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Abstract: A class of equations

ut − div~a(u,∇u) = f(x, t), (x, t) ∈ ST = RN × (0, T ),

is considered. These equations arise in the study of turbulent filtration of gas or liquid through porous media.
If the initial value is a σ-finite measure, the existence and and no existence of the solutions of the equation are
researched.
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1 Introduction
Let ST = RN × (0, T ). Consider an equation of the
type

ut − div~a(u,∇u) = f(x, t), (x, t) ∈ ST , (1)

where ∇u = (ux1 , · · · , uxN ), ~a = (a1, · · · , aN ),
f = f(x, t) is a bounded function on ST , the func-
tions ai(u, ~ζ) are continuous on R × RN and for any
u ∈ R, ~ζ ∈ RN , ~a satisfies

~a(u, ~ζ) · ~ζ ≥ ν0|u|(m−1)(p−1)|~ζ|p − Φ0(u), (2)

|~a(u, ~ζ)| ≤ µ1|u|(m−1)(p−1)|~ζ|p−1 + Φ0(u), (3)

with the constants p ∈ (1, 2), m > 1, ν0 > 0,
µ1 > 0 and Φi(u) ≥ 0. Equation (1) with the con-
ditions (2)-(3) are the particular cases of the so-called
doubly nonlinear parabolic equations (DNPE), which
arise particularly in the study of turbulent filtration of
gas or liquid through porous media. A typical exam-
ple is the polytropic filtration equation

ut = div(| ∇um |p−2 ∇um), (4)

which includes when m = 1, the well-known p-
diffusion equation, when p = 2, the well-known
porous medium equation. Whether m = 1 or
p = 2, if the initial value u(x, 0) is suitably regu-
lar, the existence of the weak solutions had been pro-
foundly probed in Wu-Zhao [1], Gmira [2], Yuan-
Zhao [3], Zhao [4, 10, 15], Zhao-Yuan [5], Li-
Xia [11], DiBenedetto [12], Ivanov [13, 30-35],

DiBenedetto-Herrero [16], Zhao-Xu [19], Yuan [22],
Berins [23], Filo [24], Ishige [25], Aronson-Caffarelli
[26], Aronson-Peletier [27], Dahlberg-Kenig [28],
Vazquez [30-31], Zhan [6, 22, 36-38] and references
therein. Recently, the author [36] had prove the exis-
tence of the solution to (4) with

u(x, 0) = µ, x ∈ RN , (5)

where the initial value µ is a nonnegative σ-finite mea-
sure.

In particular, Ivanov [35] had proved that there
is an unique strong solution of the initial boundary
value problem of equation (1), and the strong solu-
tion is Hölder continuous, provided that the following
conditions are true.

(0) The functions ai(u, ~ζ), u−αai(u, ~ζ), are con-
tinuous on R+ × RN , where α = (m−1)(p−1)

p .

(1)(Growth conditions) For any u ∈ R, ~ζ ∈ RN ,

~a(u, ~ζ) · ~ζ ≥ ν0|u|(m−1)(p−1)|~ζ|p

−µ0(|u|m(p−1)+1 + 1), (6)

|~a|(u, ~ζ) ≤ µ1|u|(m−1)(p−1)|~ζ|p−1

+µ(u)|u|
(m−1)(p−1)

p , (7)

where µ(u) ≥ 1 is nondecreasing, ν0 > 0,µ0 > 0,
µ1 > 0 are constants.

(2)(Monotonicity condition) There exists ν1 > 0
and a continuous vector function~b(u) ∈ RN such that
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for any u ∈ R, ~ζ1, ~ζ2 ∈ RN ,

[~a(u, ~ζ1)−~a(v, ~ζ2)] · (~ζ1− ~ζ2)

≥ ν1|u|(m−1)(p−1)|~ζ1− ~ζ2|2[|~ζ1−~b|p + |~ζ2−~b|p]1− 2
p .

(8)
(3)(Local Lipschitz condition) For any u, v ∈

[ε,M ], ε > 0,M > ε, and any ~ζ ∈ RN ,

|~a(u, ~ζ)− ~a(v, ~ζ)| ≤ Λ|u− v|(|~ζ|p−1 + 1), (9)

where Λ = Λ(ε,M) ≥ 0is constant.
Certainly, we must point out that many papers by

Dibenedetto, Gianazza, Vespri etc. had studied the
Harnack inequality and the regularity of the equation
with the type of (1), for examples, one can refer to
their reviewing article [39]. Very recently, Fornaro S.,
Sosio M. and Vespri V. had published a paper to get
the Lr

loc − L∞loc eatimates of the solutions to the equa-
tion with the type of (1).

In the paper, by the above conditions (0)-(3), we
shall research the existence of Cauchy problem of
equation (1) with the measure initial value (5) when
1 < m < 1

p−1 . For simplicity, we assume that when
u ≥ 1,

µ(u) = u
p−1

p , (10)

while u ≤ 1, µ(u) ≡ 1 .
We define that

Definition 1 A measurable nonnegative func-
tion u is said to be a weak solution of Cauchy
problem of equation (1) with the initial value (5), if u
satisfies

u ∈ C(0, T ;L1
loc(RN )) (11)

um ∈ Lp(0, T ;W 1,p
loc (RN )) (12)

∇um ∈ Lp
loc(ST ), (13)

and for any t ∈ (0, T ), denoting St = RN × (0, t),
∫

RN

u(x, t)ϕ(x, t)dx

+
∫∫

St

(−uϕt + ~a(u,∇u)∇ϕ)dxdt

=
∫

RN

ϕ(x, 0)dµ +
∫∫

St

f(x, t)ϕdxdt (14)

where ϕ ∈ C1(S̄t) and ϕ = 0 if |x| is large enough.
Let us introduce a basic iteration lemma. One can

refer to [8, page 161, Lemma 3.1; or 1, page 141,
Lemma 1.6] for its proof.
Lemma 2 Let f(t) be a nonnegative bounded func-
tion defined in [r0, r1]. If for r0 ≤ t < s ≤ r1,

g(t) ≤ θg(s) + (A(s− t)−α + B), (15)

where A,B, α, θ are nonnegative constants, 0 ≤ θ <
1. Then for r0 ≤ ρ < r ≤ r1,

g(ρ) ≤ c(A(r − ρ)−α + B), (16)

where c is a constant depending on α, θ.
By this lemma, using the standard Moser’s it-

eration method, we will prove the following theorems.

Theorem 3 Suppose f(x, t) ≤ 0, and

2 > p >
(m + 1)N
mN + 1

, 1 < m <
1

p− 1
, N ≥ 2.

(17)
Assume that (10), and the conditions (0),(1), (3) are
true. Then there is a weak solution u for equation (1)
with (5), which satisfies

sup
0<τ<t

∫

BR

u(x, τ)dx ≤ c

∫

B2R

|dµ|+ cRM1 , (18)

where

M1 =
N

1−m(p− 1)
[t

1
p−(m+1)(p−1) + t

1
1−m(p−1)

+t
p

p−m(p−1) + t
1

p−(m+1)(p−1) ].

sup
x∈BR

|u(x, t)| ≤ c(N, p,R0)[t−
N
k

(∫

B4R

u0dx

) p
k

+RM2 , R ≥ R0, (19)

where

M2 =
Np

k[1−m(p− 1)]
t−

N
k [t

1
p−(m+1)(p−1)

+t
1

1−m(p−1) + t
p

p−m(p−1) ],

k = p−N [1−m(p− 1)], R0 ≥ 1 is a constant.

Theorem 4 Suppose f(x, t) ≤ 0,

1 < p ≤ (m + 1)N
mN + 1

, 1 < m <
1

p− 1
, (20)

and

1
m

< min{1 +
2
m
− p, 1−m(p− 1)}, (21)

then there is not solution of Cauchy problem of equa-
tion (1) with the following initial value

u(x, 0) = δ(x), (22)

where δ is classical Dirac function.
We use some ideas of [15] and [32] in our paper.

By the way, if we only consider equation (4), condi-
tion (21) is unnecessary.
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2 Proof of Theorem 3
In order to prove the theorem, we quote a lemma.

Lemma 4[1] Let Ql(l = 0, 1, 2, · · · , ) be the
sequences of the bounded open domains in ST ,
Ql+1 ⊂ Ql. If for ∀q ≥ 1, v ∈ Lq(Q0), and there are
constants α0 ≥ 0, λ,C0 > 0, K > 1 such that

∫ ∫

Ql+1

|v|α0+λKl+1
dxdt

≤
(

C0C
l
1

∫ ∫

Ql

|v|α0+λKl
dxdt

)K

,

then

ess sup
Q∞

|v|

≤
(

C
K

K−1

0 C1

∫ ∫

Ql0

|v|α0+λKl0
dxdt

) 1

λKl0

,

where C1 = CK1
1 , K1 =

∑∞
l=l0

lK−(l−l0), and
l0 ≥ 0 is any nonnegative integer.

The proof of Theorem 3 Let u be the solution
of the regularized equation of (1)

ut − div(~a(u,∇u))− ε4u = f(x, t), (23)

with nonnegative initial value

u(x, 0) = u0 ∈ C∞
0 (RN ). (24)

Then, ~a1(u,∇u) = ~a(u,∇u) + ε∇u satisfies the as-
sumptions of (0)-(3), from [35], we know that the
problem (23)-(24) has a unique strong solution uε. Let
ε → 0. By a similar discussion as [5], we are able to
show that uε → u is the solution of equation (1) with
initial value (24), u is Hölder continuous and satisfies

∫

RN

u(x, t)ϕ(x, t)dx

+
∫∫

St

(−uϕt + ~a(u,∇u)∇ϕ)dxdt

=
∫

RN

ϕ(x, 0)u0(x)dx +
∫∫

St

f(x, t)ϕdxdt, (25)

Moreover, similar as in [32], it is easily to know that

um ∈ L∞(0, T ;L1(RN )) ∩ Lp(0, T ;W 1,p(RN )).

Now, let u0n ∈ C∞
0 (RN) be nonnegative such that

lim
n→∞

∫

RN

u0nϕdx =
∫

RN

ϕdµ.

Assume that un is the solution of equation (1) with
initial value u0n, by the following lemma 6-lemma
10, {un} is uniformly bounded on every compact set
K ⊂ ST . Hence by [13] or [34-35], {un} is equicon-
tinuous on every compact set K ∈ ST . Then there
exists a subsequence such that un → u as n → ∞
in C(K), ∇um

n ⇀ ∇um in Lp
loc(0, T ;Lp(RN)), and

by a standard limiting process ( referring to [1],[5],
[6],[13], [34]), the properties (18), (19) of u are true,
then Theorem 3 is proved..

In what follows, we will give lemma 6-lemma 10
and the proofs to complete the proof of Theorem 3.
First of all, due to that un is Hölder continuous, D1 =
{(x, t) ∈ (0, t)×B2R : un ≥ 1} and D2 = {(x, t) ∈
(0, t)×B2R : 0 ≤ un ≤ 1} are well defined, then we
have the additive property of the integral domains, for
example, we have

∫ t

0

∫

B2R

ξpuαm−1
n (um(p−1)+1

n + 1)dxdτ

=
∫∫

D1
⋃

D2

ξpuαm−1
n (um(p−1)+1

n + 1)dxdτ,

However, if 0 ≤ un ≤ 1, the following estimates
is true clearly, so we only need to deal with the
domain D1 instead of the whole domain (0, t)×B2R.
Without loss generality, in the proof of what follows,
we may assume that un ≥ 1 in the whole domain
(0, t) × B2R instead of D2. For simplism, we denote
un as u if it is clear from the context.

Lemma 6 Suppose that (6) and (7) are true.
For any given R0 > 0, if R > R0, then the nonnega-
tive solution of equation (1) with the initial value (24)
satisfies

sup
x∈BR

|u(x, t)|

≤ c(N, p,R0)t−
N+p

k

(∫ t

0

∫

B2R

|u(x, t)| dxdt

) p
k

,

where k = p + N(m(p− 1)− 1).

Proof As usual, let BR(x0) = {x : |x − x0| < R},
and if x0 = 0, simply denoted as BR. Let ξ be the cut
function of B2R × (0, T ) and α > 0 be a constant to
be chosen later. Choosing the testing function in (25)
as ξpuαm, then one can obtain

∫ t

0

∫

B2R

~a(u,∇u)∇ϕdxdτ

=
∫ t

0

∫

B2R

~a(u,∇u)M3dxdτ
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= p

∫ t

0

∫

B2R

~a(u,∇u)ξp−1uα m∇ξdxdτ

+mα

∫ t

0

∫

B2R

~a(u,∇u)ξpuαm−1∇udxdτ.

whereM3 = (pξp−1uαm∇ξ + mαξpuαm−1∇u).
According to the assumptions (6) and (7),

mα

∫ t

0

∫

B2R

~a(u,∇u)ξpuαm−1∇udxdτ

≥ mαν0

∫ t

0

∫

B2R

ξpuαm−1+(m−1)(p−1)|∇u|pdxdτ

−mαµ0

∫ t

0

∫

B2R

ξpuαm−1(um(p−1)+1 + 1)dxdτ

≥ mαν0

∫ t

0

∫

B2R

ξpuαm−1+(m−1)(p−1)|∇u|pdxdτ

−2mαµ0

∫ t

0

∫

B2R

ξpuαm+1dxdτ.

p

∫ t

0

∫

B2R

~a(u,∇u)ξp−1uαm∇ξdxdτ

≤ pµ1

∫ t

0

∫

B2R

M4|∇ξ||∇u|p−1dxdτ

+p

∫ t

0

∫

B2R

ξp−1u1+αm|∇ξ|dxdτ

=
pµ1

mp−1

∫ t

0

∫

B2R

ξp−1uαm|∇ξ||∇um|p−1dxdτ

+p

∫ t

0

∫

B2R

ξp−1u1+αm|∇ξ|dxdτ

≤ pµ1

mp−1

∫ t

0

∫

B2R

ξp−1uαm|∇ξ||∇um|p−1dxdτ

+p

∫ t

0

∫

B2R

uαm+1|∇ξ|dxdτ.

whereM4 = ξp−1uαm+(m−1)(p−1).

∫ t

0

∫

B2R

ξpuαmf(x, t)dxdτ ≤ 0.

By the above calculations and (25), we get

1
αm + 1

∫

B2R

ξpuαm+1dx + αm1−pν0

∫ t

0

∫

B2R

ξpum(α−1) |∇um|p dxdτ

≤ pµ1m
1−p

∫ t

0

∫

B2R

ξp−1umα |∇um|p−1 |∇ξ|dxdτ

+
p

αm + 1

∫ t

0

∫

B2R

ξp−1ξtu
mα+1dxdτ

+c

∫ t

0

∫

B2R

uαm+1dxdτ.

(26)
Since

∣∣∣∇(ξum(α−1
p

+1))
∣∣∣
p

=

∣∣∣∣∣
M5 + u

m(α−1
p

+1)∇ξ

2

∣∣∣∣∣

p

2p

≤ 2p−1[M5
p + |um(α−1

p
+1)∇ξ|p],

whereM5 = [∇(ξum(α−1
p

+1))− u
m(α−1

p
+1)∇ξ].

then
∫ t

0

∫

B2R

ξpum(α−1) |∇um|p dxdτ

=
∫ t

0

∫

B2R

ξp
∣∣∣(um)

α−1
p ∇um

∣∣∣
p
dxdτ

=
p

α− 1 + p

∫ t

0

∫

B2R

|M5|p dxdτ

≥ p

α− 1 + p
21−p[

∫ t

0

∫

B2R

|∇(ξum(α−1
p

+1))|pdxdτ

−
∫ t

0

∫

B2R

|um(α−1
p

+1)∇ξ|p]dxdτ.

(27)
By Young inequality,

ξp−1umα |∇um|p−1

≤ εξpum(α−1) |∇um|p + c(ε)um(α−1a+p),

∫ t

0

∫

B2R

ξp−1umα |∇um|p−1 |∇ξ|dxdτ

≤ ε

∫ t

0

∫

B2R

ξpum(α−1) |∇um|p dxdt

+c(ε)
∫ t

0

∫

B2R

um(α−1+p)|∇ξ|pdxdt. (28)

By (26)-(28), since

ε

∫ t

0

∫

B2R

ξpum(α−1) |∇um|p dxdt
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can be compensated by

α

∫ t

0

∫

B2R

ξpum(α−1) |∇um|p dxdτ,

and noticing that 0 ≤ ξ ≤ 1, m(p− 1) < 1,

ξp ≥ ξ
(αm+1)p

m(α−1+p) ,

we have

sup
0<t<T

∫

B2R

(ξum(α−1
p

+1))
(αm+1)p

m(α−1+p) dx

+
∫ T

0

∫

B2R

∣∣∣∇(ξu
m
p

(α−1+p))
∣∣∣
p
dxdt

≤ c

∫ T

0

∫

B2R

|∇ξ|pum(α−1+p)dxdt

+c

∫ T

0

∫

B2R

|ξt|umα+1dxdt

+c

∫ T

0

∫

B2R

|∇ξ|umα+1dxdt

+c

∫ T

0

∫

B2R

umα+1dxdt. (29)

Let ν = ξ u
m(α−1

p
+1). By Sobolev inequality (re-

ferring to [7], page 62), we have

∫ T

0

∫

B2R

νrdxdt

≤ c

(
sup

0<t<T

∫

B2R

ν
(αm+1)p

m
(α−1+p)dx

)M6

∫ T

0
(
∫

B2R

|∇ν|p dx)
δr
p dt, (30)

where

M6 =
m(α− 1 + p)
(αm + 1)p

(1− δ)r,

δ = (
m(α− 1 + p)

αm + 1
−1

r
)(

p

N
−1

p
+

m(α− 1 + p)
αm + 1

)−1.

Thus, if we choose

r = p(1 +
1
N

(αm + 1)p
m(α− 1 + p)

),
δ r

p
= 1,

noticing that for any a ≥ 0, b ≥ 0,

a
p
N b ≤ (a + b)1+ p

N

is always true, then from (29), (30)

∫ T

0

∫

B2R

ξrum(α−1+p)+
(αm+1)p

N dxdt

≤ c( sup
0<t<T

∫

B2R

ξ
(αm+1)p

m(α−1+p) uαm+1dx)
p
N

∫ T

0

∫

B2R

∣∣∣∣∇(ξu
m(α−1+p)

p )
∣∣∣∣
p

dxdt

≤ c[ sup
0<t<T

∫

B2R

ξ
(αm+1)p

m(α−1+p) uαm+1dx

+
∫ T

0

∫

B2R

∣∣∣∣∇(ξu
m(α−1+p)

p )
∣∣∣∣
p

dxdt]1+
p
N

≤ c[
∫ T

0

∫

B2R

|∇ξ|p um(α−1+p)dxdt

+
∫ T

0

∫

B2R

|ξt|uαm+1dxdt]1+
p
N

+c

∫ T

0

∫

B2R

(1 + |∇ξ|)uαm+1dxdτ. (31)

Now for s ∈ [12 , 1), let Rl = 2R(s + 1−s
2l ),

Tl =
T

2
− T

2
(s +

1− s

2l
), QRl

= BRl
× (Tl, T ),

l = 0, 1, 2, · · · . Suppose that ξl is the cut func-
tions on QRl

which satisfy

ξl = 1, in QRL+1
; ξl = 0, in S̄T \QRl

.

|∇ξl| ≤
2l+1

(1− s)R
, 0 ≤ |ξlt| ≤ 2l+1

(1− s)T
.

Denote γ = 1 + p
N and choose α such that

mα + 1 =
N

p
(1−m(p− 1)) + γl,

which implies

m(α−1+p)+
(αm + 1)p

N
=

N

p
(1−m(p−1))+γl+1.

Applying (31) to QRl
, one obtains,

∫∫

QRl

u
N
p

(1−m(p−1))+γl+1

dxdt

≤ [cl((1− s)R)−p

(∫∫

QRl

M7dxdt

)m(α−1+p)
mα+1
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+cl(1− s)−1)T−1

∫∫

QRl

M7dxdt]γ

+c

∫∫

QRl

(1 + |∇ξl|)uαm+1dxdt

≤ c2l+1(1− s)−1R−1

∫∫

QRl

M7dxdt. (32)

where M7 = u
N
p

(1−m(p−1))+γl

.
Hence, from (32), by the standard Moser’s itera-

tion, using Lemma 5, we have

sup
Qs2R

u ≤
[
c(1− s)−

N+p
p T

−N+p
p

∫∫

Q2R

M8dxdt

] 1
γ

≤ (sup
Q2R

u)1−
k

pγ (c
(

(1− s)T )−
N+p

p

∫∫

Q2R

udxdt

) 1
γ

≤ 1
4

sup
Q2R

u + c((1− s)T )−
N+p

k

(∫∫

Q2R

udxdt

) p
k

.

where M8 = u
N
p

(m(p−1)+1)+γ
.

Hence by lemma 2, we obtain the conclusion.

Lemma 7 Suppose 1 < p < 2, m(p − 1) < 1,
f(x, t) ≤ 0, R ≥ 1,then the solution u of Cauchy
problem of equation (1) with the initial value (24)
satisfies

sup
0<τ<t

∫

BR

u(x, τ)dx

≤ c

∫

B2R

u(x, 0)dx + cR
N

1−m(p−1) M9. (33)

where M9 = [t
1

p−(m+1)(p−1) + t
1

1−m(p−1) + t
p

p−m(p−1) ].

Proof Let ξ be the cut function on B2R, and ξ
satisfy that ξ = 1 on Bs2R, |∇ξ| ≤ (1 − s)−1R−1,
s ∈ [12 , 1). For any t > 0, we have

∫

Bs2R

u(x, t)dx ≤
∫

B2R

u0dx

+
c

(1− s)R

∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

+
c

(1− s)R

∫ t

0

∫

B2R

u
(m−1)(p−1)

p ξp−1dxdτ

+
∫ t

0

∫

B2R

f(x, t)ξpdxdτ, (34)

where the constant c depends on µ1,m.

We choose testing function

ϕ = ξpt
βp

p−1 u
m(1− αp

p−1
)

in (25), where α, β are constants to be chosen later,
then

∫ t

0

∫

B2R

ξpτ
βp

p−1 u
m(1− αp

p−1
)
uτdxdτ

= M10

∫ t

0

∫

B2R

ξpτ
βp

p−1 u
m(1− αp

p−1
)+1

τ dxdτ

= M10

∫

B2R

ξpt
βp

p−1 u
m(1− αp

p−1
)+1

dx

−M10
βp

p− 1

∫ t

0

∫

B2R

ξpτ
βp

p−1
−1

u
m(1− αp

p−1
)+1

dxdτ,

where M10 = [m(1 − αp
p−1) + 1]−1. According to the

assumptions (6) and (7),
∫ t

0

∫

B2R

ξpτ
βp

p−1 u
m(1− αp

p−1
)div(~a(u,∇u)dxdτ

= −
∫ t

0

∫

B2R

τ
βp

p−1∇(ξpu
m(1− αp

p−1
)) · ~a(u,∇u)dxdτ

= −p

∫ t

0

∫

B2R

τ
βp

p−1 ξp−1u
m(1− αp

p−1
)∇ξ·~a(u,∇u)dxdτ

+M11

∫ t

0

∫

B2R

τ
βp

p−1 ξpu
−αpm

p−1 ∇um ·~a(u,∇u)dxdτ

= −I1+I2

where M11 = ( αp
p−1 − 1).

I1 ≤ p

∫ t

0

∫

B2R

M12|∇ξ|M13dxdτ

=
µ1p

mp−1

∫ t

0

∫

B2R

M12|∇ξ||∇um|p−1dxdτ

+p

∫ t

0

∫

B2R

ξp−1τ
βp

p−1 u
m(1− αp

p−1
)+1|∇ξ|dxdτ

≤
∫ t

0

∫

B2R

M14(ε|∇um|p + c(ε)ump|∇ξ|p)dxdτ

+M15

∫ t

0

∫

B2R

τ
βp

p−1 u
m(1− αp

p−1
)+

(m−1)(p−1)
p dxdτ.

where

M12 = ξp−1τ
βp

p−1 u
m(1− αp

p−1
)
,
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M13 = (µ1u
(m−1)(p−1)|∇u|p−1 + u),

M14 = ξpτ
βp

p−1 u
−αmp

p−1 ,M15 =
p

(1− s)R
.

while I2 is equal to

M16

∫ t

0

∫

B2R

τ
βp

p−1 ξpu
−αpm

p−1 ∇um · ~a(u,∇u)dxdτ

≥ M16ν0

∫ t

0

∫

B2R

τ
βp

p−1 ξpM17|∇u|pdxdτ

−M16µ0

∫ t

0

∫

B2R

τ
βp

p−1 ξpu
−αpm

p−1
+m−1

M18dxdτ

≥ ν0

mp−2
M16

∫ t

0

∫

B2R

τ
βp

p−1 ξpu
−αpm

p−1 |∇um|pdxdτ

−2mµ0(
αp

p− 1
−1)

∫ t

0

∫

B2R

τ
βp

p−1 u
−αpm

p−1
+mp

dxdτ

where M16 = m( αp
p−1 − 1),

M17 = u
−αpm

p−1
+m−1+(m−1)(p−1)

,

M18 = (um(p−1)+1 + 1).

By the above inequalities, we have

[
ν0

mp−1
(

αp

p− 1
− 1)− ε]

∫ t

0

∫

B2R

M19|∇um|pdxdτ

+c

∫ t

0

∫

B2R

ξpτ
βp

p−1
−1

u
m(1− αp

p−1
)+1

dxdτ

= c

∫

B2R

ξpt
βp

p−1 u
m(1− αp

p−1
)+1

dx

+
c(ε)

[(1− s)R]p

∫ t

0

∫

B2R

ξpτ
βp

p−1 u
−αmp

p−1 umpdxdτ

+
p

(1− s)R

∫ t

0

∫

B2R

τ
βp

p−1 u
m(1− αp

p−1
)+1

dxdτ

+2mµ0(
αp

p− 1
− 1)

∫ t

0

∫

B2R

τ
βp

p−1 u
−αpm

p−1
+mp

dxdτ

+
∫ t

0

∫

B2R

ξpτ
βp

p−1 u
m(1− αp

p−1
)
f(x, t)dxdτ. (35)

where M19 = τ
βp

p−1 ξpu
−αpm

p−1 .
The later choice of α can guarantee that we can

choose small ε > 0 such that

ν0

mp−1
(

αp

p− 1
− 1)− ε > 0, (36)

then, noticing that 0 ≥ f(x, t) ∈ L∞(ST ), R ≥ 1, we
have

∫ t

0

∫

B2R

ξpu
−αpm

p−1 τ
βp

p−1 |∇um|pdxdτ

≤ c[
∫

B2R

t
βp

p−1 u
m(1− αp

p−1
)+1

dx

+
∫ t

0

∫

B2R

τ
βp

p−1 u
−αmp

p−1 umpdxdτ

+
∫ t

0

∫

B2R

τ
βp

p−1 u
m(1− αp

p−1
)+1

dxdτ ]. (37)

At the same time, by Hölder inequality
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

=
∫ t

0

∫

B2R

|∇um|p−1 ξp−1τβuαmu−αmτ−βdxdτ

≤
(∫ t

0

∫

B2r

ξpτ
βp

p−1 |∇um|p u
−αpm

p−1 dxdτ

) p−1
p

(∫ t

0

∫

B2R

τ−pβuαpmdxdτ

) 1
p

. (38)

By (37), (38),
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

≤ c{
∫

B2R

t
βp

p−1 u
m(1− αp

p−1
)+1

dx

+
∫ t

0

∫

B2R

τ
βp

p−1 u
−αmp

p−1 umpdxdτ

+
∫ t

0

∫

B2R

τ
βp

p−1 u
m(1− αp

p−1
)+1

dxdτ} p−1
p

(∫ t

0

∫

B2R

τ−pβuαpmdxdτ

) 1
p

. (39)

It is able to make more explicitly estimates to the
above inequality by considering the two cases what
follows.

(1) If 1
mp > p− 1, we choose α = 1

mp , β = 1
2p in

(39). Then
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

≤ c{
∫ t

0

∫

B2R

τ
1

2(p−1) u
mp− 1

p−1 dxdτ
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+
∫

B2R

t
1

2(p−1) u
m(1− 1

m(p−1)
+1

dx

+
∫ t

0

∫

B2R

τ
1

2(p−1)
−1

u
m(1− 1

m(p−1)
)+1

dxdτ} p−1
p

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) 1
p

. (40)

Since
∫ t

0

∫

B2R

τ
1

2(p−1)
−1

u
m(1− 1

m(p−1)
)+1

dxdτ

=
∫ t

0

∫

B2R

τ
1

2(p−1)
−1+ 1

2
(m(1− 1

m(p−1)
)+1)

M20dxdτ

≤
(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(1− 1
m(p−1)

)+1

(∫ t

0

∫

B2R

M21dxdτ

) 1
p−1

−m

≤
(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(1− 1
m(p−1)

)+1

R
N(1−m(p−1))

p−1 t
2−(m+1)(p−1)

2(p−1) ,

where

M20 = τ
− 1

2
(m(1− 1

m(p−1)
)+1)

u
m(1− 1

m(p−1)
)+1

,

M21 = τ
[ 1
2(p−1)

−1+ 1
2
(m(1− 1

m(p−1)
)+1)] 1

1
p−1−m .

then

[∫ t

0

∫

B2R

τ
1

2(p−1)
−1

u
m(1− 1

m(p−1)
)+1

dxdτ

] p−1
p

≤
(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(p−1)+p−2
p

R
N(1−m(p−1))

p t
2−(m+1)(p−1)

2p ,

[∫

B2R

t
1

2(p−1)
−1

u
m(1− 1

m(p−1)
)+

(m−1)(p−1)
p dx

] p−1
p

≤ c

[(∫

B2R

udx

)m(1− 1
m(p−1)

)+1

t
1

2(p−1) M21

] p−1
p

≤ c

(∫

B2R

udx

)m(p−1)+p−2
p

R
1−m(p−1)

p
N

t
1
2p ,

where M21 = R
N( 1

p−1
−m)

.

(∫ t

0

∫

B2R

τ
1

2(p−1) u
mp− 1

p−1 dxdτ

) p−1
p

≤
[∫ t

0

∫

B2R

M22dxdt

](mp− 1
p−1

) p−1
p

×
[∫ t

0

∫

B2R

M23dxdτ

]( 1
p−1

+1−pm) p−1
p

≤ c

(∫ t

0

∫

BR

τ−
1
2 udxdτ

)m(p−1)− 1
p

RN(1−mp+m)t
2−m(p−1)

2 .

where

M22 = (τ−
1
2
(pm− 1

p−1
)
u

mp− 1
p−1 )

1

pm− 1
p−1

M23 = (τ
1

2(p−1)
+ 1

2
(pm− 1

p−1
))

1
1

p−1+1−pm

we have
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

≤ c{
∫ t

0

∫

B2R

τ
1

2(p−1) u
mp− 1

p−1 dxdτ

+
∫

B2R

t
1

2(p−1) u
m(1− 1

m(p−1)
+1

dx

+
∫ t

0

∫

B2R

τ
1

2(p−1)
−1

u
m(1− 1

m(p−1)
)+1

dxdτ} p−1
p

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) 1
p

≤ {
(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(p−1)+p−2
p

R
N(1−m(p−1))

p t
2−(m+1)(p−1)

2p

+
(∫

B2R

udx

)m(p−1)+p−2
p

R
1−m(p−1)

p
N

t
1
2p

+
(∫ t

0

∫

BR

τ−
1
2 udxdτ

)m(p−1)− 1
p

RN(1−mp+m)t
2−m(p−1)

2 }
(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) 1
p
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≤ cRN(1−m(p−1))t
2−m(p−1)

2

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

)m(p−1)

+cR
N(m−mp+1)

p t
2−(m+1)(p−1)

2p

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) (m+1)(p−1)
p

+c

(∫

B2R

udx

)m(p−1)+p−2
p

R
1−m(p−1)

p
N

t
1
2p

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) 1
p

. (41)

By (34), (41),

sup
0<τ<t

∫

Bs2R

u(x, τ)dx

≤
∫

B2R

u(x, 0)dx + c

∫ t

0

∫

B2R

|∇um|p−1ξp−1dxdτ

+c

∫ t

0

∫

B2R

udxdτ

≤ cRN(1−m(p−1))t
2−m(p−1)

2

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

)m(p−1)

+cR
N(m−mp+1)

p t
2−(m+1)(p−1)

2p

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) (m+1)(p−1)
p

+c

(∫

B2R

udx

)m(p−1)+p−2
p

R
1−m(p−1)

p
N

t
1
2p

(∫ t

0

∫

B2R

τ−
1
2 udxdτ

) 1
p

≤ cRN(1−m(p−1))t

(
sup

0<τ<t

∫

B2R

udxdτ

)m(p−1)

+cR
N(m−mp+1)

p t
1
p

(
sup

0<τ<t

∫

B2R

udxdτ

) (m+1)(p−1)
p

+
∫

B2R

u(x, 0)dx + ct sup
0<τ<t

∫

B2R

u
m(p−1)

p dxdτ

≤ c(ε)[RN t
1

1−m(p−1) + M24 + t
p

p−m(p−1) RN ]

+ε sup
0<τ<t

∫

B2R

udx

≤ c(ε)RN [t
1

1−m(p−1) + t
1

p−(m+1)(p−1) + t
p

p−m(p−1) ]

+ε sup
0<τ<t

∫

B2R

udx. (42)

where M24 = R
N [1−m(p−1)]

p−(m+1)(p−1) t
1

p−(m+1)(p−1) .
(2) If 1

mp ≤ p−1, we choose α = p−1, β = p−1
2

in (39). Then, using the fact R ≥ 1,
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

≤ c{
∫

B2R

t
p
2 u1−m(p−1)dx + M25}

p−1
p

×
(∫ t

0

∫

B2R

ump(p−1)τ−
p(p−1)

2 dxdτ

) 1
p

.

where

M25 =
∫ t

0

∫

B2R

τ
p
2 dxdτ

+
∫ t

0

∫

B2R

τ
p−2
2 um+1−mpdxdτ

Since

(∫ t

0

∫

B2R

τ
p−2
2 um+1−mpdxdt

) p−1
p

≤
[∫ t

0

∫

B2R

M26dxdτ

] (m+1−mp)(p−1)
p

×
[∫ t

0

∫

B2R

M27dxdτ

]m(p−1)2

p

≤ c

(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

) (m+1−mp)(p−1)
p

M28,

where

M26 =
(
um+1−mpτ−

m+1−mp
2

) 1
m+1−mp

,

M27 = τ
( p−2

2
+m+1−mp

2
) 1

m(p−1) ,

M28 = t
(p−1)2(m+1)

2p R
mN(p−1)2

p .

(∫ t

0

∫

B2R

ump(p−1)τ−
p(p−1)

2 dxdτ

) 1
p

≤ c

(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(p−1)
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t
mp−mp2−p2+p+2

2p R
N [1−mp(p−1)]

p ,

and

[∫

B2R

t
p
2 u1−m(p−1)dx

] p−1
p

≤ ct
p(p−1)

2p R
Nm(p−1)2

p (
∫

B2R

udx)[1−m(p−1)] p−1
p ,

we have
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

≤ c

(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(p−1)

t
m+2−mp

2 R
N [1−m(p−1)]

p

+C

(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

) (p−1)(m+1)
p

R
N [1−m(p−1)]

p t
m+3−mp−p

2p

+ct
2−mp(p−1)

2p R
N
p

(∫

B2R

udx

)[1−m(p−1)] p−1
p

(∫ t

0

∫

B2R

uτ−
1
2 dxdτ

)m(p−1)

. (43)

By (34), (43),
∫

Bs2R

u(x, t)dx

≤
∫

B2R

u0dx +
∫ t

0

∫

B2R

|∇um|p−1 ξp−1dxdτ

+c

∫ t

0

∫

B2R

u
m(p−1)

p dxdτ

≤
∫

B2R

u(x, 0)dx

+ctR
N [1−m(p−1)]

p

(
sup

0<τ<t

∫

B2R

udx

)m(p−1)

+ct
1
p R

N [1−m(p−1)]
p

(
sup

0<τ<t

∫

B2R

udx

) (m+1)(p−1)
p

+ct
1
p R

N
p

(
sup

0<τ<t

∫

B2R

udx

)[1−m(p−1)] p−1
p

+m(p−1)

+ct sup
0<τ<t

∫

B2R

u
m(p−1)

p dxdτ

≤
∫

B2R

u(x, 0)dx + ε sup
0<τ<t

∫

B2R

udx

+c(ε)[t
1

1−m(p−1) R
N
p + t

1
p−(m+1)(p−1) R

N [1−m(p−1)]
p−(m+1)(p−1)

+t
1

1−m(p−1) R
N

1−m(p−1) + t
p

p−m(p−1) RN ]

≤
∫

B2R

u(x, 0)dx + ε sup
0<τ<t

∫

B2R

udx

+c(ε)R
N

1−m(p−1) [t
1

1−m(p−1)

+t
1

p−(m+1)(p−1) + t
p

p−m(p−1) ]. (44)

From (42), (44), noticing that R ≥ 1, we have

sup
0<τ<t

∫

BR

u(x, τ)dx ≤ c

∫

B2R

u(x, 0)dx

+cR
N

1−m(p−1) [t
1

p−(m+1)(p−1) + t
1

1−m(p−1) + t
p

p−m(p−1) ].

We know that (33) is true.
By Lemma 6, Lemma 7, it is easy to deduce the

following Lemma 8, Lemma 9.

Lemma 8 Let 1 < p < 2, m(p − 1) < 1 and
R > R0 ≥ 1, f(x, t) ≤ 0. Then the solution u of
Cauchy problem (1)-(2) satisfies

sup
x∈BR

|u(x, t)| ≤ c(N, p,R0)[t−
N
k

(∫

B4R

u0dx

) p
k

+ R
Np

k[1−m(p−1)] t−
N
k [t

1
p−(m+1)(p−1)

+ t
1

1−m(p−1) + t
p

p−m(p−1) ].

Lemma 9 Let 1 < p < 2, m(p−1) < 1. There exists
a constant c such that

∫ t

0

∫

B2R

|∇um|p−1 dxdτ

≤ cRN(1−m(p−1))t

(
sup

0<τ<t

∫

B2R

udxdτ

)m(p−1)

+cR
N(m−mp+1)

p t
1
p

(
sup

0<τ<t

∫

B2R

udxdτ

) (m+1)(p−1)
p

+ct
1
p R

N
p

(
sup

0<τ<t

∫

B2R

udx

)[1−m(p−1)] p−1
p

+m(p−1)

.

(45)

Lemma 10 Let N(m+1)
Nm+1 < p < 2, 1 < m < 1

p−1 .
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Then the solution u of Cauchy problem of equation
(1) with the initial value (24) satisfies

∇um ∈ Lp
loc(ST ).

It implies that

|∇um|p−2∇um ∈ L
p

p−1

loc (ST ). (46)

Proof Let η be the smooth cut function in B4R×( t1
8 , t)

which satisfies η = 1 on B2R × ( t1
4 , t) and

|∇η| ≤ 4
R

, 0 ≤ ηt ≤ 4
t1

.

Multiplying (1) by umηp and integrating by parts,
∫ t

t1
4

∫

B4R

div~a(u,∇u)umηpdxdτ

= −
∫ t

t1
4

∫

B2R

~a(u,∇u)M29dxdτ

m

∫ t

t1
4

∫

B4R

~a(u,∇u)um−1ηp∇udxdτ

≥ mν0

∫ t

t1
4

∫

B4R

ηpum−1u(m−1)(p−1)|∇u|pdxdτ

−mµ0

∫ t

t1
4

∫

B2R

um−1ηp(um(p−1)+1 + 1)dxdτ

≥ m1−pν0

∫ t

t1
4

∫

B4R

ηp|∇um|pdxdτ

−mµ0

∫ t

t1
4

∫

B2R

um−1ηp(um(p−1)+1 + 1)dxdτ,

≥ m1−pν0

∫ t

t1
4

∫

B4R

ηp|∇um|pdxdτ

−2mµ0

∫ t

t1
4

∫

B2R

umpdxdτ,

where M29 = (mum−1ηp∇u + pηp−1um∇η).
Using Young inequality,

p

∫ t

t1
4

∫

B4R

umηp−1~a(u,∇u) · ∇ηdxdτ

≤
∫ t

t1
4

∫

B2R

umηp−1M30dxdτ

=
pµ1

mp−1

∫ t

t1
4

∫

B4R

umηp−1|∇η||∇um|p−1dxdτ

+p

∫ t

t1
4

∫

B4R

u
m+

m(p−1)
p ηp−1|∇η|dxdτ

= ε

∫ t

t1
4

∫

B4R

ηp|∇um|pdxdτ

+c(ε)
∫ t

t1
4

∫

B4R

ump|∇η|pdxdτ

+p

∫ t

t1
4

∫

B4R

u
m+

m(p−1)
p ηp−1|∇η|dxdτ

≤ ε

∫ t

t1
4

∫

B4R

ηp|∇um|pdxdτ

+
c(ε)
Rp

∫ t

t1
4

∫

B4R

umpdxdτ

+
c

R

∫ t

t1
4

∫

B4R

um+1dxdτ,

where

M30 = (µ1u
(m−1)(p−1)|∇u|p−1 + u

m(p−1)
p ).

By the above inequalities, we have
∫ t

t1
4

∫

B2R

|∇um|p dxdτ

≤ c(
1

Rp
+ 1)

∫ t

t1
8

∫

B4R

umpdxdτ

+c(
1
t1

+
1
R

)
∫ t

t1
8

∫

B4R

um+1dxdτ. (47)

By Lemma 8, for R > 1,

c(
1

Rp
+ 1)

∫ t

t1
8

∫

B4R

umpdxdτ

≤ c sup
x∈B4R

|u(x, t)|mptRN ,

≤ ctRN [t−
N
k

(∫

B4R

u0dx

) p
k

+R
Np

k(1−mp+m) t
1

1−mp+m ]mp

≤ ct1−
Nmp

k

(∫

B4R

u0dx

)mp2

k

+R
mNp2

k(1−mp+m)
+N

t
mp

1−mp+m . (48)
∫ t

t
8

∫

B4R

um+1dxdτ
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≤ c[t−
N
k

(∫

B4R

u0dx

) p
k

+R
Np

k(1−mp+m) t
1

1−mp+m ]m+1tRN

≤ c[t1−
N(m+1)

k

(∫

B4R

u0dx

) p(m+1)
k

+R
N(m+1)p

k(1−mp+m) t
1+m

1−mp+m
+1]RN . (49)

Substituting (48), (49) into (47), we get the
lemma.

3 Proof of Theorem 4
In this section, we will prove Theorem 4.

Lemma 11 If 1 < p ≤ (m+1)N
mN+1 , m(p − 1) < 1,

f(x, t) ≤ 0 and the constant α satisfies

1
m

< α < max{1 +
2
m
− p, 1−m(p− 1)}, (50)

then the solution of Cauchy problem of equation (1)
with the initial value (22) has the following properties.

(1) For any given R > 0,
∫ T

0

∫

BR

um(α−1)

(1 + umα)2
|∇um| dxdt ≤ c, (51)

(2)
∫ T

0

∫

BR

um(p−1)+ p
N
−αdxdt < c. (52)

Proof: (1) By Definition 1, for any

ψ(x) ∈ C∞
0 (RN ), ε ∈ (0, T ),

we have
∫

RN

∫ u(x,T )

0

smα

1 + smα
dsψ(x)pdx

+
∫ T

ε

∫

RN

αum(α−1)

(1 + umα)2
~a(u,∇u) · ∇umψpdxdt

= −p

∫ T

ε

∫

RN

umα

1 + umα
~a(u,∇u) · ∇ψψp−1dxdt

+
∫

RN

∫ u(x,ε)

0

smα

1 + smα
dsψ(x)pdx

+
∫ T

ε

∫

RN

umα

1 + umα
f(x, t)ψ(x)pdxdt

≤ −p

∫ T

ε

∫

RN

umα

1 + umα
~a(u,∇u) · ∇ψψp−1dxdt

+
∫

RN

∫ u(x,ε)

0

smα

1 + smα
dsψ(x)pdx. (53)

Noticing that

∫ T

ε

∫

RN

αum(α−1)

(1 + umα)2
~a(u,∇u) · ∇umψpdxdt

≥ αm1−pν0

∫ T

ε

∫

RN

M31 |∇um|p ψp(x)dxdt

−mαµ0

∫ T

ε

∫

RN

um−1(um(p−1)+1 + 1)M31dxdt,

where M31 = um(α−1)

(1+umα)2
.

−p

∫ T

ε

∫

RN

umα

1 + umα
~a(u,∇u) · ∇ψψp−1dxdt

≥ −pm1−pµ1

∫ T

0

∫

RN

umα

1 + umα
M32dxdt

−p

∫ T

0

∫

RN

umα

1 + umα
u

(m−1)(p−1)
p |∇ψ|ψp−1dxdt

where M32 = |∇um|p−1 |∇ψ|ψp−1.

∫ T

0

∫

RN

umα

1 + umα
|∇um|p−1 |∇ψ|ψp−1dxdt

≤ ε

∫ T

0

∫

RN

um(α−1)
(1 + umα)2

|∇um|p ψpdxdt

+c(ε)
∫ T

0

∫

RN

um(p−1+α)

(1 + umα)2−p
|∇ψ|p dxdt,

p

∫ T

0

∫

RN

umα

1 + umα
u

(m−1)(p−1)
p |∇ψ|ψp−1dxdt

≤ p

∫ T

0

∫

RN

um(p+α−1)

(1 + umα)2−p
|∇ψ|p dxdt

+p(p− 1)
∫ T

0

∫

RN

umα−1

(1 + umα)p
ψpdxdt.

As ε → 0,
∫

RN

∫ u(x,ε)

0

smα

1 + smα
dsψp(x)dx

≤
∫

RN

u(x, ε)ψp(x)dx →
∫

RN

ψp(x)dµ,
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then, we have

sup
0<t<T

∫

RN

u(x, t)ψ(x)pdx

+
∫ T

0

∫

RN

um(α−1)

(1 + umα)2
|∇um|p ψpdxdt

= c[1 +
∫ T

0

∫

RN

um(p−1+α)

(1 + umα)2−p
|∇ψ|p dxdt

+
∫ T

0

∫

RN

umα−1

(1 + umα)p
ψpdxdt

+
∫ T

0

∫

RN

umα−1(um(p−1) + 1)
(1 + umα)2

ψpdxdt ]

≤ c[1 +
∫ T

0

∫

RN

um(p−1+α)

(1 + umα)2−p
|∇ψ|p dxdt

+
∫ T

0

∫

RN

umα−1ψpdxdt

+
∫ T

0

∫

RN

umα−1(um(p−1) + 1)ψpdxdt]. (54)

By (50), using Young inequality, we have

sup
0<t<T

∫

RN

u(x, t)ψ(x)pdx

≤ c

[
1 +

∫ T

0

∫

RN

um(p−1+α)

(1 + umα)2−p
|∇ψ|p dxdt

]
,

using Young inequality again,

sup
0<t<T

∫

RN

u(x, t)ψ(x)pdx

≤ c + ε

∫ T

0

∫

RN

uψpdxdt

+c(ε)
∫ T

0

∫

RN

( |∇ψ|
ψ1−m(p−1)−α

) p
1−m(p−1)−α

dxdt

≤ c + ε sup
0<t<T

∫

RN

u(x, t)ψ(x)pdx

+c(ε)
∫ T

0

∫

RN

( |∇ψ|
ψ1−m(p−1)−α

) p
1−m(p−1)−α

dxdt.

Now, choosing α < 1−m(p− 1) such that

p

1−m(p− 1)− α
≥ K ≥ N + 1,

where K is large enough such that

1−m(p− 1)− p

K
> 0.

Let X ∈ C∞
0 (B2R),X |BR

= 1,h ≥ 2 −m(p − 1) −
α,ψ = Xh. By the above formula, we have

sup
0<t<T

∫

RN

u(x, t)ψp(x)dx ≤ c. (55)

Combining (54) with (55), we get (51), i.e.
∫ T

0

∫

BR

um(α−1)

(1 + umα)2
|∇um| dxdt ≤ c.

Now, let

w = u
m(p−1−α)

p .

By Sobolev inequality,

(∫

RN

ψpwrdx

) 1
γ

≤ c(
∫

RN

|∇ψw|p dx)
θ
p

(∫

B2R

w
p

p−1−α dx

) (1−θ)(p−1−α)
p

, (56)

where,

θ = (
p− 1− α

p
− 1

γ
)(

1
N
− 1

p
+

p− 1− α

p
)−1.

For γ = p(p−1+ p
N
−α)

p−1−α , by (56), we have

∫ T

0

∫

RN

ψpwrdxdt

≤
∫ T

0

∫

RN

|∇(ψw)|p dxdt

sup
0<t<T

(∫

B2R

w
p

p−1−α dx

) (γ−θ)(p−1−α)
p

.

Hence, by (55), (51), we have

∫ T

0

∫

RN

ψpum(p−1)+ p
N
−αdxdt

≤ c(1 +
∫ T

0

∫

RN

|∇ψ|p um(p−1−α)dxdt).

We can prove (52) in a similar way.

Lemma 12 If 1 < p ≤ (m+1)N
mN+1 , then the solu-

tion of Cauchy problem (1)-(22) satisfies
∫∫

ST

[uξt−~a(u,∇u)·∇ξ+f(x, t)ξ]dxdt = 0, (57)
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where ξ ∈ C∞
0 (RN × (−T, T )).

Proof Let

ψk(x, t) = ηk(x, t) = ηk(|x|2)ξ(x, t),

where ξ ∈ C∞
0 (RN × (−T, T )),η ∈ c∞(R);

η(s) = 1 when s ≥ 2; η(s) = 0 when s ≤ 1.
Let ηk(x) = η(k|x|2). By the definition of weak

solution,
∫ T

0

∫

RN

[u(ξηk)t − ~a(u,∇u) · ∇(ξηk)

+f(x, t)ξηk]dxdt = 0.

To prove the lemma, it is enough to prove that

lim
k→∞

∫∫

ST

~a(u,∇u) · ∇ηkξdxdt= 0. (58)

Denoting Dk = {x : k−1 < |x|2 < 2k−1},
clearly mesDk ≤ ck

−N
2 . Hence, by Hölder inequality

and Lemma 11, we have

k
1
2

∫ T

0

∫

Dk

|∇um|p−1 dxdt

≤ k
1
2

(∫ T

0

∫

Dk

um(α−1)

(1 + umα)2
|∇um|p dxdt

) p−1
p

×
(∫ T

0

∫

Dk

(1 + umα)2(p−1)um(p−1)(1−α)dxdt

) 1
p

≤ ck
1
2

(∫ T

0

∫

Dk

u
m(p−1)(1+α)
1 dxdt

) 1
p

≤ c1

(∫ T

0

∫

Dk

u
m(p−1)+ p

N
−α

1 dxdt

) m(p−1)(1+α)

(m(p−1)+
p
N
−α)p

k
1
2
− p−Nα−αNm(p−1)

2p(m(p−1)+
p
N
−α) , (59)

where u1 = max{u, 1}. Since 1 < p ≤ (m+1)N
mN+1 , if

p < (m+1)N
mN+1 , we have

1
2
− p−Nα− αNm(p− 1)

2p(m(p− 1) + p
N − α)

< 0.

Thus the right hand side of the inequality (59) tends
to the zero as k →∞. At the same time,

|
∫∫

ST

~a(u,∇u)∇ηkξdxdt|

≤
∫∫

ST

[µ1u
(m−1)(p−1)|∇u|p−1

+µ(u)u
(m−1)(p−1)

p ]|∇ηk|ξdxdt, (60)

its right hand side also tends to the zero as k → ∞.
By (7), one knows that (58) is true.

If p = (m+1)N
mN+1 , (58) is obtained by (41), (43).

Thus we get lemma 12.

The proof Theorem 4 Suppose to the contrary
that Cauchy problem of equation (1) with the initial
value (22) has a solution. Then by lemma 12, we have

∫∫

ST

[uξt − ~a(u,∇u) · ∇ξ + fξ]dxdt = 0, (61)

where ξ ∈ C∞
0 (RN × (−T, T )).

Let ηh(t) = 1− ∫ t−τ−2h
−∞ jh(s)ds, where

jh ∈ C1
0 (−2h, 2h) , jh ≥ 0,

∫

R
jh (s) ds = 1,

τ ∈ (0, T ) , 2h < T − τ.

Clearly, ηh ∈ C∞(R). If t < τ + h, 0 ≤ ηh ≤ 1; if
t < T , limh→0ηh(t) = 0.

For any ∀χ ∈ C∞
0 (RN ) , we choose ξ =

χ(x)ηh(t) in (57), then

−
∫ T

0

∫

RN

jh(t− τ − 2h)uχdxdt

−
∫ T

0

∫

RN

[~a(u,∇u) · ∇χηh − fξ]dxdt = 0.

Let h → 0+. We have

∫

RN

u(x, τ)χ(x)dx

= −
∫ τ

0

∫

RN

[~a(u,∇u) · ∇χηh − fξ]dxds,

which implies that, for ∀χ ∈ C∞
0 (RN ),

lim
τ→0

∫

RN

u(x, τ)χ(x)dx = 0.

it contradicts (22). So, there is not the solution for the
Cauchy problem of equation (1) with the initial value
(22).
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