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Abstract: In this paper, we investigate the existence of positive solutions for higher-order fractional differential
equations with p-Laplacian operator and nonlocal boundary conditions. By means of the properties of the corre-
sponding Green function together with monotone iterative technique, we obtain not only the existence of positive
solutions for the problems, but also establish iterative schemes for approximating the solutions. The nonlinearity

permits singularities at £ = 0 and/or ¢t = 1.
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1 Introduction

The purpose of this paper is to consider the existence
of positive solutions for the following singular frac-
tional differential equations involving p-Laplacian op-
erator (PFDE, for short) and integral conditions

Dy, (0p(Dgu(t))) +a< )f <t u(t)) = 0,t € J,
u(0) = u/(0) = - = u"=2(0) = 0,
Dg, u(0) =0, ul(1) = A /0 h(t)u(t)dt,

where D, , Dg ., are standard Riemann-Liouville
derivative, @,(s) = [s[P7%s,p > 1, a € C((0,1),
RY), J = (0,1),f € C((0,1) x R", RY), f(t,u)
may be singular at ¢ = 0 and/or t = 1, Rt =
[0,4+00),h € L'0,1] is nonnegative and h(t) may
be singularat ¢t = 0Oand ¢t = 1,47 € [I,n — 2] is a
fixed integer, n — 1 < aa < n,n > 3,0 < g <1
0 < n < 1,0 < ANJh()t*tdt < A, here
A=(a—1)(a—2) - (a—1).

Due to both by the intensive development of the
theory of fractional calculus itself and by the wide ap-
plications such as in control, porous media, aerody-
namics, electrodynamics of complex medium, poly-
mer rheology, electromagnetic, and so on, fractional
differential equations have attracted more and more
researchers’s much attention in recent years. We refer
the readers to [1-3] for an extensive collection of such
results.

In [4-12], by means of the fixed point index the-
ory, fixed point theory together with the relevant re-
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sults on ug bounded operator and lattice structure, the
authors investigated the existence and multiplicity of
positive and nontrivial solutions for fractional differ-
ential equation

Dg,u(t) +a(t)f(t,u(t) =0, 0<t<1l (A
subject to different boundary conditions. A natural
question is “How can we find the solutions when they
are known to exist?”. There are few results on the
computation of positive solutions for fractional differ-
ential equations at present, see [8, 9, 12-15]. In [16],
using the fixed point index theorem in cones, under
some weak conditions concerning the first eigenvalue
corresponding to the relevant linear operator, the au-
thor obtained the existence and multiplicity of positive
solutions for some singular higher-order fractional d-
ifferential equations. Motivated by above papers, the
aim of this paper is to give the iterative procedure of
positive solutions for BVP (1).

This paper has the following three new features.
First, compared with [4-11], the boundary conditions
contain the ¢-th order of the unknown function and a
parameter \. Particularly, a Lebesgue integrable func-
tion h is involved in the boundary condition. Second,
compared with [16], p-Laplacian operator is involved
in differential operator. This means that the problems
discussed in this paper have more general form. Fi-
nally, we obtain not only the existence of positive so-
lutions for the problems, but also establish iterative
schemes for approximating the solutions. The itera-
tive sequences begin with simple functions which is
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convenient in applications. Obviously, it is possible to
replace the Riemann integrals in the boundary condi-
tions by Riemann-Stieltjes integrals with minor mod-
ifications.

The rest of this paper is organized as follows. In
Section 2, we give some preliminaries and lemmas.
The main result is formulated in section 3 and an ex-
ample is given in section 4 to illustrate how to use the
main result.

2 Preliminaries and several lemmas

Let E = C[0, 1], ||ul| = maxo<s<1 [u(t)], then (E, || -
||) is a Banach space. For the reader’s convenience, we
present some necessary definitions and lemmas from
fractional calculus theory which can be found in the
recent literature, see [1-3].

Definition 1 The Riemann-Liouville fractional inte-

gral of order o > 0 of a function y : (0,00) — R
is given by
Iy y(t) = L /t(t —5)* y(s)ds
0+Y F(O[) B Yy

provided the right-hand side is pointwise defined on
(0, 00).

Definition 2 The  Riemann-Liouville  fractional
derivative of order o« > 0 of a continuous function
y: (0,00) — R is given by

1 dyn [t (s)
T(n—a) (&) /0 (t—i)a—”+1ds

where n = [a] + 1, [« denotes the integer part of the
number o, provided that the right-hand side is point-
wise defined on (0, 00).

D y(t) =

Now, we consider the following fractional differ-
ential equation

D u(t) +y(t) =0,0<t <1,
u(0) = u/'(0) = --- = u*2)(0) = 0,

77 (2)
u@(1) = / h(t)u(t)dt.
0
Lemma 3 [16] Assume that X [ h(t)t*~1dt # A.
Then for any y € L0, 1], the unique solution of the
boundary value problems (2) can be expressed in the

form
/ G(t,s)y(s)ds, t e [0,1],
where
G(ta S) = Gl(t7 S) + GQ(tv 8)7 (3)
E-ISSN: 2224-2880
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to‘_l(l o S)a—l—z‘ o (t o S)a—l
['(a) ’
Gi(t,s) = 0<s<t<l,
ta—l(l _ S)a—l—i
<t <s<
o) , 0<t<s<1,
Golt At R Gy (¢, 5)dt
(t8) = R = X [T h(t) tafldt/o (B)GL(E, s)dt.

Here, G(t, s) is called the Green function of BVP (2).
Obviously, G(t, s) is continuous on [0, 1] x [0, 1].

Lemmad [16] If 0 < X [ h(t)t*"1dt < A, then
the function G(t, s) deﬁned by (3) satisfies
(al) G(t,s) > mit*ts(1 —s)* 17 Vit s €[0,1];

(a2) G(t,s) < Myt*2s(1 —s)* 1"V i,s € 0,1];
(a3) G(t,s) < Myt (1 —s)*" 17 vV ¢,5 € ]0,1];
(a4) G(t,s) > 0,Vt, s € (0,1);

_ 1 A
where my - @(1 T A J7 h(tyte—1dt

n a—1 — _n_ A
fo h(t)t dt), My = T'(a) (1 + Af,\fo” h(t)te—1dt

7 h(t)te2dt).

Let ¢ > 1 satisfy ]lg + % = 1. Then, ¢, '(s) =
©q(s). To study the PFDE (1), we first consider the
associated linear PFDE

Dy, (p(Dg u(®) +y(t) =0, 0<t <1,
uw(0) = w'(0) = --- = ul*=2(0) = 0,

‘ 0 4)
Dg u(0) =0, u®(1) = A/O h(tyu(t

)dt,
fory € L'[0,1] and h > 0.

Lemma 5 The unique solution for the associated lin-
ear PFDE (4) can be written by

1 \eg—1 1
(F(ﬁ))s 1/0 G(t,s)

Lpgl (/ (s — T)ﬁ_ly(’f)d’]'>d8.

0

u(t) =
(%)

Proof. Let w = D, u,v = @p(w). Then, the initial
value problem

Dy o(t) +y(t) =0, t € (0,1), ©
v(0) =0
has the solution v(t) = ¢;t%~1 — IBy(t), t € [0,1].

Noticing that v(0) = 0,0 < 8 < 1, we have that
c1 = 0. As a consequence,

o(t) = —IPy(t), t € [0,1]. (7)
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Considering that D§, v = w,w = ¢, L(v), we have
from (7) that

D u(t) = ¢, ( Py(t), 0<t<1,
u(0) = u'(0) = . - =u"2)(0) = 0, ®)
i) (1) = A/O h(t)u(t)dt.

By Lemma 3, the solution of (8) can be expressed by
4.

We list below assumptions used in this paper for
convenience.

(Hy) h € LY0,1] is nonnegative;

(Hy) f(t,0)£00n[0,1],f:(0,1)x R™ — RT
is continuous and nondecreasing on x, and there exists
constant 7 > 0 such that, for any t € (0,1),u € RT,

f(t,cu) > " ft,u), VO <e<1,; )

(H3) a : (0,1) — R" is continuous,
a(t) # 0 with 0 < [} (1 — s)*" 1 —1(f0(5_
)L f(r, l)dT)a(s)ds < +o0.

Remark 6 If c > 1, then it is not difficulty to see that
(9) is equivalent to

ftyeu) <" f(t,u), Ve> 1. (10)

Define a subset P in E as follows

P = {ueC([0,1], RT) : there exist two

positive numbers [, < 1 < L, such that (11)

Lt <wu(t) < Lot t€0,1]}.

Clearly, P is nonempty since t®~! € P.
Now define an operator A as follows:

w0 = (z5)"" [ Gt ([

(s — T)B_lf(T, u(T))dT)ds,
t €0,1].

(12)

Lemma 7 Suppose that (H,) — (Hg) hold. Then A :
P — P is completely continuous and nondecreasing.

Proof. For any v € P, there exist two positive num-
bers 0 < [, < 1 < L, such that

Lt < u(t) < Lyt 1, t e o,1]. (13)
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Thus, we have from Lemma 4, (9), (10), (
that

(Au)(t)
= F(lﬁ)>q 1/ G(t,s)
e ([ (5= umyar)as
< (r(lm)q et [
gppl(/o (s — 7)Y f (7, Lym®~ )dT)dS

1 \e¢-1 a a—1—i
<(r€)/) Mtﬁll/us))l "
© (s —71)" " f(r,Ly)dr)ds
pl Oq 1 1
<(Fﬂ)) Mtal/(l—s)a“
0y (/0 (s —7)%~ 1f7'1)erT)ds

gop / fB 1f (T, )dT)ds-tO‘_l
0
< +00,

Hy), (Hs)

(Au)(?)

1 \g-1 [1
= (F(ﬂ))s 1/0 G(t,s)
4,0;1(/0 (S—T)ﬁ_lf(T,u(T))dT>dS

> (F(lﬁ))qlmlto‘l /01 s(1 —s) 1
cpzjl ( /08(5 — ) (r, luTafl)d7'>ds (15)

([ (s = 7P (7, 1)dr ) ds

= (F(lﬁ))q_lmllz(Q—l) /01 5(1 _ S)a—l—i
w;l ( /Os(s — )=t ¢ (7, 1)d7’)d3 g1

which means that A is well defined, uniformly bound-
ed and A(P) C P. By standard argument, according
to the Lebesgue dominated convergence theorem and
the Arzela-Ascoli theorem, it is not difficult to see that
A is completely continuous. Noticing the monotonic-
ity of f on x, we know that A is nondecreasing.

3 Main result

For notational convenience, we denote
1

= ()" M [ =m0 Nas e
0
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Theorem 8 Suppose that conditions (Hy) — (Hs)
hold. In addition, if there exists a > 0, such that

Ft,u) < (pp(%), (t,u) €[0,1] x [0,a].  (17)

Then the BVP (1) has two positive solutions u, and
u*; and there exist two positive numbers l; < L; (i =
1,2) such that

It <wu(t) < Lyt

lot®~ 1 <wu*(t) < Lot 1, t € ]0,1]. (18)

Moreover, for initial values uy = 0,v9 = at® !,
monotone sequences {u,}52  and {v,}5° | satisfy
limy, o0 Un = Uy, liMy o0 vy, = u*, where upy1 =
Aup, Vg1 = Avy,n=10,1,2,---.

Proof. Let P, = {u € P : |u|]| < a}. Foru € P,
we have 0 < u(s) < |lu]| < a,s € [0,1]. Thus, for
t € [0, 1], it follows from Lemma 4, (16) and (17) that

e
:(m) /OG(t,s)

o' (o= ()

1 \a— 1 —1—i
- (W) 1M1/0 (1—s)*t
-<p;1 (—S’B)ds @

19)

which implies that || Aul| < a, i.e., A(P,) C P,.
Let ug(t) = 0,¢ € [0, 1]. Similar to (19), by (17)
we get that u; = Aug € P,. Denote

Ups1 = Aup = A" ug,n=1,2,---.

It follows from A(P,) C P, that u, € P, (n =
1,2,--). By Lemma 7, we know that {u,} is a se-
quentially compact set.

Since u1 = Aug = A0 € P,, we have

wi(t) = (Aug)(t) = (A0)() > 0 = up(t), ¢ € [0,1].
By induction, we get

Un+1(t) > Un(t), n= 172) T
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Consequently, there exists u, € P, such that u,, —
uy. Let n — oo, by the continuity of A and u,11 =
Auy, we know that Au, = wu,. This is to say that
us > 0 is a fixed point of A, i.e., u, is a nonnegative
solution for BVP (1). By (Hz), it is not difficult to see
that O is not the solution for BVP (1). Thus, u, is a
positive solution for BVP (1).

Let vo(t) = at®™ 1, t € [0,1], then vy € P,. It
follows from A(P,) C P, thatv; € P,. Denote

Vpg1 = Av, = A Hyg,n=1,2,---.
Similarly, we get that
Up € Py, n=20,1,2,---.

On the other hand, we have

(Avo)(t) = (F(lm)‘” / G s)
901;1(/08(3 - 7)5_1]0(7, 'UO(T))dT>dS

90;1(/05(5 - T)ﬂ_ldT . gop(%))ds

1 9—1 a—1 ! o a—1—i
< (rg) A fya-s
Bl s . 1
t).

V1 (t) =

= at* 1 =y

By Lemma 7, we know that vo = Av; < Avg = vy.
By induction, we get that

Untl S Up, n=0,1,2,---.

Consequently, there exists u* € P, such that v,, —
u*. Let n — oo, by the continuity of A and v,4+1 =
Avy,, we know that Au* = u*. This is to say that
u* > 0 is a fixed point of A, i.e., u* is a nonneg-
ative solution for BVP (1). Moreover, considering
that the zero function is not a solution of the prob-
lem, we have that u* is a positive solution for BVP
(1). Since uy,u* € P,, there exist positive numbers
l; < L; (i = 1,2) such that (18) holds.

Remark 9 The iterative sequences in Theorem 8 be-
gin with simple functions which is significant for com-
putational purpose.
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4 An example

Consider the following singular fractional differential
equations

N\w

=0,0<¢t <1,

D (ea( D u(t)) + =
(0) =0, Dg,u(0) =

u(0) = ; (20)
2 a1
(1 :f/ —u(t)dt.
)=3 )
Leta—376:%7p:37q:%7)\:%777:%77':
3
Ln = 3,a(t) = 11 h(t) = 7 ftu) = us,
then A = 2,0 < A [ h(t)t*1dt :%<A.Clear—
ly, (Hy), (Hs) hold for h(t) = = 2. On the

other hand, we have

0 < [a-gigt([-n
f(r, 1)d7’)a(s)ds

< /01 gpgl(;sﬁ)ds < (p;l(;) < 400

which implies that (H3) also holds. By simple com-
putation, we get

n A n
M, = 1 ()t 2dt
! F(a)( TAC Ay h,(t)ta—ldt/o ®) )
~ 3.1166,

A= (r4 ))%x3.1166><(/0

1

4
Take a = 103, then f(t,u) = u? < (10%)2 =
3.1623 x 10% < 2.8438 x 105 = 310z ). Thus,

(17) holds. It follows from Theorem 8 that BVP
(20) has the positive minimal and maximal solution-
s us and u*; and there exist some positive numbers
l; < L; (i = 1,2) such that (18) holds.

1
(1-5)7s7ds) ~ 1.8752
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