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Abstract: The main objective of this work is to model spatial observations using linear regression analysis defined
on a compact experimental region. To check the validity of an assumed model, tests based on Kologorov-Smirnov
and Crangr-von Mises functionals of the partial sums (CUSUM) of the recursive residuals of the observations
are proposed. It is shown that the limit of the sequence of the CUSUM processes of the recursive residuals for
triangular array of design points does not depend on the model. It is given by the set-indexed Brownian sheet
when the model is true. The performance of the tests are also studied by deriving the non trivial limiting power
functions of the tests when the model is not true. Their finite sample size behaviors are compared with those of the
well-known asymptotict test and are investigated by simulation. It is shown in this study that both&Enaon

Mises andF’ tests perform better than the Kolmogorov-Smirnov test. The application of the proposed method in a
real data is also exhibited. The design under which the data has been collected is given by a regular lattice.

Key—Words: Recursive residual, Gaussian white noise, Brownian sheet, linear regression, Kolmogorov-Smirnov
test, Cranér-von Mises test:'-test.

1 Introduction We notice that the dependency of the limit pro-

: i i o . cess on the regression model is due to the fact that the
Modelling spatial observations using linear regressiong g residuals are mutually correlated although the er-
has been studied extensively in various disciplines such yorms are mutually independent. If a transformation
as in economics, agriculture, geology, and other earthy,an pe defined in such a way that the resulting resid-
sciences. Testing the validity of an assumed model i, 55 gre either uncorrelated or mutually independent,
important prior to the application of the model in pre- e the uniform central limit theorem in [1] and [19]
diction and other quantifications. Intensive researche%uaramee that the limiting distribution of the CUSUM
have been conducted for developing such preliminaryqt ,ch kind of residuals will not depend on the model,
diagnostic method. The most common approach iSgq that the test can be easily implemented in the prac-
based on the investigation of the residuals of the ob-jce | the case of time series observations, the trans-
servations or variant of them, see [2, 20, 30, 28, 29] for formation are defined recursively which leads to the so

references. _ ~ called recursive residuals, see [8, 10, 12, 16, 21].
Motivated by the preceding works, [23] studied

the set-indexed CUSUM of the ordinary least squares It is the purpose of the present paper to give an
(OLS) residuals defined in [18, 31] for establishing investigation to the application of CUSUM test based
asymptotic model validity test (model-check) in mod- on the recursive residuals obtained from a sequence of
elling of spatial observations. By generalizing the ge- triangular arrays of observations defined on a compact
ometric approach proposed in [6, 7] which is different rectangle. CUSUM as well as MOSUM test based on
to that of [18, 31], [23] obtained the limit process as the recursive residuals of time series observation have
a complicated functional of the set-indexed Brownian been well investigated in [8, 10, 12, 16, 21]. How-
sheet which depends not only on the design but also orever there is no documentation available for CUSUM
the regression functions defining the assumed modelas well as MOSUM test based on the recursive resid-
see also [5] for regression on a closed interval. By thisuals of observations obtained from a sequence of tri-
reason the application of the method is restricted sinceangular arrays of design points. Due to the absence of
it suffered from being unable to compute the critical order, more effort is needed for the derivation of the
values analytically. limit process in such case.
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To see the problem in more detail, let us considerwhereZ}, is a centered Gaussian process indexed by
a spatial proces§Y (t) : t := (t1,...,t5)' € D}, A, defined by
satisfying a regression relationship defined by

p R
Y(t) = g(t) +<(t), t € D, (1) Zp = Zp, — Z (/D fi(t,8)dZp,(t, s)> hy,,
=1

whereg is the true, but unknown regression function
defined onD := M%[a;,b;] C R, e(t) is the ran-  wherehy, (A) := [, fi(z,y)Po(dz, dy) andZp, is the
dom error withE(e(t)) = 0 andVar(e(t)) = 02,0 < set-indexed Brownian sheet (Gaussian white noise) de-
o2 < oo. In practiced is mostly2 or 3. Let f1, ..., f, fined in[1, 17, 19, 23, 31]. Therebﬁ/;c stands for the
be linearly independent as functionsiin(P,), where  Riemann-Stiltjes integral. It can be seen that the limit
Py is the Lebesque measure bn Model check inre-  processZy, depends heavily on the regression func-
gression analysis concerns with the problem of testingtion assumed undéf. If the assumed model is zero
whether or not an assumed model model which is not so important in the practice, the
p limit is given by the standard set-indexed Brownian
Hy:Y(t) = Zﬁifi(t) +e(t), teD, (2 sheetZp,. Furthermore, if undefy a constant model
i—1 is assumed, we get for largg andns the standard set-
indexed Gaussian pillow. The computation of the crit-

holds true, for some unknown constats . .. , 5,. ical values of the Kolmogorov-Smirnov and Cram

When the observations are normally distributed, it is ) o
well known that likelihood ratio test which coincides VON Mises statistice('S' := sup )ecp ‘ZI*DO (t, 3)‘ and
with F-test is usually applied, see [2, 20]. To sim- CvM := [(Zp, (t,s))*Po(dt,ds) become compli-
plify, we consider in the present work the case wherecated task for higher order regression models. To the
d=2 Let{Y}, : 1 <1 <ni, 1< j < ng} knowledge of the authors there are no literatures avail-
be a triangular array of the observations of Model able for computing such critical values for the case
(2) obtained over a triangular array of design points other than Brownian sheet. A contrast situation has
{tjijo : 1 < j1 <mny, 1 < jo < mop C Dand let been found for the case of the standard Brownian mo-
{€j1jo 1 < j1 < ni, 1 < ja < no} bethe cor-  tion B(t) and Brownian bridgeB°(t), for t € [0, 1]
responding triangular array of independent and identi-in which it is well known that the critical values of
cally distributed random errors wii(ej, j,) =0and  sup,cjo 1) |B(¢)| as well a5supte[071%\B°(t)| can be

Var(ej, j,) = 0. Then for fixedn; > 1 andny > 1, computed analytically by formulas (9.14) and (9.40) in
the observations undéf, can be written as [4], whereas that Of[o,u (B°(t))%dt can be computed
Y = X3+ &, 3) by using formulas (12) in [22], p. 147.

The rest of the present paper is organized as fol-

where lows. In Section 2 we introduce the notion of recursive

residual for spatial observation. The limit process of
Y = (Yin, o Yot Ying, oo Youm) | the sequence of set-indexed partial sums processes of

X = (f(t11),. .-, f(tng1), £(tin,), - - ,f(tnm))T the reCl_Jrsivg residu_als undéfy as well as undef;

are derived in Section 3. To be able to compare the

) performance of the tests we propose in Section 4 simu-

B=(B1,62,...,8)", lation study concerning the finite sample size behavior
therebyf = (fy, .. .,fp)T. The CUSUM process of of the corresponding power function of the tests. The

. . . application of the test method is presented in Section
the OLS residuals of Model (3) indexed by the family SPRNe close the paper with somepconclusions and re-
of convex subsetgl of D is defined by

marks for future research, see Section 6. Proofs are
postponed to the appendix.

4|

5 = (511;---7€n117-~-751n27--~75n1n2

ni  no
Viin, (Rmm)(A) = Z Z 1A(tj1j2)rj1j27A €A
n=lj=1

2 Spatial recursive residuals

We assume throughout the paper that the observations
are collected according to an order defined by

where
Ron, =Y - X(X'X)"IXTY.

Next by applying the invariance principle of [1, 19],
[23, 18, 31] showed that
1 v R 7 Let (ji,73) be a fixed pair of integers such thg: ;«
N niny (Rniny) = Zp becomes the firgi-th observed response accoréing to

Yit,.. . Y1, Y12, Y02, 0y Yo, oo, Yarng
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theprecedingorder. We define the following notations:

Tn1n2 = {(jl’j2) 01 S]l S ni, 1 S]Q S n2}
Tan—p = Tmm—m—l \ {(Jikng)}a

where

Tn1n27p+1 = {(]Ta];)’ (]T + 17]§)a Ty (nlaj;)a
(1735 + 1)a Ty (nlaj; + 1)a Ty (nlanQ)} .

ThusTy, pn,, Tryng—p @NdTy, p, 1 CONSISt respec-
tively of nino, niny — p andnine — p + 1 ordered
pairs. For every paifji, j2) € Trnin,—p+1 We define
theniny — p + 1 regression models undéfy:

(n1,m2) (n1,n2) (n1,n2)
Yj1;2 ’ Xj1;2 ’ 6—’_53'1]'12 ’ ’ (4)
where
§:L;£n2) = (Yn, Yoi,... 7}/}1j2>—r7
() (), Eta) o Elt5))
8;:}2’”2) = (em,e21,--- a5j1j2)T

Suppose the desigft;,;, : 1 < ji,j2 < n}is con-
structed in such away thahnk(XElez:f)) = p, for all
(J1,742) € Ty ny—p+1- Then the corresponding least
squares estimator ¢f based on (4) is given by

)_1X

for every(ji,j2) € Tnino—p+i1-

(n1,m2)T
J1J2

(n1,n2)
(J1J2)

A(n1,n2)

_ (n1,m2) T 57 (n1,n2)
J1j2 - (X X

J1j2 (J1J2)

Definition 1 For (ji1,72) € Thing—p, thening — p

Wayan Somayasa

Proposition 2 For every (ji1,j2) € Tpin,—p, there
exists a vectom;, ;, € R™"2, such thatw;,,;, =

a} i,Eninyy Where forjy € {j3,j5 + 1,...,n2}, and

1 # 1,
Aj1jay/ dj1j2 =
s T
(£ (t,5,) (X517
1,0,...,0)7,

(n1,m2)T
Ji—1lj2 >

(n1m2)) 1
leiljgz) X

with

x (n1:m2) T 5 (n1,n2)

T
djijo =1+ f (tjljZ)( (j1—172) “M(j1—1j2)

)_1f(tj1j2)a
and forj; = 1landjs € {j5 + 1,...,n2},
aij,y/dij, 1=
ni,mn2) T
(£ () (X2 X
1,0,...,0)"

(n1,n2)
nij2—1

-1 X(n1,n2)T

nijz—1 7

)

with

nija—1 nijo—1

ni,n ni,n -1
d1j2 =1 —I—fT(t1j2) (X( L 2)T)(( L 2)) f(t1j2).

Furthermore, for any pairs (j1,752), (j1,75)
Tpine—p With 51 # 41 Or jo # 75, it holds

{

Proposition 2 says that;, ;, is a linear function of

S

1
0 ;

j1 = ji and j2 = js
J1 # jior ja # js

T

aj A58 =

recursive residuals of the spatial observations underthe vector of random erroi,. ,.,, for every(ji, j») €

H, are defined by

Wijyjp =
Yig — £ () B2
19)T < (n1,m2)\ 1 ’
\/1 +fT (tjle) (Xg'?i?jz) X§'?i?]22)) f(tjljé)

fO?“jl;él, j2:j>2kaj;+17"'>n2>

and

Wijy =

Yig, — £ (t17,) 800

\/ 14 £T(ty,) (X<”1’"2)TX(”17”2)

i

)71 £(t1.)

nijz—1 nije—1
jl :17 j2:j§+17"')n2-
Important properties of the recursive residuals un-

der Hy are summarized in the following proposition.
The proof is given in the appendix.
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T, n,—p and they are mutually uncorrelated for at least
J 7& J2 Ol'ji 7& ]é’ with (jlaj?)a (]17]5) € Tnlnzfp-
Hence, if forl < j; < n; andl < j; < no, ¢;,4, are
independent and identically distributed (iit)(0, o),
thenw,, ;, are iid N (0, o%), see also [8, 12, 21].

Let WannQ = (wj1j2);‘l117:n12 =11 11 > 1 and
ne > 1 be the sequence of the matrices of recur-
sive residuals, where,;, ;,) = 0, for (j1,j2) €
Trins \ Thino—p. Let A be the collection of convex
subsets oD := [a1, b1] X [ag, b2, such thatA is totally
bounded and have convergence integral entropy in the
sense of Alexander and Pyke (1986). The set-indexed
CUSUM process of the recursive residuals with respect
to A is defined by

Smm,p(Wme)(A) = Z 1A(t]'1j2)wj1j27

(J1.J2)
where the sum is over al(ji,j2) € Thpino—p-
It is noticed thatS,,n,—p(Wy,xn,)(@) := 0 and
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Srins—p(Wnixny)(A) := 0, wheneverA is any ele-
ment of A for which no design point;, ;, with the cor-
responding paitji, j2) € Ty, n,—p are catched byl.

Wayan Somayasa

. ni,n2
Corollary 4 Let {me_n2 = (wjlij)j1.:1,j2=1}- be
the sequence of matrices of recursive residuals of

Model 2, forl < j; < nyand1 < js < ny. An

To be able to sum the recursive residuals over all pairsasymptotic Kolmogorov-Smirnov test of sizavill re-

(J1,72) € Thin,, we set the value ab;, ;, to zero, for
(41,J2) € Trins \ Trino—p. So the CUSUM of the
recursive residuals can be expressed as

ny  no
Sn1n2—p(wn1><n2)(A) = Z Z 1A(tj1j2)wj1j2‘

J1=1j2=1

ject Hy, if and only ifKS,., xn, > k1_a, Wherek;
is a constant that satisfies

P {sup |Zp, (A)] > 121_a} = o
AcA

Likewise, an asymptotic Cra@mvon Mises test of size

In the sequel we use the partial sums operator of thisa will reject Hy, if and only if CMy,, xn, > t—as

kind, unless otherwise stated.

The Kolmogorov-Smirnov and Cramvon Mises
type statistics reasonable for testiflg are defined re-
spectively by

SupP gc A |Sn1n2 —p(Wm Xn2 ) (A) |

ICSnlxng = U\/m
CMupyxny 7= ZAEA (Sn1”2_p(W"1X7L2)(A))2,

(o(ning — p))?

whereH, will berejected for large values &S,,, xn,

or CMy,, xn,- The limiting distributions oS, xn,
andCM,,, xn, Will be derived in the next section by
generalizing the functional central limit theorem of
Gaensler [13], Pyke [19] and Alexander and Pyke [1].
See also [14] for further reference in this topic.

3 The limit of the CUSUM processes

Theorem 3 below presents the limit process of

Snina—p(Wnixno) under Hy. By this theorem we

wheret;_,, is a constant that satisfies

P {/D 72 (A)dA > t]_a} — .

Remark 5 If the family of half-open rectangles
{(a1,t1] x (ag,t2] : a1 <t1 < by, ag <ty < b} is
considered as the index set, then the critical re-
gions of the test can be constructed based on the
statistic K.S := sup( 5)ep |Ba(t, s)| and CoM =

Jp B3(t,s)dtds, where B, is the Brownian sheet
which is frequently called two parameters Brownian
motion. The critical values oK' S have been already
computed by simulation, whereas those’bf)M can

be computed by applying the approach in [31]. The
sufficient conditions of Theorem 3 and Corollary 4 are
fulfilled by our data which consists of the measure-
ment of the rate of growth of corn plants observed over
21 x 16 lattice points, see Section 5. In the application
o can be estimated by any consistent estimator.

As suggested by the— 1 decision rule in the sta-

can approximate the finite sample critical values of tistical decision theory (cf. [9], p. 468), an optimal test

KSn, xny aNdCM,,, «n, Dy using their associated lim-
niy,n2

iting distribution .

Theorem 3 Let {mem = (wjm)ﬁ:lm:l},

n1 > 1 andny > 1 be the sequence of the matrices
of recursive residuals of Model 2 under normally
distributed error terms and let the design is given by
an equidistance design, defined by

1 j2
tirjo = (al + (bl - al)L7a2 + (b2 - 02)j> )
niy no

forl < 71 < ny, 1 < 59 < no. Thenfor ni,ng — 00,
it holds,

1
WSH1H2_P(WN1 an) = ZPO .

The asymptoticrejection region of the test using
KSn, xny, aNdCM,,, «r, are exhibited in the following
corollary. The result is obtained by applying the well

known continuous mapping theorem, see Theorem 27

in Billingsley [4].
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is a test that maximizes the power under the alterna-
tive. Two or more asymptotic tests of siaecan be
compared by investigating their power functions. The
best test is the one that has the greatest power when the
alternative is true. For our test problem, we consider
general localized model

Y(t) = mg(t) +e(t), teD  (5)

in order to get the limiting power function. Whéff,
is true, Theorem 3 guarantees that the limiting power
function coincides with the size of the test.

Theorem 6 Letg : D — R be of bounded varia-
tion and let the localized model (5) be observed over
the array of the equidistance design. Dat, ., :=
( 1 )n17n2

wj i) 21 5,—1 D€ the triangular array of the recur-
sive residuals associated with Model (5). Then, as

ni,ny — 0o, it holds
1 ) 1
g\/ﬁsnmrp(wm wng) = ;hg +Zpy»
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whee This leads us to the following result
hy(A) = /A (1, v) Po(du, dv) hy(A) = /A BT (u, v) Py (du, do)
- /A £7 (u,v)G 1 (u, 0) (£g) (u, v) Po(du, dv), - /A £7 (1, 1) G (u, 0) G (u, v) 3Py (du, dv)
with = | BTt ) Pu(du, dv)
Glu,v) = /BMf(x,y)fT(x,y)Po(dx,dy) ~ [ AT 0P, dv) = 0
F9)wv) = [ (Hon)aRded). 4 Simulation

] ) ] The purpose of this section is to investigate the finite
The setB, , is determined by the variable:, v) € A. sample size behavior of tHES,, xn,, CMa, xn, and
F tests by simulating the performance of their corre-
By applying the continuous mapping theorem, sponding power functions. The computer program for
the asymptotic power function of th&S,, ., and  the simulation is written using R version 3.3.3. Two
CM,,, xn, tests can be expressed as follows. scenarios are considered. In the first scenario we test
the hypotheses

HO : Y(t, S) = ﬁof()(t, S) + E(t, S)

against the alternative
the localized model (5) is observed under the equidis-

2
tance design, wher® := [fi,..., f,] C La(Fp). . _ L
Asymptotic power function of the siaekolmogorov- Hi:Y(ts) = ;ﬂz‘fz(t’ s) +elt: ),
Smirnov test is given by

Corollary 7 Suppose that for testing the hypothesis

Hy:g€Vagainst H : g ¢V,

whereas in the second one we test for
lim  Tks,, xn, (9)

ni,ny— 00

=P {sup
AcA
against the alternative
Similarly, the asymptotic power function of the
Cramér-von Mises test of sizeis given by

2
Hy:Y(t,s) = Zﬂifi(t, s) +e(t,s),
1=0

“halA) + Zny ()| 2 k}

g

5
Hy:Y(ts) = Zﬁlfl(t, s)+e(t, s),
lim TCMHIan (g) 1=0

ni,n2—00
1 2 for (t,s) € [0,1] x [0,1], whereg;,: = 0,1,2,3,4,5
=P {/ (hg(A) + ZpO(A)) > tl_a}. are unknown constants anfd(¢,s) = 1, fi(t,s) =
D \¢g t, fa(t,s) = s, f3(t,s) = t2, fi(t,s) = s* and
. . _ _ fs(t,s) = ts are real valued regression functions.
‘The finite sample size behavior of the tests will |n the simulation the error terms are generated inde-
be investigated by simulation in the next section. The pendently from centered normally distributed random
power of theSy, xn, andC My, xn, tests are com-  numbers. However, in the computation of the test
pared with that of thel” test studied in Arnold [2].  statistics we assume that the variandeis unknown
When H is true, the trend ternj h, vanishesuni-  and it is estimated by? defined in [2]. The experi-
formly, so that the power attains the size of the test, thatmental design is given by x n regular lattice orl,
IS YK, ny (9) = & = YoMy, 0, (9), fOr g variesin - defined by
V. To this end undel{, we observe the parametric
model Y (t) = f'(t)8 + <(t), t € D, for some un- Enxn = {(l/n,k/n): 1 <,k <n}, n>1.
known vector of parametefs Hence, we get
For computational reason we restrict the index set
(fg)(u,v) = (7 B)(u,v) = G(u,v)p. to the family Ry := {[0,¢] x [0,s]: 0 <¢,s <1}.
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Hencethetest statistics reduce to

Alpha=0.05 Alpha=0.01
s 1 t .k 9 = .
nxn = ——r——— _ ax E E Wij 3 A~
2
oy/ne —plstksn =03

CMosn = iZ(lzg:Xk:wiJ

7 _
o \en®=p)im o

0.6
Probability of rejection

Probability of rejection

0.4
1

Alpha=0.05 Alpha=0.01

1.0
1.0

0.8
1
0.8
1

0.0

-100 -50 0 50 100 -150 -50 0 50 150

X X

0.6
1
0.6

Figure2: The graphs of the empirical power function
of the S, xn, (solid line), CM,,, xn, (dashed) and
the F' (dot-dashed) tests for first-order model. Sample
size= 75 x 75 and replication numbet 1500, where
e(l/n,k/n) ~ N(0,2).

Probability of rejection
0.4

Probability of rejection

0.4

0.2
0.2

o
S

T T T T T T T T T T T T T T
-15 -5 0 5 10 15 -15 -5 0 5 10 15

i ) whenz = 0 the power of all tests achieve the values of
) o .« as they should be. In general the power of the tests
Figure1: The graphs of the empirical power function jncreases as the model moves away friig
of the K£S,,, xn, (solid line), CM,,, xn, (dashed) and
the F' (dot-dashed) tests for constant model. Samplef
size= 75 x 75 and the replication numbet 1500.

Figure 2 represents the empirical power function
or testing the hypotheses defined in the second sce-
nario. The observations for this simulation are gener-

The observations in the first case are generateoated based on the localized model
based on the localized model

3+ 3 Ak g (L2 4 p(E) 4ol e
n?—3 ’

ng:n;_1<4+xfl+$s)+€4k, Yy =
forl1 < /¢ k <n, n > 1, wherex varies in the closed

interval [-15, 15]. Hence, the observations are clearly

from the model specified undéf,, whenz attains0. ~ forl </, k <n, n > 1, wherex varies in[—100, 100]

The error terms are generated from the standard norfor a = 0.05 and in[-150, 150] for o = 0.01. The

mal distribution. The simulation results is exhibited in model shows that whem = 0, the observations are
Figure 1. They represent the graphs of the approxi-from Hy, otherwise they are front/;. In both situa-
mated power functions of the tests for= 0.05 and  tions we generate the random errors from the distribu-
o = 0.01, respectively. The curves are drawn by join- tion N(0,2). Based on Figure 2, it can be seen that
ing the points(x, P(z)) by straight lines for several bothCM,,., andF' test in the second example show
selected values of and the corresponding values of the same performance since they have almost the same
P(z), whereP(z) is the probability of rejection off, ~ Power. Asin the first scenario, the power of 68, <,

when the true model ig(¢, k) = 4 + x% + x% It can tes_t is much lower than those of tlié\1,,«,, anan._

be seen that in the case of constant ma@eh,, ., test ~ 11S means that. M,, and F;, tests have better abil-

is as good ag’ test, since they have the same empiri- ity in detect_lng the alternative. When the \(alue of the
cal power. In contrast t6.M,,,, and F,,,, tests, the parameter is set to zero, then all tests attain the prob-

K.Snsxn test performs slightly lower power. However, 2Pility of rejectiona.
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5 Application

In this section we study the application of the proposed
method in the field of agriculture. We consider a real
data provided by [27] consisting of the measurement of
the rate of growth of corn plants observed oérx 16
lattice points running from South to North and from
West to East, see Figure 3. The dimension of the lat-
tice is0.75m x 0.75m spreads over the rectangular ex-
perimental region of dimensidf, 12m] x [0, 15.75m).

Our aim is to build a regression model representing the
functional relationship between the coordinate of the
position of the plants on the experimental region and
the rate of growth measured in cm/day. All plants have
been given the same treatment until they grow up. By
this model we can further access the fertility distribu-
tion of the land where the corn are planted. If a con-

stant model is significance, then it can be stated that

the land has a uniform fertility level.

Figure3: The state of the 3 weeks old corn plants.

Preliminary diagnostic using the Kolmogorov-
Smirnov goodness-of-fit test for testing the normality
of the population results in the following quantities
ks = 0.0439, andp — value = 0.5. A largep — value
indicates that there is a strong evidence that a norma
distribution model is plausible for describing the prob-

Wayan Somayasa

Rate.of. Growth

Figure4: The drop line scatter plot of the rate of growth
of corn plants.

well as ordinary residuals. The computation re-
sults of all statistics corresponding with theivalues

are presented in Table 1. The quantities denoted
by OKS21x16 and OC M1« 16 Stand respectively for
the Kolmogorov-Smirnov and Craamnvon Mises type
statistics based on CUSUM process of the ordinary
least squares residuals, defined in [18, 31]. The ex-
tremely smallp-values of all proposed tests lead us to
the conclusion of the rejection @&, for all tests. This
means that constant model does not fit well to the sam-
ple independent to which test is used. Next we consider
the hypothesis:

Hy . first — order model is a valid model.

To this conjecture, the-values of all tests show rel-
atively large values. Only test rejectsH for all «
larger thar26.60%. However this value is too risky for
rejecting Hy when Hy is actually true. Therefore we
insist on the conclusion that first-order polynomial is
Plausible to the rate of growth model.

ability distribution model for the rate of growth of the Table 1: The critical values and the approximaged
corn plants. Hence our test method is applicable to thevalues of thelCS ., xy,, CMy, xn, and F tests for the

data.

rate of growth of corn plants.

Furthermore, the three dimensional drop-line scat-
ter plot of the rate of growth with respect to the co-

ordinate(z,y) € [0,12] x [0,15.75] is exhibited in
Figure 4 showing a conjecture that a first-order model
with positive slopes along both andy axis seems to
be reasonable for representing the model.

In the first step we test the hypothesis

Hj : constant model holds true,

Constant First-order
TestStatistic Data p-value Data p-value
KSa21x16 6.00 0.00 1.50 0.99
CMoix16 6.05 0.00 0.20 1.00
OKS21x16 3.48 0.00 0.79 0.45
OCMa1x16 3.30 0.00 0.08 0.36
Fy1416 40.35 0.00 1.32 0.27

based on the CUSUM process of the recursive as
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The leastsquares estimate for the parameters of
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themodelgives the fitted model as follows:

J(t, s) = 0.24424 + 0.01328t + 0.00504s,

for (¢,s) € [0,12] x [0, 15.75]. The graph of the fitted
model is presented in Figure 5.

Figure5: The graph of the fitted model of the rate of
growth of corn plants.

There are several interpretations can be given to

this fitted model. First, this model can help the prac-
titioner in predicting the rate of growth of corn plan

Wayan Somayasa

of the recursive residuals when the vector of observa-
tions does not follow normal distribution model and the
design is not really a regular lattice. Survey for the par-
tial sums of multivariate ordinary least squares residu-
als can be found in [25, 24, 26]. To the knowledge
of the authors the test procedure under such a design
strategy has been not yet investigated in the literatures.
It is also interesting to extend the consideration to the
case of spatial regression with second-order stationary
observations.

Appendix

Proof of Proposition 2: Without loss of generality we
consider the case gf < j} andj, = j5. Other cases
can be handled analogously. Then there exists a pos-
itive integerk, such thatj; = j; +k < n;. By the
definition we get

L
djljzd

7175

T _
aj, j, a5 1 =

n2)T mn2)\ 1 m2)T
(_fT (tj1j2) (Xg?i?;z) Xg'?l—?jé)) Xxbi?jé) ’
1,0,...,0,0,0,...,0)

n1,n2) T~ (n1,n -1 ni,n2)T
X(_f—r(tjijé) (X( 1,n2) X(-zl 2)) X;,l 2)

. . - . . 31 —145 J1—145 1~y 2
in every coordinate point on the experimental region. T

Second, by the positive values of the slope, the fertility ~ 1,0,---,0,...,0)

level of the land increases as the position moves away 1

from the origin(0, 0). In other world, the fertility level D kg

is not uniformly distributed over the region.

6 Conclusion

The validity of an assumed linear regression model for

ni,ng)T ni,n -1

ni,ng)T ni,n -1
—f' (tj1+kj2) (Xg-likf)ljzxglikf)m) f(tju'z)
+0+---+0)=0.

spatial observations can be tested asymptotically based

on the partial sums of the recursive residuals. Tradi-In the case wherg = j; andjs = js, we have

tionally, recursive residual approach was used for times
series design, in this paper we extend this method for
triangular array design points. In contrast to testing
based on the partial sums of the least squares residu-
als, the most important advantage of testing based on=
the partial sums processes of the recursive residuals is
that the limit process does not depend on the assumed
model. It is given by the set-indexed Brownian sheet,
so that the critical value of the test statistics can be
computed analytically. The simulation results show
that among the three types of tests, the Kolmogorv-
Smirnov type has the lowest power. However all tests
perform the similar behaviors whdt, is true.
In the future, we extend the study to the problem

T o
aj1,j2a]17]2
dj jo

m2)T mn2)\ 1 m2)T
(fT (tj 1J2 ) (Xg?i ?;2) Xxll— %22)) XXLI— ILj22) ’
1,0,...,0)

n1,n2) T~ (n1,n -1 ni,n2) T
X (fT (tjljz) (X§'1i1j22) X§'111j22)) ngll—lél) ’
1,0,...,0)"

ni,ne) T ni,n -1
= fT(t]1]2) (X_glil_]?g) X‘glil]?z)) f(tJIJQ) + 1
=1.

of model validity check for multivariate observations The proof of the proposition is established.

based on the moving sums as well as the partial sums

E-ISSN: 2224-2880 69

Volume 18, 2019



WSEAS TRANSACTIONS on MATHEMATICS

Proof of Theorem 3: First we show that the finite di-
mensional distribution of the sequence

Viing = )(AZ)

UWZ5‘S"I"2 AN

form > 1, 41,...,9,, be arbitrarym constants and
Aiq,..., A, be arbitrary convex subsets @f, con-
verges to that o p,. Then, we have

Va (me) =E (Vn1n2)2

3

m m 5g5k ni ng ni no
:ZZ n ZZZZlAz (tjijz)
=1 k=1 1112~ J1=1j2=1j1=1j4=1
T
xa;, 5, a1, 1ay (ty’jg)
m m
Op0y,
- Z Z 1T — Z 1a,na, (tj1j2>
l=1k=1 12 p (jl:jQ)eT’!Lanfp
m m 5@6]6 ni ng
= O 1 ti 1).
ZZ ning — p Z Z AénAk( ]1]2) +O( )

~
Il
—
e
Il
—

J1=1j2=1
Sincep is fixed andp < n1n2, then the term converges
to zero asny,no — oo. We notice that fom; > 1

Wayan Somayasa

where the sum is taken ovefT), ,,—,. We show
limy,, ny—oo Lnins(€) = 0, for everye € (0,1). For
that let M max{dy : 1 < ¢ < m}. Then
for every (ji1,j2) € Thning—ps ’Yf’ljg < m*M? and
1751521 < m|M|. Hence, for every € (0, 1), it holds

(mM)?
o?(ning — p)

Lnl,nz(e) < Z

(J1,J2)

E w2 1 1 60'\/71 no—
( 172 {|wj1j2|Z mllMI2 p})
(mM)2 2

E w 1 €0 ni1no — *
o2 M jonlz = L

Hence, by the bounded convergence theorem (cf.
Corollary 2.3.13 in [3]) and by recalling the fact that
the set{w;,;, : (j1,J2) € Thin,—p} are independent
and identically distributed, we get

<

0< lim L, n,(€) <O0.

n1,n2—00

andn, > 1, the equidistance design corresponds to Thus by Lindeberg-Feller central limit theorem ([3],

a discrete probability measu¥g,, ,,, on (D, B(D)),
defined by

ni n2

ZZIA ]1]2 AGB( )

J1=1j2=1

PTL1><TL2 n1 9

having the property’,, xn, = Fo, for n;,na — oc.
Hence, it holds

lim Var <Z5esn1n2 p(menz)(Alf))

ni,n2—00
Z 1

o Jim PPN

{=1k=1

ning

ning —p

X / Panm(d:/U,dy)
AyNAg

= Z Z (5@5kP0(Ag N Ak)
t=1k=1
The last expression is the varianceof™ , 6, Zp, (A¢).
Lindeberg condition is fulfilled by the sequence
Viine- TO this end we writd/, ., as

1
Viing = Z — —————"j152Wj1j2>
(jl;jZ)ETnan—p ovmnz —p
wherey;, j, = >j%; 6¢14,(tj, j,). Fore € (0,1), let

Ln,n,(€) be a sequence of constants defined by

£n1n2 (6) =
2" 3)

(.jlva)

Yi152Wi1d2
oy/ning—p

( Vivge Wi1ja > 1
oy/ning —p {
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p. 345), it can be concluded that the finite dimensional
distributions ofV/,, ,,, converges to those &fp,. The
tightness of the process can be shown by applying the
approach proposed in [1] and [19], finishing the proof.

Proof of Theorem 6: For (ji,j2) € Tyin,—p, let

be the recursive residuals associated to the lo-
calized model (5). Then we get

1 ( Jij2

. B fT(th]Q)
Jij2 /rjuz
9(tj14o) +eis
= b PP () %
V djljz

(X(nhnz)TX(nlmz))

Jji1—1j2 J1—1j2
\/djljz

- fT (tj1j2) X

n1,n2))

1
w Jl J2

1 (n
1,n2) Tr(n1,n2)
XJl 1j2 YJ1 1j2

g(tjlj2>
dj1j2 (nln? - p)

(X(m,nz)TX(m,nz))

1 X(m,nz) (n1,n2)

Jj1—1j2 J1—1j2 J1—1j2 ©j1—1j2

+ Wy ja
dj j,(n1n2 — p)

wherethelast term is the recursive residual undé.
Hence, by considering the linearity of the partial sums
operator we get for every € A,

1
— S (W} A
U\/”W_p 1n2 P( nlxng)( )
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g(tjué)
- Z 1A(tj1j2)
(jl:j2)€Tn1n2_p G(n1n2 — p)m
- Lalta)f ()

(jlij)eTnlnz—p
ni,n2) T ni,n -1 ni,n2)T _(n—1mn
. (X( 1,n2) X( 1 2)) X§'11—1j22) g( 1,n2)

J1—1j2 J1—1j2 71— 172

o(nina — p)y/djyj,

1
+ = Smna=n(Wanxan) ()

Thefirstterm on the right-hand side of the last equation
can be re-written as

1 ning 1 9(t5)
- 1A(F5 4 ,
o (ning — p) (7%1712 (jlsz) (t172) N

wherethesum is ovefT',,, ., ,. Furthermore, for every
(j1,J2) € Ty2_,, the constand;, ;, can be written by

djljz =1
(n1,m2) (n1,m2) -1
—l-fT(tjljz) X(jl—ljz)Xj1_1j2 f(tjljz)
A/ T1N2 ning A/ T1N2 ’

where for (ji,j2) € T,2_, the assumption that
rcmk(X?jh1 jZ)) = p guarantees the existence of the
invers .

|

Henceby the well known decomposition theorem (cf.
Harville [15], p. ), there exists a matrix, such that

( ) _AaT

By applyingCauchy-Schwarz inequality (cf. Conway
[11]) to the absolute value of the Euclidean inner prod-
uct, we get

(n1,n2) T~ (n1,n2)
le —1j2 le —1j2

ning

(n1,n2) T~y (n1,m2)
X -1js X1 1js
ning

1 (g 2
|dj1j2 - 1| < me (t]1]2)H <00

for somevectorf*(t;,;,) = A'f(t;;,) € R, where

| - || is the usual Euclidean norm oR”. Thus, for
every (ji,j2) € Tnin,—p, dj, j, CONVErges to one, as
ni,ne — oo. Sinceg has bounded variation dp and
Py, xn, = Py, then the fact thagt < niny implies

3 La(t135)9(152)
(j1,52) €T nyng—p o(ning — p)

(n1n2)g(x7 y)P’m X M2 (dmv dy)
o(ning —p)

/ g(.’L‘, y>P0(dxa dy)
A

lim
n1,N2—00

dj1j2
= lim
n1,ng—0o0

1

g

A
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For the second term we have

D

114(tj1j2)f—r (tjle)
(j1.32)€ETn ng—p
(s X)) X
o(ning — p)\/dj, j»
3 (nina2)1a(t jn)ET (),5,)
(j1,32)€Tn ny—p o(ning = p)\/dj 5

X(nl,ng)TX(nl,ng) -1 X('nfl,ng)T (n1,m2)

« J1—1j2 J1—1j2 J1—1j2 j1—1j2
ning ning
ning £ (u,v)

" olmna—p) Ja Vi,
) —1
(/B (fk(l‘ay)ff($ay))£§:1 dPTL1><n2>

x (/B fk(w,y)g(x,y)dpmxm)

Hence, by applying the similar argument as in the pre-
ceding result, we get

p
dP?’Ll Xng -
k=1

fT
lim NN (u,v)

n1,n2—00 0'(711712 — p) Ja /dj1j2
—1
X </; (fk(xay)fﬁ(%y))ii}g:1 dPn1><n2>
dPn1 XN

X (/Bu fk(x,y)g(:v,y)dexm)k_l

_ /A £7 (u,0) G~ (u, v) (£g) (u, v) Po(du, dv),

p

finishing the proof.

Acknowledgements: The research was supported by
the Ministry of Research and Higher Education of the
Republic of Indonesia through the KLN research Grant
2018. The first author thanks Professor Bischoff for
his valuable discussion during the preparation of the
manuscript.

References:

[1] K.S Alexander and R. Pyke, A uniform central
limit theorem for set-indexed partial-sum pro-
cesses with finite varianceAnn. Probab. 14,
1986, pp. 582-597.

[2] S.F. Arnold, The Theory of Linear Models and
Multivarite Analysis,John Wiley & Sons, Inc.,
New York 1981.

Volume 18, 2019



WSEAS TRANSACTIONS on MATHEMATICS

[3] K.B. Athreya and S.N. Lahiri,Measure The-

ory and Probability Theory, Springer Sci-

ence+Business Media, LLC., New York 2006.

P. Billingsley, Convergence of Probability Mea-

sures (2nd ed.)John Wiley & Sons, New York

1999.

[5] W. Bischoff, A functional central limit theo-
rem for regression modelgynn. Stat.6, 1998,
pp. 1398-1410.

[6] W. Bischoff, The structure of residual partial
sums limit processes of linear regression models,
Theory of Stochastic Process@s2002, pp. 23—
28.

[7] W. Bischoff and W. Somayasa, The limit of

the partial sums process of spatial least squares

residuals,J. Multivariate Analysis, 100, 2009,

pp. 2167-2177.

R.L. Brown, J. Durbin and J.M. Evans, Tegh-

niques for testing the regression relationships

over time, J. R. Statist. Soc. B7(2), 1975,

pp. 149-192.

[9] G. Casella and R.L. Bergegtatistical Inference,
Wadsworth, Inc., California 1990.

[10] C.S.J. Chu, K. Hornik and C.M. Kuan, MOSUM
test for parameter constanciometrika 82,
1995, pp. 603-617.

[11] J.B. Conway,A Course in Functional Analysis
(2nd ed.) Springer—Verlag, Heidelberg 1990.

[12] J.M. Dufour, Recursive stability analysis of lin-

ear regression relationshipk, Econometric4.9,

1982, pp. 31-76. [27]

P. Gaenssler, On recent development in the theory

of set-indexed processes (A unified approach to

empirical and partial-sum processes)Asymp-

totic Statistics Springer Verlag, Berlin 1993.

P. Gaensler, P. Moér and D. Rost, On Conti-

nuity and strict increase of the CDF for the sup-

functional of a Gaussian process with applica-

tions to StatisticsResult. Math51, 2007, pp. 51-

60.

D.A. Harville, Matrix Algebra from a Statisti-

cian’s Perspective Springer Verlag, New York

1997.

[16] W. Kramér, W. Ploberger and R. Alt, Testing for
structural change in dynamic modeszonomet-
rica 56, 1988, pp. 1355-1369.

[17] M. Lifshits, Lectures on Gaussian Processes,
Springer Briefs in Mathematics, Springer—
Verlag, Berlin 2012.

[18] I.B. MacNeill and V.K. JandhyalaChange-point
methods for spatial data, Multivariate Environ-
mental Statistics eds. by G.P. Patil and C.R. Rao
Elsevier Science Publishers B.V., 1993, pp. 298—-
306.

[19]
[4] [20]
[21]

[22]

[23]

[8] [24]

[25]

[26]

[13]

[14] [28]

[29]
[15]

[30]

[31]

E-ISSN: 2224-2880 72

Wayan Somayasa

R. Pyke, A uniform central limit theorem for
partial sum processes indexed by sefgn.
Probab.79, 1983, pp. 219-240.

G.A.F. Seber and A.J. Led,inear Regression
Analysis (2nd ed.)John Wiley & Sons, New Jer-
sey 2003.

P.K. Sen, Invarianc principle for recursive residu-
als,Ann. Stat10(1), 1982, pp. 307-312.

G.R Shorack and J.A WellneEmpirical Pro-
cess with Application to Statisticdohn Wiley &
Sons, New York-Chichester-Brisbane-Toronto-
Singapore 1986.

W. Somayasa, Ruslan, E. Cahyono, L.O. En-
gkoimani, Cheking adequateness of spatial re-
gressions using set-indexed partial sums tech-
nique,Fareast J. Math. ScP6(8), 2015, pp. 933—
966.

W. Somayasa and G.N.A. Wibawa, Asymptotic
model-check for multivariate spatial regression
with correlated responsdsareast J. Math. Sci.
98(5), 2015, pp. 613-939.

W. Somayasa, G.N.A. Wibawa, L. Hamimu and
L.O. Ngkoimani, Asymptotic theory in model di-
agnostic for general multivariate spatial regres-
sion, Int. J. Mathematics and Mathematical Sci-
ence=x2016, pp. 1-16.

W. Somayasa and H. Budiman, Testing the mean
im multivariate regression using set-indexed
Gaussian white nois&tatistics and Its Interface
11, 2018, pp. 61-77.

W. Somayasa and G.N.A. Wibaw@patial Mod-
elling and Goodness-of-Fit-Using Moving Win-
dow Approach (Research Reportijalu Oleo
University, Kendari 2018.

W. Stute, Nonparametric model checks for re-
gressionAnn. Statist.25, 1997, pp. 613-641.

W. Stute, W.G. Manteiga and M.P. Quindimil,
Bootstrap approximations in model checks for re-
gression,J. Amer. Statist. Ass083(441), 1998,
pp. 141149.

W. Stute, W.L Xu and L.X. Zhu, Model diagnhos-
tic for parametric regression in high-dimensional
spaceBiometrika,95(2), 2008, pp. 451467.

L. Xie and I.B. MacNeill, Spatial residual pro-
cesses and boundary detectiddouth African
Statist. J4, 2006, pp. 33-53.

Volume 18, 2019





