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1 Introduction accordingly to a countable partition {B,,}pen of T
and t,, € B, forevery n € N.

This paper deals with a subject in the field of non- In this paper, we define and study a new non-

additivity. In Measure Theory, the countable (or fi- linear integral of Birkhoff type (named Birkhoff

nite) additivity is fundamental. However, there are weak) for vector (real respectively) functions, with re-

many aspects 'O‘f .the real world where the countab}e spect to a non-additive non-negative (vector respec-
(or finite) add1t1v1t}/ does not Work. For exgmple, mn tively) set function, using finite Riemann type sums
problems of capacity, the efficiency of a finite set of and countable partitions. Our definition can be placed

persons working together is not the sum of the effi- between the Birkhoff integral [2] and the Gould in-
ciency of every person. The capacities and the Cho- tegral [25]. The paper is structured in six sections.
quet integrals (defined by Choquet [9] in 1953-1954), The first one is for Introduction. In Section 2, some
as well as fuzzy measures anc} non-linear f‘}ZZY 1nte- preliminaries are presented. In Section 3, we define
grals. (deﬁne.d by Sugenq [44]‘111 1974) have Important and study the Birkhoff weak integral of vector or real
and interesting applications in potential theory, sta- functions and establish some comparison results with

tistical mechanics, economics, finance, the theory of
transferable-utility cooperative games, artificial intel-
ligence, data mining, decision making, computer sci-

Birkhoff inequality and Pettis integrability. Section
4 contains some integral properties for vector func-
tions and Sections 5 includes some integral properties

ence, subjective evaluation (e.g., [9], [22], [26], [28], for real functions such as, the linearity relative to the
[29], [33], [34], [40], [44], [45]). function and the measure and the monotonicity with

By means of finite or infinite Riemann type sums, respect to the function, the measure and the set. In
different kinds of integrals have been defined and Section 6 we present some properties of monotonicity
studied for instance in [1], [2], [3], [4], [5], [6], [7], for the case when both the function and the set func-
(81, [10], [11], [12], [13], [14], [16-24], [25], [27], tion 4 have real values. Finally, in Section 7, we ex-

[311, [32], [36-39], [41], [42], [43]. For example, the pose some conclusions.
Birkhoff integral [2] was defined for a vector function
f T — X, relative to a complete finite measure m :

A — [0, 400), using series of type > f(tn)m(By),

n=0
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2 Preliminaries

Let 7" be a nonempty set, P(7") the family of all sub-
sets of T', A a o-algebra of subsets of 7" and (X, || - ||)
a real Banach space.

Definition 2.1 Let T be an infinite set.

(i) A countable partition of T' is a countable fam-
ily of nonempty sets P = {A,}nen C A such that
AiﬂAj:Q),i#jand U An:T

neN

(ii) If P and P’ are two countable partitions of T,
then P’ is said to be finer than P, denoted by P < P’
(or, P! > P), if every set of P’ is included in some set
of P.

(iii) The common refinement of two countable
partitions P = {A;} and P' = {Bj} is the parti-
tion P\ P' = {A; N Bj}. We denote by P the class
of all partitions of T and if A € A is fixed, by Pa we
denote the class of all partitions of A.

Definition 2.2 [30] Let v : A — [0, +00) be a non-
negative function, with ji(0)) = 0. p is said to be:

(i) monotone if u(A) < u(B), YA, B € A, with
ACB;

(ii) finitely additive if n(AU B)
for every disjoint A, B € A;

(iii) a (o-additive) measure if p(|J An)
n=0

ioi (A
=0

sets (Ap)nen C A

— ji(A) + u(B)

n), for every sequence of pairwise disjoint

Definition 2.3 [15] Let pi : A — [0, 400) be a non-
negative set function.
(i) The variation 11 of p is the set function

oo P(T) — [0,4+00] defined by n(E) =
sup{>_ u(A;)}, for every E € P(T), where the
i=1

supremum is extended over all finite families of pair-
wise disjoint sets {A;}I", C A, with A; C E, for
everyi € {1,...,n}. If p: A — X is a vector set
function, then in the definition of supremum, we will
consider Y1 (A, |

(i) v is said to be of finite variation on A if
(T) < oo.

Remark 24 If £ € A, then in Definition 3, we
may consider the supremum over all finite partitions
{A;}, C A of E.

Definition 2.5 A property (P) about the points of T
holds almost everywhere (denoted p-ae) if there exists
A € P(T) so that i(A) = 0 and (P) holds on T\ A.
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Definition 2.6 [27] Let p : A — [0,400) be a
non-negative set function with u()) = 0. A function
f T — X is called Riemann-Lebesgue p-integrable
(RL-p-integrable for short) (on T') if there exists o €
X having the property that for every € > 0, there ex-
ists a countable partition P. of T in A such that for
every other countable partition P = {A;, }nen of T
in A, with P > P.and every t, € A,, n € N, the

series Z ftn)u(A

(D 0f tn)pu(Ay) — o] < e. In this case, we de-
note oo = (RL) fT fdu, which is called the Riemann-
Lebesgue integral of f on T relative to p.

n) converges unconditionally and

Remark 2.7 According to Theorem 8 of [35], if
(T, A, ) is a o-finite measure space, then Riemann-
Lebesgue integrability of f : T — X is equivalent to
Birkhoff [2] integrability of f.

3 The Birkhoff weak integral of
functions

In this section, we define and study the Birkhoff weak
integral of real or vector functions and establish some
comparison results.

In the sequel, suppose (X, ||-||) is a Banach space,
T is infinite and A is a o-algebra of subsets of T'.

Definition 3.1 Ler f : T — X and u: A — [0, +00)
(for f : T — Rand p: A— X)with u(0)) = 0.

L f is called Birkhoff weak u-integrable (on T)
(simply Bw-pu-integrable) if there exists a« € X so
that for every € > 0, there exist a countable partition
P. of T in A and n. € N such that for every other
countable partition P = {Ap}nen of T in A, with
P> P, andevery t, € A,, n € N, it holds

Hthk

(Ar) — of <e,Yn > n..

In this case, « is denoted by (Bw) [, fdu and is
called the Birkhoff weak integral of f on T relative
1o [i.

II. f is called Birkhoff weak u-integrable on a
set E € A if the restriction f|g is Birkhoff weak -
integrable on (E, Ag, 1), where Ap = {E N A|A €
A}

Remark 3.2 If it exists, the integral is unique.

Example. 1. If f(¢) = 0, for every t € T, then f is
Buw-pi-integrable and (Bw) [ fdu = 0.
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II. Suppose T' = {ty,|n € N} is countable,
{tn} 6 Aandlet f : T — X be such that the se-

ries Z f(tn)p({t,}) is unconditionally convergent.
Then f is Bw-p-integrable and

(Bu) [ rn - Zf u({ta}).

Remark 3.3 I. If we consider the multifunction F' =
{f}, where f : T — X is a vector function, and
p: A — [0,+00) with p(@) = 0, then by Definition
9 [10], it results that f is Bw-u-integrable if and only
if ' is Bw-p-integrable (according to [10]).

II. If we consider a real function f : T — R and
the set multifunction o = {u}, where p: A — X isa
vector set function, with () = 0, then by Definition
14-11 [11], it follows that f is Bw-p-integrable if and
only if f is Bw-¢-integrable (according to [11]).

Theorem34 Let f : T — [0,400) be a non-
negative function and [ A — [0,40) a
non-negative set function with 1(() 0.If f is
Buw-pu-integrable, then f is RL-u-integrable and
(RL) fT fdu = (Bw) fT fdp.

Proof. Let ¢ > 0 be arbitrary. Since f is Bw-u-
integrable, there exist P. C .A a countable partition of
T and n. € N that satisfy the conditions of Definition
3.1. Let P = { A, }nen C A be a countable partition
of T, with P > P.and t, € A,, n € N. Denoting

Sp = Z f(tk) (
Deﬁmtlon 3.1, it holds

k), for every n € N, according to

(%)

- (Bw)/ fdm' < E, Vn > ne.
T 2
This shows that the series Z f(tn)m(Ay) is un-
conditionally convergent. By (*) it also results that
o0
| 2 ftn)m(4n) — (Buw) Jp fdm| < e.

qu;ntly, f is RL-pi-integrable and (RL) [ fdm =
(Bw) [ fdm. O

Conse-

Theorem 3.5 Suppose (T, A, 1) is a o-finite measure
space and j : A — [0, 4+00) is o-additive. If f : T —
X is Bw-p-integrable, then f is Pettis integrable.

Proof. Since f is Bw-u-integrable, for every ¢ >
0, there exist a countable partition P. of T in .A and
ne € N such that for every other countable partition
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P = {A,}nen of T in A, with P > P., and every
t, € A,,n € N, it holds

I3 ) = (Bu) | faul <0 > ne
k=0

Then for every * € X™ and every n > n. it follows

1> o DA —a*(Bu) [ fa] <
k=0

This shows that z* o f is Bw-u-integrable. It
also results that the series >~ ((z* o f)(ty)p(Ay)
is convergent and |> 7 (z* o f)(tn)pu(An) —

((Bw) [ fdu)] < e.
As in Theorem 3.14 [7], it is demonstrated that

the series » -~ ((z* o f)(tn)u(Ay) is uncondition-
ally convergent. So, z* o f is Birkhoff u-integrable
and therefore is in L' for every x* € X*. Evidently,
Jp(z* o f)dp = x*((Bw) [, fdu), for all z* € X*.
Consequently, f is Pettis integrable. ([l

4 Integral properties of vector func-
tions

In this section, we present some properties of the
Birkhoff weak integral for a vector function f with re-
spect to a non-negative set function p : A — [0, +00)
with p(0) = 0. According to Remark 3.3-I and the
integral properties of the multifunction ' = {f} in
[10], we obtain the following properties of the inte-
gral introduced in Definition 3.1.

Theorem 4.1 If f : T — X is bounded and f = 0 p-
ae, then f is Bw-p-integrable and (Bw) [, fdu = 0.

Theorem 4.2 Let f : T' — X be a Bw-u-integrable
function. Then f is Bw-u-integrable on E € A if and
only if fXg is Bw-u-integrable on T, where Xg is
the characteristic function of E. In this case,

(Bu) [ fin=(Bu) [ iz

Theorem 4.3 If f,g : T — X are Bw-u-integrable,
then f + g is Bw-u-integrable and
(Bw) [7(f + 9)du = (Bw) [7 fdu+ (Bw) [r gdp.

Theorem 4.4 Let f, g : T — X be Bw-u-integrable
vector functions. Then the following properties hold:

(i) |(Bw) [p fdp — (Bw) [pgdp| <
sup 1£(&) —g@| - B(T);

(ii) [[(Bw) [ fdpll < sup,er [|f ()] - 7(T).
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Theorem 4.5 Let f : T — X be a Bw-u-integrable
function and o € R. Then:
(i) af is Bw-u-integrable and

(Buw) /T afdp = o(Buw) /T Fu;

(ii) f is Bw-au-integrable (a € [0, +00)) and

(Bu) [ rdten) = a(Bu) [ san

Theorem 4.6 Suppose p1, 2 : A — [0,4+00) are
non-negative set functions with 1 (0) = p2(0) = 0.
If f: T — X is both Bw-pq-integrable and Bw-ps-
integrable, then f is Bw-(u1 + uz)-integrable and

(Buw) /T Fd(u + o)
= (Bw)/de,ul+(Bw)/de,u2.

Theorem 4.7 Suppose 11 : A — [0,+00) is finitely

additive. Let f,g : T — X be vector functions,

with sup || f(t) — g(t)|| < +oo, such that f is Bw-
tel

u-integrable and f = g p-ae. Then g is Bw-pu-
integrable and (Bw) [, fdu = (Bw) [, gdp.

Other properties of the integral will be presented
in the sequel.

Theorem 4.8 Let f : T — X be a Bw-u-integrable
function, such that the real function ||f|| : T —
[0, 400) is Bw-u-integrable. Then

|(Bw) /T Fdull < (Buw) /T £ lld.

Proof. Suppose ¢ > 0 is arbitrary. Since f is Bw-
p-integrable, there exist P! € P and n! € N so that
for every P = {Ap}neny € P, P > Pel, and every
sp € An,n €N, it holds

I3 ftontan) = B [ ganl < 5

foreveryn € N,n > né

Since || f|| is Bw-u-integrable, there exist P2 €
P and n? € N so that for every P = {B,}nen € P,
P> Pf and every u, € By, n € N, it holds

3 U7 — B [ 17l < 5,

foreveryn € N, n > ng
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Now, we consider P. = P} A P? € P and n. =
max{n},n2}. Then for every P = {Cy,}nen € P,
P > P. and every t, € Cp, n € N, we obtain the
following inequalities

I3 7uC0) = @) [ fal <50 )

Ve~ B [ il < 5. @

By (1) and (2) we get:

|(Bw) /T fdul| < [[(Buw) /T foly — %f(tmcwu
DY ) u(Cr)
k=0

< SIS IO — (Ba) [ 1171w+
k=0 T

+(Bo) [ fldu <&+ (Bo) [ 17]d
T T
Since € > 0 is arbitrary, the conclusion follows. [

Definition4.9 Ler v : A — X, v(0) = 0 and i :
A — [0, 4+00), (@) = 0. It is said that v is absolutely
continuous with respect to i (denoted by v < ) if for
any € > 0, there is § > 0 such that for every E € A,

A(E) < 6= |lv(B)] < =.

Theorem 4.10 Suppose f : T — X is bounded and
Buw-p-integrable on every set E € A, such that o =
supier || f()]| > 0 and let v : A — X be defined
by v(E) = (Bw) [ fdu, for every E € A. Then
v

Proof. For every e > 0,letd = £ > Oandlet £ € A
be any measurable set so that i(E) < . Then, by
Theorem 4.4 - (ii), we have:

|(Bw) /E ful

<sup||f()] - B(E) < ad =,
teE

lv(E)]l =

This shows that v < p. g

Theorem 4.11 Let f : T — X be a vector function.

(i) If f is both Bw-p-integrable on B and Bw-
u-integrable on C, when B,C € A are disjoint mea-
surable sets, then f is Bw-u-integrable on BUC and
(Bu) [ fd = (Bw) [y, fdp+ (Buw) [, fdp.

(ii) If f is Bw-p-integrable on every set E € A,
then the set function v : A — X, defined by v(E) =
(Bw) [ fdu, VE € A, is finitely additive.
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Proof. (i) Suppose € > 0 is arbitrary. Since f is
Bw-pu-integrable on B, there exist a partition of B,
Pg = {Dp}nen € Pp and n! € N such that for
every partition of B, P = {A, },en € P, P > Pj
and t,, € A,,n € N, it holds

%, Vn > nl.

3)
Since f is Bw-p-integrable on C, there exist a parti-
tion of C, P& = {E,}nen € Pc and n? € N such
that for every partition of C, P = {U,},en € Pc,
P > P¢ and s, € Uy, n € N, it holds

1) fte)n(Ax) — (Bw) [ fdpll <
kZ:O k)P Ak /B 12

€
o Vn > n?.

“)
>

I > f(se)u(Uk) = (Bw) [ fdull <
kzzo k)H\Vk /C H

Let P%JC = {Dp,En}nen € Ppuc and n
nl + nZ. Now, for every partition of B U C, P
{Vitnen € Ppucr with P > Pg .~ and every u,, €
Vo, n € N, we can write P = {B], }en U {C/ }nen,
where Py, = {B],}nen > P and P, = {C},}en >
P&.  Also, we can write » ;. f(ug)p(Vi)

o [ (ur)p(By) + 220 f(ur)u(Cy), with p

né, > ng From (3) and (4) we obtain

>

I3 ftue)utio ~ ((Bw) /B fdu+ (Buw) /C fdu)| <

< I3 fue)ut ) ~ (B /B ful

9
— =

+ ;ﬂukmw@ ~ (Buw) /O Faull < £+

which shows that f is Bw-u-integrable on B U C' and

(Bw)
BUC

fdu = (Bw) /B fdu+ (Buw) /C fdu.

(ii) It easily results from (i). ]

S Integral properties of real func-
tions

In this section, we present some properties of the
Birkhoff weak integral for a real function with respect
to a vector set function o : A — X, with p(0) = 0.
The nonnegative set function ||u| : A — [0, +00)
is defined by ||u|[(A) = ||u(A)||, for every A € A.
Evidently, ||u||(?) = 0. According to Remark 3.3-IT
and the properties of the integral of f with respect to
the set multifunction ¢ = {u} in [11], the following
results are obtained.
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Theorem 5.1 If f : T'— R is bounded and f = 0 -
ae, then f is Bw-pi-integrable and (Bw) [ fdu = 0.

Theorem 5.2 f : T — R is Bw-u-integrable on F €
A if and only if f Xg is Bw-u-integrable on T.

Theorem 5.3 If f,g : T — R are Bw-pu-integrable
and f(t)g(t) > 0 for everyt € T, then f + g is Bw-
u-integrable and

(Bu) [ (r+ g = (Bw) [ s+ (Bu) [ gan

Theorem 5.4 Let f,g : T — R be Bw-pu-integrable
bounded functions. Then:
(i) |[(Bw) [ fdp (Bw) [pgdp| <
supger | f(t) — g(t)] - m(T);
(ii) | (Bw) [ fdp| < super |f ()] - B(T).

Theorem 5.5 Let f : T — R be a Bw-pu-integrable
function and o € R. Then:
(i) af is Bw-p-integrable and

(Bu) [ afdn=a(Bu) [ san

(ii) f is Bw-(au)-integrable and

(Bu) [ rdten) = a(Bu) [ san

Theorem 5.6 Let 11,12 @ A — X be non-negative
set functions with j11(0) = po(0) = 0.If f : T — Ris
both Bw-p-integrable and Bw-pus-integrable, then
[ is Bw-(p1 + po)-integrable and (Bw) [ fd(p +

pi2) = (Bw) [ fdp + (Bw) [} fdpo.

Theorem 5.7 Suppose i : A — X is finitely additive
and let A, B € A be disjoint sets. If f : T — R
is Bw-p-integrable both on A and on B, then f is
Buw-p-integrable on AU B and (Bw) [, fdu =

(Bw) [, fdp + (Bw) [ fdp.

Theorem 5.8 Suppose 1 : A — X is finitely addi-
tive. If f,g : T — R are bounded functions such
that f is Bw-u-integrable and f = g p-ae, then g is
Bw-p-integrable and

(Bu) [ sin = (B0) [ gin.

Moreover, the following properties of the integral
are obtained.

Theorem 5.9 Suppose the nonnegative function f :
T — [0,+00) is Bw-p-integrable and Bw-||pu||-
integrable. Then

|(Bw) /T fdull < (Buw) /T Fdllul.
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Proof. Let ¢ > 0 be arbitrary. Since f is Bw-pu-
integrable, there exist P! € P and n! € N such that
forevery P = { A, }nen € P, with P > Pl and each
sp € Ap, n € N, it holds

n

I3 Fsn(An) = (Bu) [ fdul < 5. vn = nl

k=0

Since f is Bw-| u|-integrable, there exist P2 € P
and n? € N such that for every P = {By, }nen € P,
with P > P2, and each u,, € B,,, n € N, it holds

n

> FlnBll~(Bu) | falul| < 590> 0.

k=0

Let P- = P! AP? € P and n. = max{n},n2}. Then

gr e

for every P = {Cp}nen € P, P > P., and every
t, € Cp,n €N, it results

= 9
I3 () - B [ saul <5

PIGITCARIER s <5 ®

Now, by (5) and (6), it follows
B d B du — C
I w)/Tf ul < ¢ w)/Tf ” ;)ﬂtkm( ol
1) F ) u(C)|
k=0
< S+ ftllacol
k=0

~ (Buw) /T fdlull] + (Buw) /T flul

<e+ (Bw)/ fd|lp||, Ve > 0.
T

Consequently, ||(Bw) [ fdul < (Bw) [ fd||u]|. O

Definition 5.10 Suppose v : A — X and pp : A —
X are vector set functions such that v(()) = u() = 0.
It is said that v is absolutely continuous with respect
to | (denoted by v < ) if for every ¢ > 0, there
exists § > 0 so that:

VE € A (E) <6 = ||[u(B)| < e.

Theorem 5.11 Let f : T — R be a bounded function
such that f is Bw-u-integrable on every measurable
set E € Aand o = sup,cr | f(t)| > 0. If we consider
the vector set functionv : A — X, defined by v(E) =
(Bw) [ fdu, for every E € A, then v < pu.
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Proof. Consider § = £ > 0 for any ¢ > 0. Now,
according to Theorem 5.4-(ii), it results:

(B = H(Bw)/ fdpl| < sup|f(t)] - (E)
E tek
< ad = ¢,

for every measurable set £ € A, with i(E') < . This
implies v < p. g

The following theorem is demonstrated the same
as Theorem 4.11.

Theorem 5.12 Let f : T' — R be a real function.

(i) If B,C € A are disjoint sets and f is both
Bw-p-integrable on B and Bw-u-integrable on C,
then f is Bw-p-integrable on BUC and the following
relation holds:

(Bw)
BUC

i = (Bu) [ fan+ (Bu) /C fd.

(ii) If f is Bw-p-integrable on every set E € A,
then the set function v : A — X, defined by v(E) =
(Bw) [ fdu, VE € A, is finitely additive.

6 The real case

This section contains some properties of monotonic-
ity for the case when both the function f and the set
function p have real values. These properties show
that the integral is monotone with respect to the func-
tion, the measure and the set. In the sequel, suppose
w: A — [0,+00) is a nonnegative set function, with

() = 0.

Theorem 6.1 Let f,g : T — R he Bw-u-integrable
functions. Then the following properties hold:
() If f < g, then (Bw) [ fdu < (Bw) [ gdp.
(ii) If g > 0, then (Bw) [ gdp > 0.

Proof. (i) Consider an arbitrary € > 0. Since f is
Buw-p-integrable, then there exist P; € P a countable
partition of 7" and n} € N such that for every count-
able partition of T, P = {Ap}nen, P > Py, and
every t, € A,,n € N, it holds

n
€
D f(t)u(Ar) — (Bw) /T fapl < 5. ()
k=0
Vn > nl.
Analogously, since g is Bw-u-integrable, there ex-

ist P, € P a countable partition of 7" and n? € N
such that for every countable partition of 7', P =
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{An}nen, P > Py, and every t, € A,, n € N, it
holds

’ZQ b

Vn 2 n?.

~ (Bw) / gdul <5, ®
T

Now, let Py = Py A P> and ng = max{n!,n?}, and
consider P = {4, },en a countable partition of T,
with P > Py, t, € A, for every n € N and a fixed
n > ng. Since f < g, by (7) and (8), we get

(Buw) / fdu — (Buw) / gdp

k=0
n
L
n

+1
k=0

Ju(Ag)

O

9(tx)p(Ax) — (Bw) /ng,u,\ <e, Ve>D0.

Consequently, the inequality follows.
(ii) We apply (i) for f = 0. ]

Theorem 6.2 Let 1,2 @ A — [0,400) be non-
negative set functions such that p1(0) = p2(0) = 0
and 111(A) < p9(A), for every A € A, and let
f: T — [0,+00) be a nonnegative function which is
both Bw-p1-integrable and Bw-i1-integrable. Then

(Bw) fT fdu < (Bw) fT fdps.

Proof. Let ¢ > 0 be arbitrary. From the hypothesis,
there exist P = {A, }hen a countable partition of 7'
and n. € N such that for every ¢, € A,, n € N, it
holds

- e
3 ftwpatan) = Bo) [ al <5 ©)
Vn > ne

and

n

I3 Ftedialdn) = (Bu) [ fdl <5, (10)

k=0
Vn > n..
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According to (9) and (10), since p; < 2, we obtain

(Bu) [ sa = (Bo) | s

< |k§j:0f<tk>m<Ak> ~ (Buw) /T fdu|

+ 3 )l (A) = pa(Ay)]

+ | kzzof(tk)m(x‘lk) — (Bw)/de/.LQ <e.

Since € > 0 is arbitrary, the conclusion follows.  [J

Theorem 6.3 Suppose p : A — [0, +00) is mono-
tone and f : T — [0,+00) is a nonegative function.
Then the following properties hold:

(i) Let A, B € A be measurable sets such that f
is both Bw-pu-integrable on A and Bw-u-integrable
on B. If A C B, then (Bw) [, fdu < (Bw) [5 fdp.

(ii) Suppose f is Bw-u-integrable on every set
A € Aand denote v(A) = (Bw) [, fdu, for every

A € A. Then v is monotone.

Proof. Let ¢ > 0 be arbitrary. Since f is Bw-pu-
integrable on A, there exist PE1 = {Cp}lneny C Aa
partition of A and n! € N such that for each partition
of A, P = {E,}pen, with P > Pl and t, € E,,
n € N, it holds

1)

3 ftwnt) = (Bw) [ faul <,

Vn > n;

Now, similarly in the case of B, there exist P? =
{D;}nen C A a partition of B and n? € N so that
for all partitions of B, P = {E), },en, With P > PE2
and t,, € E,,n € N, it holds

IS fuB) = (Bo) [ fal <3, a2
k=0
Vn > ng

Let P} = {C,,B\ A} and P = {Ep}nen a par-

tition of B, with P > P} A P2. It results that
P/ ={E,NA}enisa partition of Aand P! > P..
Now consider n. = max{nl,n?} and t, € E N A

(> E
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n € N. According to (11) and (12) it follows:
(Bu) [ fdu—(Bu) [ sau
A B

<|(Bw) | fdu— ) f(tr)u(E,NA)
[, 73 rwone
+ ) () (Br N A) — u(Ey)]

k=0

+ D fte)u(Er) — (Bw) | ful <e.
kz::O k)L /BM €

Since € > 0 is arbitrary, the inequality results.
(i) It immediately follows from (i). ]

7 Conclusion

We have defined and studied Birkhoff weak integra-
bility of functions f relative to a set function p. For a
real Banach space (X, || - ||), we have considered two
cases:

Q) f:T — Xandp: A — [0,400) with
w(?) = 0 and

() f: T — Rand p: A— X with u() = 0.

Some comparison results and classical integral
properties are obtained: linearity relative to the func-
tion and to the measure, absolutely continuity. Also,
monotonicity properties for the real case are pre-
sented. As future works:

- relationships between Birkhoff weak integra-
bility and other integrabilities (Gould, Dunford, Mc-
Shane, Henstock-Kurzweil);

- properties of continuity, regularity and Birkhoff
weak integrability on atoms.
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