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Abstract: - This paper introduces one method of reaching consensus among several groups of experts. The
method is based on the use of fuzzy numbers. It is meant that opinions of experts are expressed by fuzzy
triangular numbers and, therefore, several finite collections of fuzzy triangular numbers are obtained. A method
for aggregation of the obtained several finite collections of fuzzy sets into the resulting one is proposed. A new
approach is introduced for determining degrees of experts’ importance depending on the closeness of experts’
estimates to the representative of a finite collection of all triangular fuzzy estimates. The specific fuzzy
aggregation operator is offered. The proposed method is thoroughly discussed and its algorithm is presented.

Key-Words: - Consensus, Finite collection of fuzzy triangular numbers, Metric lattice, Regulation,
Representative, Fuzzy aggregation operator, Algorithm

1 Introduction Further, the concepts of regulation and
An uncertainty assists at practically any situations in representative of a finite collection of fuzzy
our life. One of the most effective ways to take trlangul-ar r_1umbers are |r_1troduceo!. The_motlvatlon
account of this phenomenon is a using of group of their introduction is explained in [6]. A
decision strategy. These processes by their nature representative is defined as a fuzzy ftriangular
represent a transformation from individual opinions number such that the sum of distances between this
of experts into the resulting one. trlangular numper and aI'I other members' of the

It is generally accepted that fuzzy numbers are a conS|dered_ f|n|t_e _ collection c_>f fu_zzy triangular
good tool to express uncertainty, limited knowledge numbers IS minimal. Speakl_ng_ in general, a
(see e.g. [1,2,3]). For the solution of the considered representative may take an infinite number of
problems we propose the use of triangular fuzzy values, but it can be defined uniquely by using a
numbers due to their computational efficiency [8]. special fuzzy aggregation operator. Our task is to
In the present paper we suppose that there are a aggregate the obtalrjed finite collt_ectlons of fuzzy
several groups of experts and each expert expresses triangular numbers into the resulting one in each
his subjective estimate by a fuzzy triangular group_and to aggregate these representatives into the
numbers that represents the rating to an alternative resulting one. Almost all the theoretical results
under a given criterion. As a result for each group of represent, to one extent or the other, a modification
experts a finite collection of fuzzy sets is obtained. of the results obtained in [56] including a
It is understood that experts are specialists of the terminology.

same level, but this does not mean that their
estimates may not be essentially different. The ] ]
essence of our proposed approach consists in the 2 Essential Notions

following. A degree of agreement between experts’ We denote a triangular fuzzy number as
estimates is measured by the general metric defined R=(a,b,c), ab,ceR, a<h<c

by means of the isotone valuation introduced in the . )

paper and embracing the whole class of distances ‘P(X):{Ri =(a,b,c), & <hb <c, 'GN} - the set
between of fuzzy triangular numbers. of all triangular fuzzy numbers on the universe X.

R =R,&a=a,b =0, c=c, R,R e¥(X).

E-ISSN: 2224-2880 398 Volume 17, 2018


mailto:teimuraz.tsabadze@gtu.ge
http://www.gtu.ge/
mailto:a_prangi@gtu.ge
http://www.gtu.ge/

WSEAS TRANSACTIONS on MATHEMATICS

R ®R,=(a +b,a, +b,c +¢C,), R,R, e¥(X).
aOR=(aa,ab,ac) a>0, Re¥(X).
Definition 1. The triangular fuzzy number R, =(a,)

is less than or equal to the triangular fuzzy number
R,=(h), i=13,ie R <R, ifand only if

aigbl’aZSbZ’aSSbS' (1)

It is known that [4]

max{li1 R } (max{a,. b}, max{a,,b, }, max{a, b,}).
2

Hence it follows that the above definition is
equivalent to those given in the literature (see e.g.

[1]):

{m{ﬁl R }:(mln{a1 b}, min{a, b, }, min{a, b;}),

’:;Ul

R <R L RLR, e (X).

min R, R, ) -
2<:> ~ o~ ~
max{Rl,Rz}zR

[N

It is not difficult to verify that the distributivity
of min and max holds in W(X):

To determine distances between triangular fuzzy
numbers we need to introduce the metric on W(X).
Depending on the metric, distances between two
objects can be measured in many ways. There exists
a vast amount of literature on this issue (see e.g.
[2]). Here we have chosen the following approach.

We say that the function v(R):W(X)—>R"is
an isotone valuation on W(X) if

v(@{l‘(’l,F?z})+v(n7iﬁ{l'§’1,F?z}):v(lil)+v(f{2)

and 4)
R <R, :v(lil)Sv(Fiz).
Consider the following equation:

PR ) v{ (A v(mRAY) @
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Proposition 1. Eq. (5) represents the metric on
Y(X), ie. p(lfil,liz) meets the following
requirements:

1) P(ﬁlﬁz)ﬂ)@&

Il
<
—_—
3
=]
——
A

N
N
——
SN—
i)
—_
el

(3"2(4>p(|i1, §)+p(|i, §2)+v(m{§,

—v(rﬁ/x{ﬁ,min{R R }})

3) is proved and the proof is completed. [J

Y(X) with isotone valuation v and metric (5) is
called the metric space of triangular fuzzy numbers.

Definition 2. In the metric space the triangular

fuzzy number R"is the representative of the finite
collection  of  triangular  fuzzy = numbers

{Fij}, j=1m, m=23,.., if
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ip(“,ﬁj)gi_lp(g,ﬁj), vSew(X)  (6)

=1

To simplify further theoretical constructions we
need to introduce the concept of regulation of a
finite collection of triangular fuzzy numbers. We
begin with an example.

Suppose we have the finite collection of
triangular fuzzy numbers:

a b Cj
|§1 7 7.5 8
R | 6 | 61|77

g |76 | 79 | 81

Compare with it the following finite collection of
triangular fuzzy numbers:

R/| 6 | 61|77
Rl 7 | 75| 8
g |76 | 79 | 81

We see that the columns contain the same values but
they are increasingly ordered in the second table By
the regulation of the finite collection of triangular

fuzzy numbers {R, R, R, R,} we will mean the finite
collection  of  triangular  fuzzy  numbers
{FE;R'Z,F};R;}. The strict definition of regulation of
the set of trapezoidal fuzzy numbers will be given
below, whereas now we have to answer one
question, namely: whether the members of this

regulation are also triangular fuzzy numbers. The
question can be rephrased as follows: do the

inequalities a < bj < ¢/ <d; (j=Lm, m=23..)
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hold? The next proposition provides a positive
answer.

Proposition 2. Consider the finite collections of
triangular fuzzy numbers {Iij}:{(aj,bj,cj)} and

{F?j}z{(a'j,b;,c'j )} where the sets {a;} and {a;},
{b;} and {b;}, {c;} and {c;} are pairwise equal and
a <a, <..<ap, by <b, <...<bpy, ¢ <¢, <
.. <Cn, j=Lm, m=23...Thena <h <g,
ie. {Rj}ew(X).

Proof. We prove the proposition for the sets {a;},
{a;}, and {bj}, {b;} j=1m, m=2,3,... The proof
for the other sets of vertices of triangular fuzzy

numbers is analogous. We proceed by induction.
(i) m = 2. We have {a; ,b:}, {a, ,b.}, where a; <b;,,

a, <by {a} = {a}, {b} = {b}, j € {1.2}, where

a, <a,, b <b,=a =min{a,a,} <min{b,b,} =b
and a, =max{a,,a,} <max{b,b,} =b,;

(ii) assume that a; < b; for all j e {3,4,....m -1}, m
=45,...;

(iiii) consider ap, and by, . In fact that a, = max {aj,
an} and by, = max {bj, byn}. This and (ii) imply a
<b,. O

Now we are able to introduce a strict definition
of the regulation.
Definition 3. The finite collection of triangular

fuzzy numbers {Fij} is the regulation of the finite
collection of triangular fuzzy numbers {Fij} if the
finite sets {aj} and {aj} {bj} and {bj} {Cj} and
{c;jare pairwise equal and @ <a, <..<a,

b <b,<..<b ,c <c <..<c,, j=Lm m=23,...
By this definition and (5) it is obvious that the
equality

()

holds in the metric space for any S e¥(X) and the
finite collection of triangular fuzzy numbers
{Ri}, i=1m,m=23,... From (7) it follows that
the representatives of the finite collection of

triangular fuzzy numbers and its regulation
coincide.
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By Definition 3 and (1), the following
proposition is true.

Proposition 3. The regulation is a finite collection
of nested triangular fuzzy numbers:

R<R,<.<R, m=23,..

It is easy to see that

i

Ii1ﬁ|isz( 1’§2):V(§2)_V(§1)- 8)

The proof of Theorem 1 is analogous of the
proof of Theorem 3.1 in [6]
Theorem 1. In the metric space of triangular fuzzy
numbers the representative R of the finite

collection of triangular fuzzy numbers {R}, j=1m,
m=2,3,... is determined as follows:

R ,<R"<R .. ifmiseven;
R"=Ry.y, ifmisodd.

To realize our method, we need a special
aggregation  operator that satisfies certain
requirements. Today, in fuzzy sets theory there are
a lot of well known fuzzy aggregation operators
such as triangular norms, conorms, averaging, with
weight coefficients and so on (see e.g. [7]).

In the metric space of triangular fuzzy numbers
the representative of a finite collection of triangular
fuzzy numbers, as it is stated in Definition 2, is a
new kind of fuzzy aggregation operator. By
Theorem 1 the representative of the finite collection

of triangular fuzzy numbers {Fij}, j=1,_m,

m/2

n2sa I Miseven, and

m=2,3,... yields R <R"<R
R" =R, - if M is odd. We introduce a new fuzzy
aggregation operator that always meets these
requirements using the same arguments as in the
entry of similar operator for finite collection of

fuzzy sets in [4]. Here and in the sequel the symbol
[ 1 denotes the integer part of a number.

(a‘[‘m/Z]‘i +a£(m+3)12],i)/ 2if Z l:z 2
R=t 1,
Bz +[ZEZZ(31(m+3)/z],i _a'[m/Z]‘i)

otherwise

[(m+1)/2]

where Y 1= > p(li'j,li['m,z]),

=t
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m

222 Z P(Q}’ﬁf(mw)/z])

j=[m/2]+1

Remark 1. It is easy to show that the representative
determined by (9) is a triangular fuzzy number

3 The Method of

Intergroup Consensus

Let p groups of experts be attracted to consider of a
certain project and each of these groups consists of
m persons. Each expert expresses his subjective
estimate by a triangular fuzzy number that
represents the rating to an alternative under a given
criterion. As a result for each group of experts a
finite collection of triangular fuzzy numberls is
obtained. So, we have p finite collections of m
triangular fuzzy numbers.

We propose a new approach for achieving an
intergroup consensus. At the first stage, we
aggregate the expert estimates in each group. In
constructing any kind of aggregation method under
group decision-making, the key task is to determine
the well-justified weights of importance for each
expert. Let us consider the finite collection of
triangular fuzzy numbers obtained by conversion of
experts’ quantitative estimates. To our mind, the
representative of this collection, i.e. a triangular
fuzzy number such that the sum of distances
between it and all other members of the given finite
collection is minimal, is of certain particular
interest. The representative can be regarded as a
kind of group consensus, but in that case the degrees
of experts’ importance are neglected. The
representative is something like a standard for the
members of the considered collection. As the
weights of physical bodies are measured by
comparing them with the Paris standard kilogram, it
seems natural for us to determine experts’ weights
of importance depending on how close experts’
estimates are to the representative [6].

Thus, the main idea of the proposed aggregation
reduces to the following. The weight of importance
for each expert is determined by a function inversely
proportional to the distance between his/her
transformed estimate and the representative of the
finite collection of all experts’ transformed
estimates, i.e. the smaller the distance between an
expert’s estimate and the representative, the larger
the weight of his importance.

Let us give a formal description of the method.

Let R, je{l2,..,m}, m=23.. be a triangular
fuzzy number representing the jth expert’s

Finding an
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subjective estimate of the rating to an alternative
under a given criterion in certain group. The
transformed estimates of all experts in this group
form the finite collection of triangular fuzzy

numbers{ﬁj}. By Definition 2 and formula (9) we

find the regulation {Iij} and the representative R”

of this collection. Denote the jth expert’s
aggregation weight (weight of importance) and the

final result of aggregation by w; and R respectively.

By the above reasoning, the weights and the
final result of aggregation can be defined in the
form

o, = ﬁp(ﬁjﬁg)_l (10)
Sl )
and
R=>"(o,0R) (11)

Here © is the fuzzy multiplication operator [3]. It
is obvious that "

1@ =1.
This approach looks plausible, but if at least one
member of the finite collection of expert estimates
coincides with the representative, then the function
o; discontinues. It can be shown that the following
proposition is true (see Proposition 3.1 in [6]).

Proposition 3. For any finite collection of
triangular fuzzy numbers {Fij}, j=1m, m=23,..
the following holds:

(@ R =er”:1(coj OR;) is always continuous (here
o, is given by (10));

(b) If there exists at least one j such that
p(ﬁj,ﬁ*)zo then R=R".

Corollary 1. If for all t, j € {1,2,..., m}
R =R, =R=R

Corollary 2. If all estimates are identical then «j =
1/m.

Proof. This assertion immediately follows from
(11). O

4 The Algorithm
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To realize our method we will arrive as follows.
First of all, using formulas (10) and (11), we found a
well-argument way of finding consensus in each
group of experts. As a result the finite collection of

consensus {F?k}, k=1p, p=23,.. is obtained.

Finally, we define the intergroup consensus as the
representative of the resulting finite collection

(R).

Here we modifye the algorithm developed in [6].

Step 0: Initialization: There are p finite collections
of triangular fuzzy numbers {ﬁkj} and their

regulations {Iﬂj}, denote the aggregation weight of
the j-th expert of the k-th group by a,, the
consensus in each group by
R, k=Lp, j=1m, m,p=23,..and the
intergroup consensus by R™.

Step 1: Do Step 2 for k=1,p.

Step 2: Compute the representatives R; of { I'(’;q.},

j=1m, m=23,... by (9).
Step 3: Do Step 4 for k=1,p.
Step 4: Compute A, :p(l‘(”;,likj), j=1m,
m=2,3,...:
o Ifatleastone A, =0then R =Ry;
e If A, >0 for all j then compute o, by (10)
and obtain the {Iik}by (11), taking into

account the fact that in both formulas m is
replaced by p.

Step 5: Determine the regulation {Iil;}and its

representative{lfi*} by (9), taking into account the
fact that here m is replaced by p.
Step 6: Do Step 4 for k=1,p.
Step 7: Compute A, = p(R",R,):
e Ifatleastone A, =0then R =R™;
e If A, >0 for all j then compute w, by (10)

and obtain the R”by (11), taking into
account the fact that in both formulas m is
replaced by p.

Step 8: The representation is

u={p(6). (%) o e(%, )|
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5 Conclusion

We consider the approach to making decisions for
different problems in nonstandard situations with a
lack of the previous experience and incomplete
knowledge of the considered problem. In such cases
we usually cannot do without expert evaluations
which lead to the process of group decision-making,
and it becomes necessary to solve a problem of
alternatives aggregation. It is proposed to solve such
problems by means of fuzzy numbers. It is meant
that there are several groups of experts. An
approach is proposed for the processing of
quantitative expert evaluations given as triangular
fuzzy numbers.

Here we summarize the essence of the proposed
method. We present the method based on the
general metric covering the whole class of metrics
on the set of triangular fuzzy numbers. A new
approach is proposed for determining degrees of
experts’ importance depending on the closeness of
experts’ estimates to the representative of a finite
collection of all triangular fuzzy estimates. A special
fuzzy aggregation operator is offered for the
realization of the proposed approach and its
algorithm is given.
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