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Abstract: This paper considers a mathematical model based on the transmission dynamics of Hepatitis C virus
(HCV) infection. In addition to the usual compartments for susceptible, exposed, and infected individuals, this
model includes compartments for individuals who are under treatment and those who have had vaccination for
HCV. It is assumed that the immunity provided by the vaccine fades with time. The basic reproduction number,
Ry, and the equilibrium solutions of the model are determined. The model exhibits the phenomenon of backward
bifurcation where a stable disease-free equilibrium co-exists with a stable endemic equilibrium whenever Ry is
less than unity. It is shown that only the use of a perfect vaccine can eliminate backward bifurcation completely.
Furthermore, a unique endemic equilibrium of the model is proved to be globally asymptotically stable under
certain restrictions on the parameter values. Numerical simulation results are given to support the theoretical
predictions.
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1 Introduction appear, they include fatigue, loss of appetite, abdom-
inal pain, fever and jaundice. However, most of the
times, acute hepatitis is asymptomatic. A large per-
centage of patients with HCV infection recover com-
pletely, but some develop the long term chronic hep-
atitis or massive necrosis of the liver. Chronic HCV
infection may damage the liver permanently, it can
cause cirrhosis, hepatic failure, and sometimes liver

The liver of hepatitis patient is one of the most fre-
quently damaged organs in the body, and it is indeed
fortunate that it has a very large functional reserve. In
the experimental animal, it has been shown that only
10 % of the hepatic parenchyma (the functional part
of the liver) is required to maintain normal liver func-
tion [1]. The liver can be infected due to a variety of

. . . . cancer [1].
infectious agents such as parasites, viruses, and bac-
teria, and the diseases of liver have a variety of causes Today, HCV infects an estimated 170 million peo-
such as obstructive, vascular, metabolic and toxic in- ple worldwide [4]. Around 150 million people are
volvements. chronically infected with HCV. HCV infection is a
Hepatitis C is the inflammation of the liver caused major cause of death of more than 350,000 people
by hepatitis C virus (HCV), and spreads through con- every year. Countries with the highest prevalence of
tact with contaminated blood. Hepatitis C may be an chronic liver infection are Egypt (15 %), Pakistan (4.8
acute infection, which spans over a period of weeks to %) and China (3.2 %) [5]. Although, treatment for
a few months, or chronic infection, in which the virus HCYV infection does exist, the current drug therapies
persists for a long time [2, 3]. Acute hepatitis is char- are ineffective in completely eliminating the virus and
acterized by moderate liver injury and if symptoms patients suffering from chronic illness may require a

E-ISSN: 2224-2880 447 Volume 16, 2017


IARAS
Typewritten Text
DANIAH TAHIR

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text
ABID ALI LASHARI

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text
KAZEEM OARE OKOSUN

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text
SWEDEN

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text
SWEDEN

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text
SOUTH AFRICA

IARAS
Typewritten Text

IARAS
Typewritten Text

IARAS
Typewritten Text


WSEAS TRANSACTIONS on MATHEMATICS

liver transplant [4]. Unfortunately, there is no effec-
tive vaccine yet developed that may help prevent the
spread of the disease. At present, various attempts are
being made to create such a vaccine [6]. Thus, it is
crucial to assess the potential impact of HCV vaccine
on the population.

Some mathematical models on HCV infection
have been formulated recently, but much work has not
been done, since it is a relatively new disease (dis-
covered in 1989) and data is not available on account
of the high variability of the HCV. In contrast, more
research has been carried out on Hepatitis B virus (H-
BV) infection. Several epidemiological models have
focused on the effects of preventive measures as well
as control of HBV infection [7]. This has helped in
creating cost effective disease prevention techniques.
The modes of transmission of both HCV and HB-
V are same, i.e. through blood, thus mathematical
models on both infections are somewhat inter related.
Some mathematical models were formed on HCV in-
fection that considered infected cells, uninfected cells
and viral cells in the human host. The basic aim of
these models was to study the effects of liver trans-
plant in patients with HCV infection. But in ma-
jor cases, HCV infection is not completely eliminat-
ed even after the transplant. Thus, these models were
extended to include more infected compartments [8].
Martcheva and Castillo-Chavez [9] introduced an epi-
demiologic model of HCV infection with chronic in-
fectious stage in a varying population. Their model
does not include a recovered or immune class and it
falls within the susceptible-infected- susceptible (SIS)
category of models. A susceptible-infected-recovered
(SIR) model was used by Kretzschmar and Wiessing
[10] to study the transmission of HCV among inject-
ing drug users, while susceptible-infected-removed-
susceptible (SIRS) type models that allow waning im-
munity are presented in Zeiler et al. [11]. Also, a
deterministic model for HCV transmission is used by
Elbasha, with the objective of assessing the impact of
therapy on public health [12].

Our aim is to meticulously analyze the model and
examine various parameters to explore their effect on
transmission of HCV and its control. The model fo-
cuses on studying the effects of imperfect vaccines on
the control of HCV infection. The model shows that
an imperfect vaccine reduces the number of individ-
uals who are exposed to HCV, while a perfect vac-
cine completely removes them. We have subdivided
the total population into six mutually-exclusive com-
partments: susceptible, exposed, acutely infectious,
chronically infectious, treated and vaccinated individ-
uals. Ordinary differential equations are used to mod-
el the HCV infection. This model can help provide
insight into the spread of HCV infection and the as-
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sessment of the effectiveness of immunization tech-
niques.

This paper is organized as follows: The mathe-
matical model is developed in Section 2. The model
is analyzed in Section 3, i.e. stability of disease free
and endemic equilibrium is discussed, along with the
effects of vaccination on backward bifurcation phe-
nomenon. Numerical simulations are provided in the
same section. Section 4 summarizes the final results
of the paper.

2 Model Formulation

The total population at time ¢, denoted by N (), is di-
vided into sub-populations of susceptible individuals,
S(t), exposed individuals with hepatitis C symptom-
s, E(t), individuals with acute infection, I(¢), indi-
viduals undergoing treatment, 7'(¢), individuals with
chronic infection, C},(t), and vaccinated individuals,
V(t), so that

N(t) = S(t)+ E(t) + I(t) + T(t) + Cu(t) + V(t).

It is assumed that the mode of transmission of HCV
infection is horizontal. We further assume that mix-
ing of individual hosts is homogeneous (every person
in the population N (¢) has an equal chance of getting
infected). The following system of ordinary differen-
tial equations describes the dynamics of HCV infec-
tion:

95— (1-b)A+pT +aV
—(B1I + B2C + B3T)S + 0C, — S,
dE

i = (Bl + B2Cp + B3T)S
+ (1 =) (Bl + B2Cp + B3T)V — (e + p)E,

= eF — (k+p),

AL = mkl + m3Ch — (p+ )T,

Ch — (1 — 1)kl — (w2 + 0 + )Ch,
W — pA — (a+ p)V

—(1 =) (Bl + BoCh + BTV

D
The recruitment rate of susceptible humans is A.
A proportion, b, of these susceptible individuals is
vaccinated. The death rate is denoted by p. The rate
of progression from acute infected class to both treat-
ed and chronic infected class is given by k. The a-
cutely infected proportion of individuals who enter the
treated class is ;. The remaining infected proportion,
(1 — 1), progresses to chronic infectious stage. The
rate of progression for treatment from chronic hepati-
tis is given by . The term e is the rate of progression
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from exposed class to acute infected class. The re-
covery rates due to treatment and naturally from the
chronic group are p and o, respectively.

The transmission coefficients of HCV infection
by individuals with acute hepatitis upper case C, I(t),
chronic hepatitis upper case C, C},(t) and individu-
als undergoing treatment but not yet cured, 7'(¢) are
51, B2, and B3, respectively. Following effective con-
tact with I (), C(t), and T'(t), susceptible individuals
can acquire HCV at arate (511 + $2Cp, + B3T'). Here,
1 (0 < ¢ < 1) represents the vaccine efficacy, with
1 = 1 representing a perfect vaccine, and ¢ € (0, 1)
corresponding to an imperfect vaccine which will
wane with time. The term (1 — 1) corresponds to the
decrease in disease transmission in vaccinated indi-
viduals, in contrast to susceptible individuals who are
not vaccinated. Hence, vaccinated individuals acquire
HCV at a reduced rate (1 — o) (511 + B2Ch + B3T).
The rate at which the vaccine wanes is denoted by a.
The parameter description is described in Table 1.

Table 1: Description of parameters

Para. Description

A recruitment rate

7 death rate

Q waning rate of vaccine

P vaccine efficacy

B; transmission rate (i=1, 2, 3)

b proportion of vaccinated individuals
K rate of progression from acute state

to treated and chronic state
€ rate of transfer from exposed class
to acute infected class

m proportion of individuals who enter the
treated class from acutely infected class
o rate of progression for treatment
from chronic hepatitis
0 rate of recovery due to treatment
o rate of recovery from the chronic class

In the proposed model (1), the total population is

A
S—l—E—I—I—i—T—l—Ch—i—V:ﬁ, vt > 0,

provided that S(0) + E(0) 4+ 1(0) + T°(0) + Cr(0) +
V(0) = % Thus, the biologically feasible region for
system (1) given by

A= {(S,E,[,T,Ch,V) € RS:
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A
S—FE—I—I—I—T—FC}L—FV:;},

is positively invariant with respect to the system (1).

2.1 Local stability of disease-free equilibri-
um (DFE)

For mathematical model (1), the disease free equilib-
rium (DFE), P, is given by
(SOa EO) IO) Tﬂa Ch07 %)

B ((1 —b)A abA
= +
0 (o +

,0,0,0,0, bA).
1) a+p

2

The local stability of P is determined by the next
generation operator method [13] on system (1). For
this purpose, the basic reproduction number (the av-
erage number of secondary infections produced by an
infected individual in a completely susceptible popu-
lation), denoted by Ry, is first calculated below.

Using the same notation as in [13], the matrices F'
and V, evaluated at P, the basic reproduction number
Ry is given by

B e ((1—=0b)A
o = K1K2< 1% +MK5 +(1—¢)?5)
[51 + B2 /4;(1[;4771)
(m KKy + mor(l — 1))
+ﬁ3 K3K, :|a

where K1 =e+pu, Ko=r+p, Ks=p+pu, Ky=
mo+ 0+ p,and K5 = a+ p.

Using Theorem 2 in [13], the following result is
established.

Theorem 1 The DFE of the model (1) is locally
asymptotically stable (LAS) if Ry < 1, and unstable if
Ry > 1.

2.2 Endemic equilibria and backward bifur-
cation

To calculate the endemic equilibrium, we consider the
following reduced system of differential equations:
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42 — (BiI + B2Ch + BsT)
(8 —E-I-T-Cy—9V) - KE,

dl — B — Ko,

ar __

g =mkrl + mCy — K3T, 3)
% =(1—m)rl — K4Ch,

dv

G =bA — K5V

—(1 = ¢)(B1I + B2Ch + B3T)V.

We will consider the dynamics of the flow generated
by (3) in the invariant region

A
Q:{E+I+T+Ch+V§ﬁ}-

The endemic equilibrium for system (3) is
P*(E*, I*,T*,C},V*) where

KoIl*
B = ol
T* — (mikKa+mo(1—m1)k)I*
- KiK3 )
x _ (1—m)kI*
Cp = K
* bA
- —T mT1RK 4+ -
Ks-+(1—)[B1+82 = 48 TRt rgsiom)

“

and [* is the root of the following quadratic equation
a1[*2 +agl* 4+ a3 = 0, %)
with

a1 = (1 =) B [uKyK3Ky + ey K3K,y
+ (m KKy + mor(l —m)) en + enp(l — m) K3),

az = BlpKy K3 Ky Ks + ep K3 K4 K
+euKs(mrKy + mo(l — m)K)
—1—(1 — 7T1)6/€/,LK3K5 + (1 — w)uK1K2K3K4
(1 — ¢)AeBE3 Ky,
a3 = pK1 Ko K4 K3K5(1 — Ryp),
(6)

where

K(l _ﬂ-l)—i—ﬂg

B—
B1+52 @ KK,

(N

The endemic equilibria of the model (3) can then

be obtained by solving for I* from (5), and substitut-
ing the positive values of I* into the expressions in

(4). Hence, S* can be determined from % — BE* —
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I* —T* — C; — V*. From (6), it can be seen that a;
is always positive (for an imperfect vaccine), and as
is positive (negative) if Ry is less than (greater than)
unity. Thus, the following result is established:

Theorem 2 The HCV model (3) has:

(i) a unique endemic equilibrium if a3 < 0 &
Ry > 1;

(ii) a unique endemic equilibrium if as < 0, and
ag =0or a% — 4aqra3 = 0;

(iii) two endemic equilibria if as > 0, a2 < 0 and
a% —4ajaz > 0;

(iv) no endemic equilibrium otherwise.

&
T

IS
T

Acute Infectious Individuals
N w
T

-
T

L L L L L ,
0.8 1 12 14 16 18 2

Figure 1: Backward Bifurcation diagram, with param-
eter values B2 = 0.09, 83 = 0.19, p = 0.00004,
a = 01, p = 0.152, m; = .001, ma = 0.02,
e = 0.022, Kk = 0.032, A = 0.0052, 0 = 0.2,
P = 0.95.

Hence, the model has a unique endemic equilib-
rium (P*) whenever Ry > 1, as evident from case
(i) of the above theorem. Also, case (iii) indicates a
possible chance of backward bifurcation ( where a lo-
cally asymptotically stable DFE exists along with a lo-
cally asymptotically stable endemic equilibrium when
Ry < 1). Since, for ag > 0, Ry < 1, the model will
have a disease-free equilibrium and two endemic equi-
libria. To check for this, the discriminant a% —4daqag
is set to zero and is solved for the critical value of Ry,
denoted by R., given by

a3

Re=1- .
¢ 4a1MK1K2K5K3K4

Backward bifurcation occurs for those values of Ry
such that R. < Ry < 1. This is illustrated by simulat-
ing the model with these parameter values: 5; = 0.03,
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B3 = 0.19, p = 0.00004, « = 0.1, p = 0.152,
w1 = 0.001, mp = 0.02, ¢ = 0.022, k = 0.032,
A = 0.0052, 0 = 0.2, ¢ = 0.95. (These values
are used merely for illustration purposes, and may not
be realistic from epidemiological point of view.) The
result is shown in Figure 1. It can be seen that a lo-
cally asymptotically stable disease free equilibrium,
a locally asymptotically stable endemic equilibrium,
and, an unstable endemic equilibrium coexist when
Ry < 1.

2.2.1 Proof of backward bifurcation phe-
nomenon

The phenomenon of backward bifurcation can be
proved by using center manifold theory on system (1).
A theorem (Castillo-Chavez and Song) in [14], will be
used here. To apply this method, the following change
of variables is made in the model. Let 1 = S, 29 =
Eaxs = I,xgy =T, 25 = Cy,and x4 = V. Let
X = (:cl,:vg,:cg,x4,x5,x6) Thus, system (1) can
now be written as W = (f1, f2, f3, far [5, f5, fo)©
given below

dc% =fi=1—-b)A+ prs+ axg
— (P13 + Paxs + Paxs)x1 + o5 — py,

I = fo = (Bias + Poxs + P3za) T
+(1 — ) (P13 + Poxs + Psza)re — K122,
s = f3 = exy — Kous,
ddif = f4 = 7T1k‘$3 + Xy — K3334,
s = f5 = (1 — m)kzs — Ky,

L — fo = bA — Kszg
—(1 = ¥)(Bras + Baws + B3r4)T6
(®)
Choose f3; as the bifurcation parameter, and let Ro=1.
Solving for §1=04; from Ry=1 gives

oz KKy B(l-m)k
Br=pB1= i X
_ﬂg(ﬂle4—|-7T2(1 —71'1)I€>
K3Ky ’
where
(1-b)A abA bA
A= 1—v)—. 9
PR R Gk}

The Jacobian matrix (J) of system (8) calculated
at the DFE, Py, with 5, = [ is given as follows
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—p 0 —B1Kp  p—PB3Kn o—pB2Kp a
0 —-Ki B1A BsA B2A 0
J= 0 € —Ks 0 0 0
0 0 mTIK —-K3 T2 0
0 0 (1-m)k 0 — K4 0
0 0 —B1Km  —B3Km —p2Km  —Ks
(10)
where K;, = (% - —) and K, “}?Ab. The

characteristic equation (1n A) of the J acoblan matrix,
J, is given as

NN DN+ DoA?+D3A+Dy) =0
(11)

(—p=A)(—
where
Dy = K1+ Ko + K3 + Ky,

Dy = K3Ky + K1 K3+ KoKz + K1 Ky + KoKy
+ K1 Ky — Br€A,

D3 = K1K3Ky + Ko K3Ky + K1 Ko K3 + K1 KoKy
—B1eA(K3 + Ky) — BarmeA — (1 — m1) BakeA,

Dy = K1KoK3K4(1 — Ryp).
(12)
For Rp=1, the characteristic equation (11) be-
comes

M=p—=A)(=K5 =AM+ D1)\?> + Dod + D3) =0
(13)
Hence, the equation (13) has a zero eigenvalue and
two negative eigenvalues, —u and — K5. The remain-
ing three eigenvalues are given by the following cubic
equation in A
XN+ DA+ DoA+D3=0 (14)
Dy is clearly positive, and Dy and Dj3 can easily be
shown to be positive when f3; is replaced with /3.
Similarly, DDy — D3 > 0. Hence, using Routh-
Hurwitz criterion [15], all roots of the characteristic
equation (14) have negative real parts. Therefore, the
Jacobian matrix of the linearized system has a sim-
ple zero eigenvalue, with all other eigenvalues hav-
ing negative real parts. Hence, the Center Manifold
Theory [14] can be used to analyze the dynamics of
system (8). Corresponding to the zero eigenvalue, Ja-
cobian matrix J |5 _5 can be shown to have a right
eigenvector given by w = (w1, wa, w3, w4, ws, we)’
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where
~a (% + 28 4 %))w&
wy = f2us, (15)
w3 = w3,
wy = Frws + %w&

_ —(1—y)bAKI K>
K2EA w

Similarly, corresponding to the zero eigenvalue,
J | g,=p, has a left eigenvector given by v =

(v1, v2, V3, V4, V5, Vg), wh%re vp = O,B zg =
€ _ _ € 3A __  €P2
U3, U3 = U3, U4 = s, Us = R U3 T

efB3ma A _
K1KiK3 V3, Vg = 0.

Calculation of a. For the system (8), the cor-
responding non-zero partial derivatives of f; (i =
1,2,...,6) calculated at the disease free equilibrium,
Py, are given by

Pho_ b e-n

aijglu =P, agfgzwg = i,

8:(2?5@5 = P2, 8235?;4 = B,
ai:gifﬁ =(1-¥)h, 836325216 = (1—1¢)p2,
afzé; = (L= )85, ol = —(1-¥)By,
D =00

Consequently, the associated bifurcation coefficient,
a, is given by

2

0
Z ukwlea gk (0,0)

k 7,,] 1
EU3’(U3 K(l—m)
Ky

= (B
(7T1/€K4—|—7T2/€(1 — 7'(‘1))
+ﬂ3 Kok )
( (7r1/@K4+772(1—771)/< 0_(1—7'(’1)/6
P K3K, K,
_KJQ(G—MA+Mm+aﬂ—wWw
€A 7 WK K2
(L= ARy
ngA '

(16)

Calculation of b. The required partial derivative,
for the computation of b, is calculated at the disease
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cqep e . 02fs .
free equilibrium, i.e. = A. Hence, the associ-
0x30B1

ated bifurcation coefficient, b, is given as

A€u;w3 > 0.

2
b= 3w Gri85(0,0) = a7

k,i=1

Since the coefficient b is always positive, it follows
from Theorem 3.3 that the system (3) will undergo
backward bifurcation if the coefficient a is positive.

The phenomenon of backward bifurcation poses
a lot of problems, since it jeopardizes the possibil-
ity of total disease eradication from the population,
when the basic reproduction number is less than unity.
Hence, it is instructive to try to eliminate the backward
bifurcation effect. Since, this effect requires the exis-
tence of at least two endemic equilibria when Ry < 1
[16, 17], it may be removed by considering such a
model, in which positive endemic equilibria cease to
exist.

2.2.2 Use of perfect vaccine to eliminate back-
ward bifurcation

The backward bifurcation behavior of the proposed
HCYV infection model (1), can be eliminated by us-
ing a perfect vaccine, i.e., when ¥=1. For =1, the
original model now becomes

45 — (1 - b)A + pT +aV —

+53T)S + oCp, — 1S,
9B — (BT + BsCh + BsT)S — K1 E,

(1L + B2C,

%ZGE—KQI, (18)
% =mkl + mC) — K3T,

dih = (1 — 7'('1)/4;[ — K4Ch,

2 = bA — K;5V.

The system (18) has a DFE, Py(.Sp,0,0,0,0,Vp),
which is the same as the original model given in equa-
tion (1). The corresponding vaccinated reproduction
number, Ry, for model (18) is given as

Ry = Ry |yp=1=
€ ((1 —b)A abA>
+ X
KK, 0 puKs

k(l—m) (mKKy+ mor(l—m1))
(51+62 +63 K3K, >

Consider the quadratic equation (5), rewritten be-
low for convenience

a1 I + axl* + a3 = 0. (19)
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For 1) = 1, using the values given in equation (6),
the coefficients a;, az, and a3 of the above quadratic
equationreduceto a; = 0, a2 > 0,and ag > 0 (when-
ever Ry = Ry |p=1< 1). In this case, the quadratic
equation (5) will have just a single non positive solu-
tion

rr=-2<o.
a2

Hence, whenever Ry < 1, the model (18), with
perfect vaccine, has no positive endemic equilibrium.
This clearly suggests the impossibility of backward b-
ifurcation (because for backward bifurcation to occur,

there must exist at least two endemic equilibria when-
ever Ry < 1).

s

<5

o
3

o
=)
T

Z
26 s

Efficacy of vaccine ()
o =}
S o
T

o
w
T

s

o
N
il

o
[

0.2 0.4 0.6 0.8 1
Proportion of vaccinated humans (b )

o

)

Figure 2: Simulation of the model (18), showing a
contour plot of Ry as a function of proportion of vac-
cinated humans (b) and vaccine efficacy ().

A contour plot of vaccinated reproduction number
(Ry) as a function of proportion of vaccinated humans
(b) and vaccine efficacy () is shown in Fig. 2. The
parameter values used to generate this diagram are as
given in Table (1). The contours illustrate a significant
decrease in the vaccinated reproduction number, Ry,
with increasing vaccine efficacy, v, and proportion of
vaccinated humans, b. It can be seen that very high
vaccine efficacy and vaccine coverage is required to
control HCV infection effectively in the population.
Almost all of the susceptible individuals should have
had vaccination, and vaccine efficacy must be 100%
for Ry to be less than one, so that the spread of HCV
infection is controlled effectively. The global stability
of the disease free equilibrium can be proved in the
region A as follows.

Theorem 3 The disease-free equilibrium (DFE) is
globally asymptotically stable in A whenever Ry < 1
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Proof: Let the Lyapunov function be

V =A1F+ Asl + AT + A4C, (20)
where S
A2 — 0 IM’
A — 8% 1)
’ K8 Bas
A4 = 6;(40 + 1?%3%;2'
Then,

V! = AlE/ + A2I/ + A3T/ + A4C}IL
= A1((B1I + B2Ch + B3T)S — K1 E)
—|—A2(€E — KQI) + Ag(ﬂ'llil + mCh — KgT)
+A4((1 — 7T1>/€I — K4Ch).
(22)
Since S+ E+I+T+Cp+V < %impliesthat
S < % Therefore V'’ becomes

A
Vi< A1((511 + 320, + 53T); - K1E)

+A2(€E — K2I) + A3(7T1/€I + o Ch — K3T)
+A4((1 — 7T1)/€I — K4Ch)
= E(—KlAl + €A2)

A

—i—I(,@lAl;— KoAo+ mkAsz + A4/€(1—7T1))
A

+T(53A1* - K3a3)
I

A
+Cp, (52141; + mo Az — K4A4)

k(1 — )
= I(S _
( 0(B1 + B2 <
(71’1/€K4—|-7T2I<L(1 —7['1)) S()KQKLU,
e, R )
_ KKy o Sop
= =2 (R - ) <o, (23)
whenever, g
Ro < % <1 (24)

Hence, V' < 0 for Ry < % It should also be noted
A bA

that% = £ 2 < 1and V' = 0 only when E +
I1+T+Cy= 6 System (18) then becomes

45 _ (1 - b)A+aV — S,

dc
L A T STNND
D =bA — (a+ p)V.

When ¢ — o0, the solution of the last equation in the
system (25) becomes

bA
a+p

V= (26)
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Putting this value back into the equation

d

df (1 =b)A+aV —pusS, (27)
and letting ¢ — oo gives

5_ (1-0b)A abA (28)

+ .
I pla+ p)

The solution to the remaining equations in (25)
is obviously zero. Clearly, when ¢t — o0,
the solution to system (25) approaches the DFE,
Py(Sp,0,0,0,0,Vp). By using LaSalle’s invariance
principle [18], Py is found to be globally asymptoti-
cally stable in A. This result is illustrated by simulat-
ing the model (18) using a reasonable set of parameter
values given in Table 1. The plot shows that the dis-
ease is eliminated from the population (Fig. 3).

2.3 Global stability of the endemic equilibri-
um

Theorem 4 The endemic equilibrium P*(S*, E*, I*,
T*,Cp,V*), of the system (1) with p = 0 and o0 = 0
is globally asymptotically stable whenever it exists.

In order to prove the above theorem, we have used
the method given in [19, 20]. At the endemic equi-
librium P*, with p = 0 and o = 0, the following
equations are satisfied:

0=(1—bA+aV*—

(B1LI* + BoCf + B3T*)S™

0= (B1I* + B2Cf + B3T)S* + (1 — ) (B I*
+ BoC5 + BT )V* — (e + p)E*
0=€eE* — (k+ pu)I*
0 =m~rl* + mC) — ul™
0= (1—m)sl*— (m2+ pu)C;
0=A—(a+p)V* = (1 =)L I" + 2C}
+B3T*)V*.
(29)
Let
S E I
TL= oo Te = U3 1 T4 (30)
Ch 14
= b - 1
T Cr T6 = 1 (€20
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Then (1) can be rewritten as

¥y = m [(1;2)"(;1 1)+ Ogi (32 -1)
—p1l*(x3 — 1) — f2Cf (x5 — 1)
35T (w4 — 1))
:U/Q _ yl[ S* (:ngl _ )
+EES (1) 1)
(1 — )ALV (mamn )
(1 — o) 2 (e 1)
(1 — ) BT (ks )
+ A (],

Volume 16, 2017



WSEAS TRANSACTIONS on MATHEMATICS

500 -
400
300

200

. . . .
0 10 20 30 40 50 60 70 80 % 100
Time

Number of Treated individuals

600

500

Number of Chronically infected individuals

. . . .
[ 10 20 30 40 50 60 70 80 90 100
Time

5501

500

450

400

350

300

Number of Vaccinated individuals

e * * * “ Tisrgle ° ° ED * 0
Figure 3: Simulation of system (18), showing the to-
tal number of susceptible, exposed, acutely infected,
chronically infected, treated and vaccinated individ-
uals as a function of time (years). Parameter values
are given in Table 1, with ¢y = 1 for perfect vac-
cine, 51 = 0.0009, B2 = 0.0006, B3 = 0.0001 and
Ry = 0.654 < 1. The numerical simulation shows
that the disease is eliminated when Ry < 1. Itis as-
sumed that the acute phase is more infectious than the
chronic stage which is in turn more infectious than the
treatment phase. So 81 > f2 > fs.
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o= a3 F(2-1),
mrl* (x mC}
xy = x4[ IT*I (:Ti 1)+ ;,* (M—l)},
oho= as|(l—m) (2 - 1),
v = w[PR(E 1)~ (1= )BTl (a5 - 1)
—(1 = ¥)B2C (w5 — 1)
~(1 = )BT (s — 1).
(32)
The endemic equilibrium P*(S*, E*, I*,

T*,CF,V*) corresponds to the positive equilib-
rium P*(1,1,1,1,1,1) of (32). Since, the global
stability of P* is the same as that of P*, the global
stability of P* is described below instead of P*. We
define the Lyapunov function as follows

L=a15(x1 —1—1nzy) + asE*(z2 — 1 — Inxs)

+a3l* (x5 — 1 —Inzg) + asT* (x4 — 1 — Inzy)

+a5CF (x5 — 1 — Inzs) + agV ™ (xg — 1 — Inzg).
where a1, a2, as,aq,a5 and ag are positive number-
s which are to be determined. Using (29), the time

derivative of L along the solutions of system (1) is
given as

dL

== a1 (21 = H)A+aV* =i " S* ~ B,C; 8"

~BsT*S™) + as (BiI"S" + BoC1 S

+B3T*S* + (1 = )1 I*V* + (1 — ) B2 CL V™

+(1 = )BT V) + ageE* + aumil*

+as(1 — m)kI" + ag (ZbA —(1=Y)p I"V*

~(L=$)BCiV" = (L= )BT™V)

—T1 <a1(1 - b)A +a1aV* —a1 5117 S*

~a15C;iS" — a1 BsT*S")

+25( = s I"S" — azB5C1iS" — ax BT
—)BiI"VT —az(l — ) B0 5"

—asg ) BsT*V* + CL36E*>

(

(1
+x3 (alﬁll*S* —azeE" + agmikI*
as(1 — mrl* + ag(1 — )b I*V*))
Ty (alﬁgT*S —agmikl™ — agmoCh
ag(1—v)BsT*V*)
+25(a1 8205 8" + aumaChy — as(1 = m)l*
+ag(1 — )52C'hV*)

+ + +
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—xﬁ( —a1aV* 4+ agbA — ag(1 — )1 I*V*
—ag(1 = )RCV* — ag(1 — )BT V")

+$5$6<6L2( —1)B2CLV " —ag(1 W@C’hV*)
+z123( — a1 I"S* —|—a251I*S*>

+x1x4

+x326 a2

1

(

+x1935( — a132CLS™ + az2Ch S )
(= a1BsT"S" + azBsT*S")
(

V)BTV —ag(1—) B V")
+w@4@< —) BTV —ag(1—0) BT V")

1
_}_7( — aﬁbA) +
Z6

T3

_‘_7( — a5(1 — 71'1:%[*)) +
%5

—f—x—g( — agmkl*) +

—ay(1—m)BI"V7)

+ x"’:l(— 1426207 5%)

8
RN

S
(=)

— a1 I*5™)

1

— a33T*S)

—ag(l —m)BsT*V™)

+T( —az(1 —m)BCR V™)

=: F(x1, 29, 23,74, 25, 76).

We define the function H =

1,2, ...,

Pl—bl 2—1‘1

1
x1 )’
P2:b2 2—336—*,

Ze

_ _ _ 1 _z
Pg—bg?) e To :L‘l)’

_ _ 1 mxmz oz
Py=by(3— L —mm_22),
P5:b5 4_i_ﬂc1x4_5073_ﬂ

1 D) x4 x3
Py = bg 4L _zizs 3 22
x1 2 x5 z3

_ 1 m®m x5 T2
P7—b75 T To T4 T3

14) is given as

Ps = by 3_ 1 _ z3%6 _

Py=1bg(4— L — a2 _ 23 _ 2o

Te *
- (—a1aV™)

T2
20 azeB”
- (— azeE™)

x5
Ly Cr
x4( Qaq72 h)

(33)

14
> P;, where P;(i =

=1

Pio=b(ph— L —zaz6 _ Z5 22 _

Py =0b(4— L — 236 _ 23

x6 T2 s
P = b12 4—;16—%?—%—
P13:b13 5—?16—%25—%_i_
Py = bys 5—1—16—:”:167‘(54—%_i_
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z3

s

z3

xgq )"

(34)
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To determine all the coefficients, ( a; > 0
i = 1,2,..,6), b > 0 (i = 1,2,..,14) )
we let F(x1,x9,x3,24,%5,26) = H. Comparing
coefficients of F' and H, we see that the terms
xro, T4, T5, T5Tg, T1T3, T1T5, T1T4, T3Te, and
x4z of F' do not appear in H. Hence their coeffi-
cients will be equal to zero, i.e.,

—GQBL[*S* — CLQ/BQC;;S* — agﬁgT*S*
—ag(l — w)ﬁll*V* — a2(1 — Lb)BQC;;S*
—a2(1 — w)ﬂgT*V* +aseE* =0, (335)
a1,81I*S* — CL36E* + aqgmirl”
+as(1 — mrl* +ag(1 — )1 I*V*) =0, (36)
a1pT* + a1 83T*S* — agmikI™
—a47rgC,’: + a6(1 — Qb)ﬁgT*V* =0, (37)
alﬂQC;:S* + alaC;'; + CL47FQC;;
—a5(1 — m)kI* 4 ag(1 — ) BCrV* =0, (38)
az(1 — ) BCrV™ — ag(1 — ) B2CrV* =0, (39)
a2(1 - w)ﬂlf*v* - aG(l - 1/1)51]*1/* = 0, (40)
az(1 = )BT V" —ag(1 — ) BsT"V* =0, (41)
—alﬁll*S* + agﬁll*S* =0, 42)
—a132CS™ + agfeCrS™ =0, (43)
—alﬁgT*S* + CLQBgT*S* =0. (44

The above equations have the following solution

alzl,agzl,a()-:l,

e+ u
asz = c
_ BS54 (1— )85V
M )
(87 + (L= $)V)(By + 252)
as = .
T2 + [

Substituting  these  values into L’ =
F(x1,x9, 3,14, 75,76), and using equations
(29) gives

F(x1, 72,23, 74,75, T6)
- (2A +aV* + (e+p)E*

+5(S" + <—w>V*)T*

s )g )
(

—9011 (uS™ ) - $6(MV*
o (1=0)4) -

(s + 0 o )(ﬁ2+ﬁ?}j2)ch)

5

bA) — (aV*)
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i(% —)V*)msCrr)
3(% OV )minl?)
( e+ ) “””;92”6((1 — PRIV
175 (5 gy — 95 5,0
381964 (BsT*S*) — $4$6 ((1 B ¢)53T*V*)
- ;6(( —¥)BCIV). (45)
2

Comparing the remaining coefficients of F' and H
gives

by = uS* — aV* + big + b1z + b1y,
b2 = f“f* > O)
b3 = aV* — b1z — b1z — bua,
by = B 1*S* — bya,
= B3T*5* — (5" +
+b10 — b14,
b = B2C}S* — b3,
by = B(8* + (1 — )V*)myCjy —
bs = (1 — )1 [*V* >0,
by = (1 =) B3T*V* — by,
bir = (1 —v)BCrV* > 0.

(1 - ¥)V)maC
(46)

b107

To assure that by, b3, by, b5, bg, b7 and bg are non
negative, big, b12, b13, b14 must satisfy the following
inequalities :

aV* — uS* <bjg+ b1z + by < aV'™,

b o [ (L WBTV
10 = RS + (1 = )V*)maC;
by = bio < B3T*5" = 22(S" + (1 = )V*)mC,
big < B1I75%,b13 < B2CS™.
47)

Finally, using equations (29), the equality for the
constant terms between F'(x1,x2,x3, 24,25, 2¢) and
H is verified, as follows

2b1 + 2by + 3bs + 3by + 4bs + 4bg + 5b7 + 3bg
+4bg + 5b1g + 4b11 + 4b12 + 5b13 + Hbiy
= Q[MS* —aV* + by + b1z + 514}\ +2uV*

+3 [av*—blg — 513 — 614} + 3[61[*5*_b12}

+4|B5T"S" — + (1= )V*)msCi|
{bl() — 514[32Ch5 - 513}
/B * *
+5 {;3 )V )ﬂ'QCh— blo}
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+3(1=y) 3LV + 4| (1) BT V" b
+5b1o + 4(1 — 1) BoCEV* + 4byy
+5b13 + 5b1y

= 2uS* 4 2uV* + aV* + 3611 S* + 45,CL S*
FABST*S* +3(1 — ) B I V*
+4(1 — w)ﬂgC;;V* + 4(1 - w)ﬁgT*V*

-I-%(S* + (1 =)V )mCh
= 4(1-b)A+ 4aV*
—4(ﬂ1[* + BQC;; + ﬂ3T*)S*
+ApV* + aV* + 48,17 S* + 452025*

F4B5T*S* + 4(1 — ) B I*V*
+4(1 =) BCRV" +4(1 — )BT V™

+6;’(S* + (1 =)V )maCh — 2uS™

_511*5* _ (1 _ w)ﬂlj*v* _ 2UV*
= aV*+ 5;(5* + (1= )V maCf — 2u8*

—2uV* + AN — (e + p) E*

+(B2C + BsT™)(S™ + (1
= aV*+2A+ (e+ p)E*

+63(5" + (L =) V)T* 8

S* 4+ (1— )V UER Yok

HEH =V B+ S 2)C

+2[(A = pS*) = (WV*) = (e + 1) E7]
= aV*+2A+ (e +pn)E*

+B3(S* + (1 — ) V*)T*

+(5"+ (1 =)V (B2

— V)

B3T2\ s
C
p )G
(48)

which is the same as the constant term of
F(.%'l, To,x3,T4,T5, .7}6).

The constrained conditions in (47) show that the
available values of big, b12,b13, and by4 are not u-
nique. Since, b1, bs, by, b5, bg, by and by depend on
b10, b12, b13, and by4, their values will also be non u-
nique. Using inequalities (47), we can assign different
values to b;(i = 1,3, ...14,7 # 2,8,11), and hence H
can have different forms in following three subregion-
S:

Case 1: ;1S > oV, and %(S* +(1
(1 — )BsT*V™.

— )V )mC <

For Case 1, using equations (46) and (47), choose
by = wpS* —aV*, by = aV*, by = [1I*S%,
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bs B3T*S*, b B8, b 0,
by = (1 —9)BsT*V* = B2(S* 4 (1 — ¢)V*)moC,
bio = Z4(S* + (1 = )V*)maCii, bia = 0, bz = 0
and b4 = 0.

Using these values, and the values of b, bg and
b11, the function F'(x1, x2, x3, T4, x5, T¢) becomes

F(.’L’l, €L2,T3,T4,T5, f[f6)

= (uS" - aV*)(2— a1 - xll)

+uV* (2 —x6 — i)

T6
1
V(3o L)
Te T
1
+BuI S (3 - — - 2 $1x3)
T T3 T2
1
e (o Lo omm
T I3 xT9 T4
1
_|_520;;S*(4_ T2 nits ﬁ)
1 T3 T2 Ts5
x 3T
(1 =) IVH(3 - — - 22 - 250
L6 T3 T2
+((1 —)BsTV*
_%(s* (1= 9)V*)maCy) x
@_i_@_@%_@)
T X3 ) Ty
63 1 o
=S+ (1 —Y)V)mCr (5 — — — —
+ ST+ =V ImC (5 - =
_Tate T3 E)
X9 xIs Ty

Case 2: puS = aV, 2(S* + (1 — )V*")mCy >
(1 —)BsT*V™.

For Case 2, using equations (46) and (47), choose
by = 0, b3 = aV*, by = 61[*5*, bs = 53(5* +
(1= )V)TEL by = BrCrS*, by = B2(5* +
(I =)V )mCy — (1 — ) B3T*V*, bg = 0, big =
(1 — w)ﬁ;;T*V*, 612 = 0, 613 =0 and b14 = 0.
Using the above values, and the values of b, bg and
b11, the function F(x1, x2, 3, x4, T5, T¢) becomes

F(z1, 29,23, 24, x5, 26)

:MV*(Q—xg—i>

T6
FaV* (3 - _;_g)
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il T3
+(i3(5* + (1= )V*)msCi,

—(1— )BT V) x
(-1 -2 _mm o

+O—W&TV%&~5—9

Te z3
.I‘5)
€T Is5 Ty

1
HI-)BCV (4= =

T3

T2

T3

T5T6 96'3)
€T2 Ty '

Case 3: uS < aV, 2(S* + (1 — )V )mCy >
(1 — ) BsT*V*.

For Case 3, using equations (46) and (47), we as-
sume that oV* < B3(5* + (1 — ¢)V*)’”T“I* and
choose b1 wS*, bsg = 0, by = (LIS, bs
Ba(S* + (1 = )V Hel — oV, bg = B2CS™,
by = (S + (1 — )V )maC — (1 — )BTV,
bg = O, b10 = (1 — w)ﬁgT*V*, 1)12 = 0, b13 =0 and
b14 =aV™
Using the above values, and the values of by, bg and
b11, the function F(x1, x9, x3, 4, T5, T¢) becomes

F(x1, 22,23, 24, %5, )

. 1 X 1
= uS (2—3;1—56—1)4-;1‘/ (2—x6—x—6>
1
(s LT mimy
I I3 X9
+(Bs(5" + (1= )V — aV*) x
I
1
(1- Lz mo o
I T3 xI9 Ty
1
S (4 — - 2 - 1B 5
T T3 T xIs
+@(S*+ (1=P)V*)moCF — (1—2) BTV
@_i_ﬂ_ﬂﬁ_ﬁ_ﬁ)
T z3 T9 T4 T
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1
+(1 =) IV (3 -2 ”WCG)
Te I3 xT9
+(1— ) BsT*V* x
@_i_ﬂ_ﬂ%_@_ﬁ)
Tg x3 x9 x5 T4

Since, the arithmetic mean is greater than or equal
to the geometric mean, F'(z1, z2, z3, T4, T5,26) < 0
in each of the above three cases. The equality holds
only when z; = 1,26 = 1, and 22 = 23 = 4 = x5,
ie.,

{(‘Tla$27x3ux4gx5,.’l?6) c A
F(xl,x2,$3,$4,$5,$6) == 0}
T =26 =1,

=< (z1, 22, 23,24, x5, %6) | T2 = x3
= :1;‘4 = 1;5

This  corresponds to the set A’ =
{(S,E, I, T,Cp,V) : S =8V = V*E/E* =
I/I* = T/T* = C,/C}} € A. Hence, the maxi-
mum invariant set of (1) on the set A’ is the singleton
{P*}. Therefore, by LaSalle’s Invariance principle,
the endemic equilibrium P* is globally stable in A
when p = 0 and o = 0. This result is illustrated by
simulating the model (1) using a reasonable set of
parameter values given in Table 1. The plot shows
that the disease persists in the population (Fig. 4).

3 Conclusion

This paper presents a deterministic model for the
transmission dynamics of Hepatitis C virus infec-
tion. The formulated model, realistically, allows HCV
transmission by acutely and chronically infected indi-
viduals. Most importantly, the model includes a com-
partment of vaccinated individuals, and considers the
effect of a waning vaccine on the transfer of individu-
als from one compartment to another. The model was
rigorously analyzed to gain insights into its qualitative
dynamics. We obtained the following results:

1. The model has a locally stable disease free e-
quilibrium whenever the associated reproduction
number is less than unity.
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2. The model exhibits the phenomenon of back-
ward bifurcation, suggesting a case where stable
disease-free equilibrium co-exists with a stable
endemic equilibrium whenever the basic repro-
ductive number is less than unity.

3. Using an imperfect vaccine would have no pos-
itive epidemiological impact to reduce disease
burden in the community.

4. Using a perfect vaccine can result in effective e-
limination of HCV infection in a community, that
is, the efficacy of the vaccine should be 100% for
complete removal of the disease.
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Figure 4: Simulation of system (1), showing the to-
tal number of susceptible, exposed, acutely infected,
chronically infected, treated and vaccinated individu-
als as a function of time (years) when Ry > 1. Param-
eter values are given in Table 1, with ¢y = 0.6, p = 0,
o =0, 81 = 0.0009, B2 = 0.0006, and S35 = 0.0001.
The numerical simulation shows that the disease per-
sists when Ry > 1.
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