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Abstract: In this paper, we introduce a new class of analytic functions define by a new convolution operator
Lt (o, 3). The new class of analytic functions ZZ% (p; h) in U* = {z:0 < |z| < 1} is define by means of a
hypergeometric function with an integral operator associated with the Hurwitz-Lerch Zeta function and differential
subordination. The authors also introduces and investigates various properties of certain classes of meromorphi-

cally univalent functions.
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1 Introduction

A meromorphic function is a single-valued function
that is analytic in all but possibly a discrete subset
of its domain, and at those singularities it must go
to infinit like a polynomial (i.e., these exceptional
points must be poles and not essential singularities).
A simpler definitio states that a meromorphic func-
tion f(z) is a function of the form

where ¢(z) and h(z) are entire functions with
h(z) # 0 (see [1], p. 64). A meromorphic function
therefore may only have finite-orde, isolated poles
and zeros and no essential singularities in its domain.
An equivalent definitio of a meromorphic function
is a complex analytic map to the Riemann sphere. For
example the Gamma function is meromorphic in the
whole complex plane C (see [2], [3] and [4]).

Let A be the class of analytic functions h(z) with
h(0) = 1, which are convex and univalent in the open
unit disk U = U* U {0} and for which

R{h(z)} >0 (z€U). (1)

For functions f and g analytic in U, we state that
f 1s subordinate to g and write
f(z) <g(2)

f=<g in U or (ze€U)
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if there exists an analytic function w(z) in U such that
jw(2)| <[z and f(2) =g (w(2)), (z€U).

Furthermore, if the function ¢ is univalent in U,
then

f(z)=g(z)& f(0)=g(0) and f(U) =g (U),
(ze€U).

In the present paper, we initiate the study of func-
tions which are meromorphic in the punctured disk
U* = {#:0<|z| <1} with a Laurent expansion
about the origin, see [5]. Also, we shall use the op-
erator L! (o, 3) f(z) to introduce some new classes
of meromorphic functions. We also, introduce and in-
vestigate various inclusion relationships and convolu-
tion properties of a certain class of meromorphic func-
tions, which are define in this paper by means of a
linear operator.

2 Preliminaries

Let X denote the class of meromorphic functions f(z)
normalized by

1 oo
f(Z):*—FZanZn? (2)
z n=1
which are analytic in the punctured unit disk

U'={z:2€C and 0<|z|<1} U\ {0},
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C being (as usual) the set of complex numbers. We
denote by X.5*() and XK () (8 > 0) the subclasses
of X consisting of all meromorphic functions which
are, respectively, starlike of order 5 and convex of or-
der 8 in U* (see also the recent works [6] and [7]).

For functions f;(z) (j = 1,2) define by

1 > .
n=1

we denote the Hadamard product (or convolution) of

f1(z) and fa(2) by

(fre f2)(2) = 2+ 3 anaanse™

n=1

Let us consider the function 5(04, (; z) define by

anz"

- L) — 1 - (@)ns1
Pl i) < +nz;; (B)n+1

(ﬁEC\Za; aEC),
where
Zy ={0,-1,-2,---} =7~ U{0}.

Here, and in the remainder of this paper, ()),; denotes
the general Pochhammer symbol defined in terms of
the Gamma function, by

. I'(A\+~k
(), = T

] , (k=3 A € C\{0})
)l AA+1)(A+n—-1) (k=neN; e(O)
it being understood conventionallythat (0)g := 1 and
assumed tacitly that the T"-quotient exists (see, for de-
tails, [8, p. 21 et seq}), N being the set of positive
integers.

We recall here a general Hurwitz-Lerch-Zeta
function, which is define in [[9], [10]] by the fol-
lowing series:

1 > n
@(Z,t,a):at—l-;(nj_a)t 3)

(a eC\Zy ,Zy =1{0,-1,-2,..};t € C when
2eU=U"U{0}; R(t) > lwhenz € OU)
Important special cases of the function ® (z, ¢, a)
include, for example, the Reimann zeta function

¢ (t) ®(1,t,1), the Hurwitz zeta function
¢ (t,a) = ®(1,t,a), the Lerch zeta function I, ({) =
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) (exp%”f, t, 1) , (€€ R,R(t) > 1), the polyloga-

rithm Li(z) = 2® (2,t,a) and so on. Recent results
on ¢ (z,t,a), can be found in the expositions [[11],
[12]]. By making use of the following normalized
function we define

1

Gia(z) = (1+ a)t m

® (2,t,a) —a' +

1 & /14a\t
== n 4
z+z(n+a>z’ @

n=1
(z € U").

Using the functions G ,(z) with the Hadamard
product for f(z) € 3, a new linear operator
Liq(a, 8) on ¥ will be defin by the following se-
ries::

)

(z€U").

Many papers considered the above operator along
with the meromorphic functions and generalized
hypergeometric functions, see for example [[6], [13],
[14], [15],[16], and [17]].

It follows from (5) that

2 (LL (. 8) 1))

o (Lh(a+1,8) f(2) = (a+ 1) L (e, 8) f(2). (6)

Let Q) represent the class of analytic functions
h(z) with h(0) = 1, which are convex and univalent
in the open unit disk U = U* U {0}.

Definition 1 A function f € X is said to be in the

cIassZg’tﬂ (p; h), if it satisfies the subordination con-
diton

(14 p) = (L (@, 8) () + 22 (L (0, 8) £(2))

< h(z) ™)

wherep is a complex number andz) € Q.
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Let A be class of functions of the form
oo
fR) =2+ a2" )
n=2

which are analytic in U. A function h(z) € A is said
to be in the class S*(), if

%{J{(())} >

For some y(y < 1). When 0 < v < 1, S*(y)
is the class of starlike functions of order v in U. A
function h(z) € A is said to be prestarlike of order
U, if

(zeU).

z

prf(z)esS () (v<1)

(1—2)2077

where the symbol * is used to refer to the familiar
Hadamard product (or convolution) of two analytic
functions in U. We denote this class by R(7y). A func-
tion f(z) € A is in the class R(0), if and only if f(z)
is convex univalent in U and

(3)-+ (3

3 Main results

In order to establish our main results, the following
lemmas will be required:

Lemma 2 (See [18]) Lety(z) be analytic inU, and
h(z) be analytic and convex univalent iff with
h(0) = g(0). If,

§(2)+ 2 (2) < h(2) ©)
whereR 4 > 0 andp # 0, then
g(2) < h(z) = pz" /0 V0 (8) dt < h (=)
and’(z) is the best dominant of (9).

Lemma 3 [19] Let Ra > 0 anda # 0. Then,

2 (o ) € S0l (o B))

h(2) = az=® [Fto R (t)dt < h(2).
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Lemma 4 [19] Let f (2) € 25 (p; h), g(2) € T
and

R (29 (2)) > =

5 (zeU).

Then,
(f*9) () €235 (o h)
Lemma5 (See [19]) Leta < 1, f(2) € S*(a) and

g(z) € R(a). For any analytic functionF'(z) in U,
then

2D ) cao(r ),

gxf
whereco (F' (U)) denotes the convex hull 6f(U).

Theorem 6 Let f(z) € X7, (p; k). Then the func-
tion F'(z) defined by

F(z) = ‘uzul/oztﬂlf(t) dt (Ru>1) (10)
is in the class2, (p; E), where
(2) = (u—1)z" /thh(t) dt < h(2)
0

Proof: For f(z) € ¥ and Ru > 1, we fin from
(10) that F' (z) € ¥ and

(n—1) f(2) = pF (2) + 2F' () (11)

F(z) eX.
Defin G(z) by

2G(z) = (14 p) 2 (Lh (@, B) F(2))

+pz (Lt (0, B) F(2)) (12)

By differentiating both sides of (12) with respect to z,
we get:

2G(2) = G(2) = (14 p) 2 (L} (0, B) (2F'(2)) )

0% (L (o, B) (2F'(2)) ) - (13)
Furthermore, it follows from (11), (12) and (13) that:
(1+p) 2 (Zh (e B) £(2)) + 92 (L (, B) (2))
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wF(2) + zF’(z)))

:(1+p)Z<LZ(a=5)< f—1

pF(z) + 2F'(2) ) >/

I

H ’
= G+ (6 - 6G)
B 2G'(z)
=G(2)+ 1 (14)

Let f(z) € S5 (p; h). Then, by (14)

2G'(2)

G(z) + o1

<h(z) (Rp>1),
aby using Lemma 2, we get

G(z) < T (2) = (u—1) 2" /0 £21 (1) dt

< h(z).

Hence, by Lemma 3, we arrive at:

F(z) € 0% (i h) € 200 (o3 h).

Theorem 7 Let f(z) € ¥ and F'(z) be defined as in

Theorem 6. If

(1+7) 2 (Lh (@, B) F(2)) +72 (Lh (o B) £(2))

< h(z) (v>0), (15)

thenF(z) € £, (0, E), where® 1 > 1 and

~ —1) 1= Z o op=1_

() = & )21WM/ 5 T () dt < h(2).
0

Proof: Let us define

G(z) = = (Ll (o, B) F(2)) (16)

Then the analytic function G(z) in the unit disk U,
with G(0) = 1, and

2G/(2) = G(2) + 22 (L (o, B)F(2)) . (17)

Making use of (11), (15), (16) and (17), we deduce
that:

(1+7) 2 (L} (o, B) F(2)) +72 (L (@, 8) (=)
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for Ry > 1and vy > 0.

Thus, an application of Lemma 2 evidently com-
pletes the proof of Theorem 7.

Theorem 8 Let F'(z) € X2 (p; h). If the function
f(2) is defined by

FE =2 ot w1 a9

zP 0
then,
of (02) € 255 (o3 )
where
oo = V2D =0y )

(n—1)
The boundr is sharp when

1+ 2
1—=z2

h(z) =6+ (1 - 0) (B#£1). (20)

" tPrOOf: For F(z) € Eitﬁ (p; h), wecan verify
at:

F(z) = F(2) * 1% and 2F'(z) =

1—

1 2
F)* (i — s25) -
Hence, by (18), we have:
_ puF (2) + 2F'(2)
= 1

f(z) =(Fxg)(z) (21

(zeU*,u>1),whereg(z) =

— <(1_12)2 +(n-2) 2(11_ Z)> €T (2

We then show that:

Rizg()} >3 (d<o). @)

where 0 = o (p) is given by (19). Setting

1

— Ret®
1—2z ¢

(R>0, |zl =r<1)
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we fin that:

14+ R?(1-1r?)
2R

For v > 1 it follows from (29) and (32) that:

2R{zg(2)} =

1
d R> —— 24
an Z 15 24)

cosf =

— [(u— 2) Rcos § 4 R? (200520 — 1)]

= —lu-2) (1+ R (1-17)) +

(1+R(1 —rQ))Q - 2R2} =

M}fl {R2(1_7’2)2+“<1_T2)_Q]+12

MR_Zl [(1—r2)2+u(1—7’2)—2]+1:

R2
w—1
This evidently gives (31), which is equivalent to

[(1—u)r2+,u—27“—1}+1.

R {09 (02)} > % (zel). (25)

Let F(z2) € Eitﬁ (p; h). Then, by using (28) and (33),
an application of Lemma 4 yields:

of(02) = F(2) % 0g(0z) € 5% (5 h) .

For h(z) given by (27). we consider the function
F (z) € X define by:

(14 ) 2 (L (o, B) F(2)) +

1
T2 26
z

222 (L (o, B)F(2)) =6+ (1) -

(6 #1). Then, by (34), (12) and (14) (used in the
proof of Theorem thm1), we fin that:

(1+p) 2 (L4 (0, 0) £(2)) + 2 (L (0, 8) (2))

5+(1—5)iti+uil (5+(1—5)1J_FZ> -
(1—=6)(p+22—1+(1—p)2?)
1) =0
" (= 1) (1= 2
(0 =—2).

Therefore, we conclude that the bound o = o (1) can-
not be increased for each p (11 > 1).
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4 Inclusion relations
Theorem 9 Let0 < p; < p2. Then

Sel (pai h) C 20 (p; )
Proof: Let 0 < p; < p2 and suppose that:

9(2) =2 (Lk (e, ) f(2)) 27)
for f(z) € Eitﬂ (p2; h). Then the function g(z) is

analytic in U with g(0) = 1. Differentiating both
sides of (27) with respect to z and using (6), we have:

(1+ p2) = (L4 (0, 8) £(2)) + po2? (L (0, 8) £(2))

= 9(2) + p22g’ (2) < h(2). (28)

Hence an application of Lemma 2 with m = p% >0

yields:

g(z) < h(2). (29)

Noting that 0 < % < 1 and that h(z) is convex uni-
valent in U, it follows from (27), (28 and (29) that:

(1+ o) 2 (L (@, 8) £(2)) + pr2? (L (0,6) £(2))

= Ot p) = (2 0.9) £ (2)

42t (L (0,81 () | + (1= 2 ) 902

< h(z).

Thus, f(2) € Eitﬁ (p1; h) and the proof of Theorem
9 is complete.

Theorem 10 Let,

(30)

9%{2(5(041, 042;2)} > %

(z€U; ag ¢ {0,—-1,-2,...}),
whereg (a1, as; 2) is defined as in%?). Then,
EZ’;;; (p; h) C Ei’lt,,g (p1; h)
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Proof:
For f (z) € X, we can verify that:

2 (L (a1, 9) £ (2))

— (zg(oq, Qg3 z) * (zL’; (ag, B) f(z))) (31)

and

22 (Lt (1, ) £(2))

— (20(@1 azi) 2 (Lifaa ) £2)) ) . G2)

Let f(z) € ng,ﬂ (p; k). Then from (31) and (32),
we deduce that:

(1+p) 2 (Li (a1, B) £ (2)) + p2* (L (e, B) £ (2))

= (25(0[1, QQ;Z)) *‘I’(Z) (33)
and

U (2) = (1+p) 2 (Ll (a2, B) f (2)

+02* (L (a2, ) F () < h(z) (9

In view of (30), the function z¢ (a1, ag;2) has the
Herglotz representation:

z%(al, ag;z) = / dm (z) (z€U), (35

lzg|=1 1 —x2

where m (z) is a probability measure define on the
unit circle |z| = 1 and

/|:1::1 dm (xz) = 1.

Since h(z) is convex univalent in U, it follows from
(33), (34) and (35) that:

(14 p) = (L (a1, B) £ () + p22 (LL (e, B) £ (2))

= " U (zz)dm (z) < h(2)

This shows that f (z) € Zif 5 (p; h) and the theorem
is proved.
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Theorem 11 Let0 < a1 < 5. Then
Eif,g (p; h) C Zi’f,ﬁ (p; h).
Proof: Define

n+1 n +1

n+1

(zeU; 0<a; <ay).
Then,

¢ (a1, ag52) = g(z) € A (36)

where ¢ (a1, ag;2z) is define as in (??), and

z z

) Q*Q(Z)Z(

a—= T (37)

By (37), we see that:

a_'z;)”*g(z)es*<1—2>cs*(1—0§>

for 0 < a; < ag, which implies that:

g(2)€R (1 - O;) (38)

Let f(2) € X tﬁ (p; h). Then we deduce from (33),
(34) and (36) that

(1+p) 2 (Lh (a1, B) £ (2)) +p22 (L (o, B) £ (2))

06) | g 1y _ 9% (GE ()

z g(z)xz (39)

where

U (z) = (1+p) 2 (L (a2, B) £ (2))

+p22 (L (02, B) £ () <h(2).  (40)

Since z belongs to S* (1 — %) and h(z) is convex
univalent in U, it follows from (38), (39), (40) and
Lemma 5 that:

(L+p) = (Ll (a1, B) [ (2))

!/
+p22 (L (o1, B) [ (2)) < h(2)
Thusf (z) € Eif 5 (p; h) and the proof is completed.
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