. 
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