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Abstract: Let P, X and Y be Banach spaces. Suppose that f : P x X — Y is continuously Fréchet differentiable function
depend on the point (p,z) and F' : X = 2Y is a set-valued mapping with closed graph. Consider the following parametric
generalized equation of the form:

0€ f(p,z) + F(z). (1)

In the present paper, we study an extended Newton-type method for solving parametric generalized equation (1). Indeed,
we will analyze semi-local and local convergence of the sequence generated by extended Newton-type method under the
assumptions that f(p, x), the Fréchet derivative D, f(p,z) in « of f(p, x) are continuously depend on (p,x) and (f(p,-) +
F)~1!is Lipschitz-like at (p, 7).

Key—Words: Set-valued maps, Parametric generalized equations, Semilocal convergence, Lipschitz-like mappings, Solution
mapping, Extended Newton-type method.
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1 Introduction Rockafellar [3] associated the following Algorithm for

lving th lized ti 2):
In this study we are concerned with the problem of ap- solving the generalized equations (2)

proximating a solution of a parametric generalized equa-
tion. Let P, X and Y are Banach spaces. Suppose that
f : P x X — Y is continuously Fréchet differentiable

Algorithm 1 (Newton-type method)

Step 1. Select z¢p € X and put k := 0.
Step 2. If 0 € Dy (), then stop; otherwise, go to Step

function and F' : X = 2V is a set-valued mapping with 3
closed graph. We consider here a parametric generalized Step 3. If O ¢ D,(z1), choose dj, such that dj, €
equation of the following form to find a point 7 € Q C X D, (). P

for p € P satisfying Step 4. Set kg1 = Tk + di.

Step 5. Replace k& by £ + 1 and go to Step 2.

0¢€ f(p,z) + F(x). 2)
The model of generalized equation (2) covers a huge terri- Generally, for a starting point near to a solution, the se-
tory. The classical case of an equation corresponds to hav- quences generated by Algorithm 1 are not uniquely defined
ing F(x) = 0, whereas by taking F'(x) = —K for a fixed and not every generated sequence is convergent. The result,
set K C Y one gets various constraint systems. When Y is established in [5, Theorem 2.1.], guarantees the existence
the dual space X* of X and F is the normal cone mapping of one sequence, which is convergent. Therefore, from the
N¢ associated with a closed, convex set C C X, one has a viewpoint of practical computations, this kind of methods
variational inequality. would not be convenient in practical application. In accor-
Let us fixing p € P and z € X, and let D, f(p, z) be dance with the developments in computation, theoretical
the Fréchet derivative of f at z. By D,(x) we denote the studies on numerical schemes are now fruitful and highly
subset of X defined by needed. That is why inspired by the works of Dontchev and
Rockafellar [5] we propose ” so called” extended Newton-
Dp(z) = {deX:0€ f(p,z)+ D, f(p,x)d type method as follows:
+F(z+d)}.

According to the construction of D,(x), Dontchev and
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Algorithm 2 (Extended Newton-type method)
Step 1. Selectn) € [1,00), 29 € X and put k := 0.
Step 2. If 0 € D, (), then stop; otherwise, go to Step
3.
Step 3. If 0 ¢ D, (x), choose dj, such that di, € Dp(z)
and

ldx || < n dist(0, Dy ().

Step 4. Set x4+1 := xk + dj.
Step 5. Replace k£ by k£ + 1 and go to Step 2.

We observe, from the Algorithm 2, that if f is explicit
function, this algorithm reduces to the Algorithm intro-
duced by [15]. A large number of fruitful works on semilo-
cal convergence analysis have been presented for solving
generalized equations in the case when f is explicit func-
tion and F' = 0 (cf. [13, 14, 19]) or when F' = C' (cf. [9]).
In the case when f is explicit function, Rashid et al. [15]
introduced Gauss-Newton method for solving the gener-
alized equation (2) and studied its semilocal convergence
analysis. However, in our best knowledge, there is no other
study on semilocal convergence analysis discovered for the
case (2), even for the Algorithm 1.

In this paper, our efforts will be concentrated on the
role of the parameter p in generating sequences by Algo-
rithm 2 that approach a solution of (2). Indeed, we ana-
lyze the semilocal and local convergence of the extended
Newton-type method defined by Algorithm 2. The main
tool is the Lipschitz-like property of set- valued mappings,
which was introduced in [11] by Aubin in the context
of nonsmooth analysis and studied by many mathemati-
cians; see for example [2,7,8,10,15-18] and the references
therein. Our main results are the convergence analysis, es-
tablished in Section 3, which based on the attraction re-
gion around the initial point, provides some sufficient con-
ditions ensuring the convergence to a solution of any se-
quence generated by Algorithm 2. As a consequence, local
convergence results for the extended Newton-type method
are obtained.

This paper is organized as follows: In section 2, we
recall some necessary notations, notions, some preliminary
results. We evoke also a fixed-point theorem which has
been proved in [6] and this fixed-point theorem is the main
tool to prove the existence of the sequence generated by Al-
gorithm 2. In section 3, we consider the extended Newton-
type method which has been introduced in sectionl. Then
using the concept of Lipschitz-like property, we will show
the existence and convergence of the sequence generated by
Algorithm 2. In the last section, we will give a summary of
the major results obtained in this paper.

2 Notations and Preliminary results

In this section we give some notations and collect some
results that will be helpful to prove our main results.
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Throughout this paper, we suppose that P, X and Y are
real or complex Banach spaces. Let z € X and r > 0. The
closed ball centered at = with radius r is denoted by B,.(x)
and closed unit ball denoted by B. Let F': X = 2¥ be a
set-valued mapping with domF" # (). The domain domF,
the inverse F'~! and the graph gphF of F are respectively
defined by

domF :={zr € X : F(x) # 0},

Fl'(y):={reX:yeF(x)} foreachyecY

and
gphF = {(z,y) e X XY :y € F(x)}.

Let A C X. The distance function of A is defined by
dist(z, A) := inf{||z — a|| : a € A} foreachz € X,

while the excess from the set A to the set C' C X is defined
by
e(C, A) := sup{dist(z, A) : x € C}.

The norms in P, X and Y all are denoted by || - ||.

The rest of this section, we recall a few definitions,
some results and then state the Banach contraction mapping
theorem.

We begin with the definition of Lipschitz continuity for
a function in a neighborhood.

Definition 1 A function f : X — Y is said to be Lipschitz
continuous relative to a set B,_(Z) or on a set B,_(Z) if
B,.(Z) C domf and there exists a constant | > 0 (a
Lipschitz constant) such that, for all ,z' € B,_(Z),

1f () = fF@)I < plle — 2] 3)

Moreover, the function f is said to be Lipschitz continuous
around T when (3) holds for some neighborhood B, (Z)
of . The infimum of the set of values of p is called the
Lipschitz modulus of f at T, denoted by lip(f; T), for which
there exists a neighborhood B,_(Z) of T such that (3) holds.
Equivalently,

_ !
lip(f; ) := limsup M
z,2 T |z — 2|
r#x’

Definition 2 A function f : P x X — Y is said to be Lip-
schitz continuous with respect to x uniformly in p around
(p,7) € int domf when there are neighborhoods B, (p)
of pand B, (Z) of T along with a constant . > 0 and such
that, for all x,x' € B, (z) and p € B, (p),

||f(p7 l‘) - f(p7 .’II/)H

< pllw =2 )

The infimum of the set of values of 1 is called the par-
tial uniform Lipschitz modulus of | at (p,Z), denoted by
lip, (f; (P, %)), for which there exist neighborhoods B,., (p)
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of p and B,_(Z) of T such that (4) holds and it has the fol-
lowing form
_ !
b, (F: (p.)) = timsup 1D =S @]
z,x’ =T, p—p ||$ -z ||
TH#T

The following notions of pseudo-Lipschitz and
Lipchitz-like set-valued mappings are due to [15]. These
notions were introduced by Aubin, see for example [11,12]
and have been studied extensively.

Definition 3 Let I' : Y = 2% be a set-valued mapping
and let (§,z) € gphl'. Letrz > 0,75 > 0and M > 0.
Then T is said to be

(a) Lipchitz-like on B, (y) relative to B, (x) with con-
stant M if the following inequality holds, for any
y1,92 € By (9):

e(I'(y1) N By, (2), I'(y2
(b) pseudo-Lipschitz around (i, ) if there exist constants

ry > 0,75 > 0and M' > 0 such that T" is Lipchitz-
llke on B, (y) relative to B,, (z) with constant M’

) < Mllyr — y2|.

Remark 4 T is Lipschitz-like on B,. () relative to B, ()
with constant M is equivalent to the following statement:

if for every y1,y2 € B, (y) and for every z1 € T'(y1) N
B, (Z), there exists xo € I'(y2) such that

|71 — 22|l < Mly1 — y2||.

The following lemma is useful and it has been taken from
[15, Lemma 2.1 ].

Lemma5 LetT : Y = 2% be a set-valued mapping and
let (,z) € gph I'. Assume that T is Lipschitz-like on
B, (y) relative to B, () with constant M. Then

dist (z,T(y)) < Mdist (y, T~ (z))
holds for every x € B, _(Z) and y € B%g(g) satisfying
dist(y, T (z)) < %y
The following definition is taken from [3].

Definition 6 Let F : X = 2Y be a set-valued mapping.
Let (z,y) € gphF, rz > 0 and ry > 0. Then a graphi-
cal localization of F on B, () relative to B, (y) is a set-
valued mapping F such that

gphF = (B, () x B,, () N gphF
and thus
ﬁ'(:l:) _ { g(x) mBT‘g(g)

The inverse of F then has
. FY{y)NB,. (z

and is thus a graphical localization of the set-valued map-
ping F~' onB,._(y) relative to B, ().

when x € B,_(Z),
otherwise.

wheny € B, (y),
otherwise,
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Definition 7 Let F : X = 2Y be a set-valued mapping
and § 6 F(z). Let rz > 0 and ry; > 0 and suppose
that F~1 is Lipschitz-like on B,., (ij) relative to B, (Z) with
Lipschitz constant k > 0. Let s be the graphzcal localiza-
tion of F~' on B,_(y) relative to B,_(Z). Then s is said to
be Lipschitz-like locallzatlon on B, (y) relative to B, ()
with the same Lipschitz constant lf s is Lipschitz-like and
single-valued mapping.

Definition 8 Let S : P = 2X be a set-valued mapping
with closed graph. Then S is called the solution mapping
associated with the generalized equation (2) if

S(p) :={x:0¢€ f(p,z) +

The following lemma is a fixed point statement which has
been proved in [6] employing the standard iterative concept
for contracting mapping. This lemma is need to prove the
existence of the sequence generated by Algorithm 2.

F(x)}Vpe Pxe X.

Lemma9 Let & : X = 2% be a set-valued mapping. Let
no € X, 7> 0and0 < X < 1 be such that

dist(no; @(110)) < (1 — A) )
and, for any 1,2 € B,.(1o),
)a (I)(‘r2

Then ® has a fixed point in B,.(ng), that is, there exists
x € B,.(no) such that x € ®(x). If © is additionally single-
valued, then the fixed point of ® in B,.(ng) is unique.

e(®(z1) NB-(no ) < Alzy — 22 (6)

The previous lemma is a generalization of a fixed point the-
orem in [1], where in assertion (b) the excess e is replaced
by Hausdorff distance.

Letrz > 0, 7y > 0 and r5 > 0. Further let x > 0 and
> 0. Define

z(1—kK
T —mln{ yrm,M}. (7)
K
Then
7"@ 1
r>0<:>u<mm{— —} )
rs K

Applying Lemma 9, we will prove the following lemma
which has been extracted from [5, Corollary 1.5].

Lemma 10 Let F' : X 3 Y be a set-valued mapping and
let (z,7) € gphF. Suppose that F~" is Lipschitz-like on
B,,(y) relative to B, (Z) with Lipschitz constant x > 0
and s is the Lipschitz-like localization of F~* on B,_(y)
relative to B,_(Z). Let 7 be defined in (7) such that (8) is
hold. Let f : P x X — Y be a function such that f(p, ")
is Lipschitz continuous on B, () uniformly in p € B, (p)
with a constant y > 0. Then, for every p € B, (p), the
mapping (f(p,-)+F) ! has Lipschitz-like localization on
f ( Z)+B:(y) relative to B,._ (Z) with a Lipschitz constant

1—f£u'
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Proof: According to our assumption on s, we have that

s(y) = F~(y) N B,, (&) for every y € B, (7). Also, we
have that
Is(y) = sl < slly =yl Y,y €Bry(@).  (9)

Moreover, for each p € B, (p), by the Lipschitz continuity
of f(p,-) we have that

1f(p,2) = f(p,a’
Forany y € B;(f(p

= f(pz) +y =9
ly = f.2) =gl + I f(p, ) —
F4pl|lz — x| <7+ prs.

)| < pllz — 2’| forall x, 2" € B, (7).
(10
,Z)+7) and z € B, (Z), we have that

f(p,2)|l

IN A

(11)
Then by relation 77 < 7y

| — f(p,

—f(p,z)+y € B, (y) € dom s. Now let
,Z) + 7) and define a mapping ®,, : X — X

— prz in (7), we have that

r)+y— gl < ry.

This shows that
y € Br(f(p
by
Dy():==s(~ f(p,") +y).

Now, we will apply Lemma 9 to the map @, (-) with 7o :=
Z, r := rz and A := ku so that the assertions (5) and (6)
hold. Noting that Z € s(y) N B, (Z). Then by the relation
kT < rz(1 — k) in (7) and the Lipschitz continuity of s,
we have that

dist (z, ®,(z))

< e(s(m) NB,,.(2),5(— f(p,7) +y)

< wllg+ flp,7) - y||<f€||y f( x) =7l
< kT <rz(1—Kp)

= r(1-M\).

Since ku < 1 by (8), it shows that the assertion (5) of
Lemma 9 is satisfied. Next we will show that the assertion
(6) is also satisfied. To do this, let z, 2" € B, (Z). Then by
the definition of excess e, the Lipschitz continuity of s and
f(p, ), we have that

6<(I)y (z)N B,, (z), (I)y(z/))
6(8(—f(p,.’15) + y) mBT‘E (j)’
sl f(p,x) — f(p, 2’

= Az -4

s(—f(p,2') +v))

) < mplle — 2|

IA A

This implies that the assertion (6) is satisfied. Since both
assertions (5) and (6) are satisfied, we can deduce the ex-
istence of a fixed point € B,_(Z) such that z = &, (z).
Now for every x € B, (Z) and p € B, (p), define a map-
ping ¢, : Y — X by

wz(y): (f(p, 7E)+g)

2)+F) (y)VyeB(f(p
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The fixed point Lemma implies that, for every y &

B:(f(p,Z) + ¥), there exists a unique fixed point ¥, (y)
of ®, in B,_(Z) such that ¢,(y) = P,(z) and hence
1, (y) = x. Consequently, we have that
-1 _
Ue(y) = (f(p,2) + F) () NBr(2).  (12)
Moreover, for every y € B- ( flp,z)+ gj) , we have that
”1)[):6(?4) - wz(y/)”
= [[@y(z) — Py ()]

19y (¢ (y)) = Py (P ()
= sy = f(2:¥=(®) = s = £ ¥a(y)l

< kly =Yl +&llfp, ¥ (y) — (0, ()]
< wlly =l + spllve(y) = Y (y))]-
Hence, it follows that
192(y) — Y= (y)|| < 1_Wlly—y’ll- (13)
Note that

Br(y) + f(p, Z) {y:y—flp,7) €B-()}
{y:lly—flp,2) -yl <7}
{y:yeB:(f(p.2)+7)}

Br(f(p,Z) + 7).

Thus, combining (12) and (13) we conclude that v, is the
Lipschitz-like localization of ( flp,) + F)f1 with Lips-
chitz constant /(1 — #x) and hence, for every p € B, (p),
one says that (f(p,-) + F)_1 has Lipschitz-like localiza-
tion on f(p, Z) + B#(y) relative to B, (Z) with a Lipschitz
constant /(1 — ku). This completes the proof.

3 Convergence analysis of Extended
Newton-type method

Throughout this section, we assume that f : Px X — Y'is
continuously Fréchet differentiable in x with its derivative,
denoted by D, f (p, z) and that both f(p,z) and D, f(p, )
depend continuously on (p,z). Let F' : X = 2" be set-
valued mapping with closed graph and S : P = X be a
solution mapping associated to the parametric generalized
equation (2) such that gphS := (B, (p) x B, (Z)) NgphS,
where B, (p) and B, (Z) are nelghborhoods of p and Z re-
spectively, that is, .S is locally closed. Moreover, we sup-
pose that s is the Lipschitz-like localization of S on B,., (p)
for B, (Z) and that the point Z € X satisfy the paramet-
ric generalized equation (2) corresponding to a choice of
p of p € P. We prove the existence and convergence of
sequences generated by the extended-Newton-type method
defined by Algorithm 2.

Let p € P,z € X and define the mapping G, ., for
each z € X, by

Gp.z() = f(p,2) + D f(p,2)(- —2) + F().  (14)

Volume 16, 2017



WSEAS TRANSACTIONS on MATHEMATICS

Then
D,(x) = {d €X:0e Gp,z(z+d)}. (15)

Moreover, the following equivalence is clear, for any z €
XandyeY:

o) €y € f(p,2) + Do f(p,2)(x — 2) + F(a).
(16)

reG

In particular,
(), ¥ (2,9) € gph (f(p,

Let (z,5) € gph(f(p,") + F) and let r; > 0, ry >
Oandr; > 0. We assume throughout that B,_(Z) C
QNdomF

TeG, )+ F).

Lemma 11 Let P, X and Y be Banach spaces and let f :
P x X =Y be afunction such that D, f (p, x) is Lipschitz
continuous on B,._(T) with respect to x uniformly in p for
B, (p) and D, f be continuous depend on (p, ). Then the
following statements are equivalent:

(i) The mapping (f(p.) + F)~
B, (y) relative to B, ().

(i) The mapping [f(p, @) + D f(p,%)(- — ) + F(-)]
is Lipschitz-like B, (y) relative to B, _(T).

s Lipschitz-like on

Proof: Define a function g : X — Y by

To complete the proof of this lemma, according to [6,
Corollary 2], we need to show that g is Lipschitz contin-
uous on B,._(Z). Let k > 0 and 5 > 0. Let us also suppose
that D, f(p, x) is k-Lipschitz continuous on B,._(Z) with
respect to 2 uniformly in p for B, (p) and D, f is con-
tinuous depend on (p,x) with constant 7. To finish this,
let A > 0 be such that krz < A — 7. Then, for every
x1,T2 € By, (Z), we have

g(x) =

lg(z1) = g(a)|

= f.22) = F(p.21) = Do (5.) (w2 — @)

< [ (10uf .1+ ta = 22) = Do)
(e2 = 20|+ [(Daf (p,21) = Daf (5,7)
(22— w1)]]) dt

< Slez—ar]? +nllaz -

< (wr +n)llas -l

< Az = 22|

This yields that g is Lipschitz continuous on B, (Z) with
Lipschitz constant A and thus completes the proof of the
lemma.

The following theorem can be extracted from [3,4].
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Theorem 12 For a generalized equation (2) and its so-
lution mapping S, let p and T be such that T € S(p).
Assume that f is Lipschitz continuous with respect to p
uniformly in x at (p, ) with a Lipschitz constant A > 0
and that the inverse G 5.z Of the mapping G5 z for which
G5 3(T) > yhasa Llpschttz-like localization o on B, (7))
relative to B,_(Z) with k/(1 — ku). Then the mapping
S has a Lipschitz-like localization s on B, (p) relative to
B, (Z) with kA/(1 — kp).

The following lemma plays a crucial role for conver-
gence analysis of the extended Newton-type method.

Lemma 13 For a generalized equation (2) and its solution
mapping S, let p and T be such that T € S(p). Assume that
f is Lipschitz continuous with respect to p uniform in x
with Lipschitz constant \ > 0, G_1 (+) has a Lipschitz-like
localization o on B, (7)) relatlve to B, (Z) with Lipschitz
constant k/(1 — nu) and D, f is continuous at (p, T) with
constant X > 0. Let 7 be defined in (7) such that (8) is hold.
Then G, ,,(-) has a Lipschitz-like localization ©,,(-) on
Br(y) relatlve toB,._(Z) with k/(1 — k(x + 1)) and hence
the solution mapping S has a Lipschitz-like localization s
on B, (p) relative to B, (T) with Ak/(1 — k(x + ).

Proof: By the Lipschitz-like localization property of
G;}CQ) imply that

a(y)—Gpw( )N B, (Z) forally € B, (y)

and

llo(y)

—o(y)ll <

K !/ / —
< 1—,@-””‘”_?‘/ IVy,y €B,,(9)

Furthermore, since D, f is continuous depend on (p, x), we
have for any x > 0, p € B, (p) and x € B,_(Z) that

Dz f(p,x) — Do f(p, )| < x- (17)
Define a mapping Z, ,, : X — Y by
Zpu() s = flp,u) + Do f(p,u)(- —u) — f(P,Z)
—D. f(p,T)(- — 2). (18)

Now, for every p € B, (p) and u,z € B,, () and using
(17) and (18) we have

1Zp.u(®) = Zpu(Z)]
= H(sz(p,U)— «f (P 2))(z = 2)||
< D2 f(p,u) = Do f (P, T)|[|2 — 2|
< Xz -zl

This yields that the function Z,, ,,(-) is Lipschitz continuous
on B,._(Z) with Lipschitz constant X-

Consider the parameterized mapping Gy, () defined
in (14). Then by using (18), we have that

Gpu(@) = Zpu(r) + Gp 2 (). (19)
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Noting that Z; z(Z) = 0. Setting p :=
" in Lipschitz constant for the mapping G

x and Kk =
— paul’) in
Lemma 10. Then we conclude that the mapping G_l( )
has a Lipschitz-like localization ©,, ,,(-) on B(y) relative

to B, (Z) with a Lipschitz constant such

1 —w(x+p)

(y) N B, (),

that
Opuly) =Gy
and for all ¥,y € By(7),

K
— ! — |y —¢|]. 1
1094 = ©5ul0)l < T—ps Iy =l @D

(20)

Moreover, by assumption, f(-, ) is Lipschitz continuous

with respect to p uniform in x with Lipschitz constant

A > 0. Also, we have just established that G}, (-) has

a Lipschitz-like localization ©,, ,(-) on Bx(y) relauve to

B,.(z) with (x + #)s < 1 and a Lipschitz constant
K

— . This reflects the fact that all the assump-
1 —x(x+p)
tions in Theorem 12 are fulfilled and hence by Theorem 12

we conclude that the solution mapping .S has a Lipschitz-
like localization s on B, (p) relative to B, () with lips-

chitz constant
AK

1—r(x+n)
This completes the proof.
Before going to present our main result, we need to
evoke some relations and define some notations here.
By Lemma 13 we have the solution mapping .S which

has a Lipschitz-like localization s on B, (p) for B, (z)

MK

with Lipschitz constant . Then we have that,

1T—r(x+p)
forall p,p’ € B, (p),
Is(p) — sl < ———Jlp—pl. @)
T l-k(x+mp) '
and for every p € B, (p),
s(p) = S(p) NB,, (2). (23)

Because of (23), note by Lemma 13 that the mapping

G;q )( ) has a Lipschitz-like localization ©,, 5(,y(-) on

B (g) relative to B, (Z) with «(x+p) < 1 and a Lipschitz
K

constant T nt ) such that, for all y, 3’ € B(7)
Op.sm)(¥) = G 1y (W) N By, (2), (24)
and
19,5() (¥) = Op.s(m) (W)l < %Ily — /|l
—r(x+n)
(25

For our convenience, we define for each p €
B, (p) and v € B, (Z) the mapping g, , : X — Y by

f(p,s(p)) + Daf(p,s(p))(- — s(p))
_f(pv u) - DZL’f(p7 u)( (26)

Ipul): =
—u).
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and the set-valued mapping ®,: X = 2% by

P, () = Gl)[gp’()]

Then, for each 2/, 2" € X,

||gp,w($/) —9p (33”)”
= |[Daf(p,5(p))((z" = s(p)) — Duf(p, @)
(2" —x) = Do f(p,5(p)) (2" — 5(p))

+D, f(p,z)(z" — )|
< |[[Dzf(p,s(p)) — Daf(p,

27

)|l — 2"

The main result of this study is as follows, which provides
some sufficient conditions ensuring the convergence of the
extended Newton-type method with initial point xg.

(28)

Theorem 14 Suppose that n > 1 and let S be the solu-
ton mapping associated with the generalized equation (2)
and let T € S(p). Let 7 be defined in (7) such that (8) is
hold. Assume that f is Lipschitz continuous with respect
to p uniform in x with Lipschitz constant X > 0, D, f is
continuous at (p,T) with constant x > 0, D, f(p,x) is

Lipschitz continuous on B,._(Z) with respect to x uniformly
inp € B, (p) with a constant v > 0 and Gy %(-) has a
Lipschitz-like localization o on B, (y) relative to B, ()
with Lipschitz constant k/(1 — k). Let § > 0 be such that

Tz 4ry

(a)5<m1n{2 m

1, ZKT}

(b) 3nk(19p +37)6 < 2(1 — k(X + p),

(1 + 37)0?

© llgl <

Suppose that

lim dist(7, f(p, z) + F(x)) = 0.
pP—p

(29)

Then there exists some 6 > 0 such that any sequence {x,}
generated by Algorithm 2 for p € B, (p) with initial point
inBs(s(p)) converges quadratically to the value s(p) of the
Lipschitz-like localization s of the solution mapping S on
B, (p) relative to B, (T) for the generalized equation (2).

Proof: Let S be the solution mapping associated with the
generalized equation (2) and s be the Lipschitz-like local-
ization of S on B, (p) relative to B, (z). This implies that

s(p) = S(p) N B, (z) forallp € B, (p).  (30)
Take 0 < § < ¢ such that, for each zy € Bs(s(p)) <
Bs (SE),

(b + 37)0?

diSt(O7 f(pa l‘o) + F(IO)) < 4

(€29
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Noting that such 5 exists by (29) and assumption (c) and let
xo € B;(s(p)). By assumption (b), we can write

ne(pe+3v)d < 3nk(19u 4+ 37v)d

< 2(1 = k(x4 p). (32)
Put 35
e e +3)0 (33)
2(1 = k(x+7))
The above two inequalities jointly yield that
t<1. (34)
Because of assumption (b), we also can write
3k(p+37)0 < 3nk(19u+ 37)d
< 21 —r(x+p) <2, (35
Thus, we have from (35) that
(b+37)0 < 2 (36)
B9y 3

We will proceed by mathematical induction to show that
Algorithm 2 generates at least one sequence and any se-
quence {x,} generated by Algorithm 2 satisfies the fol-
lowing assertions:

s(p)|| <26 (37)

|2n —

2'”/
1
[#n41 — 2 < t<2> 0.

hold for eachn = 0,1, 2, ....
foreachx € X,

and

(38)

For this purpose, we define,

9K
k(X + 1

Ty 1=

10(1 - ))(ullw—s(p>ll2+2ugll)- (39)

Then, thanks to the fact that 3x(19u+37v)d < 2(1 —k(x +

3v)48>
1)) by assumption (a) and ||g|| < W_%
tion (c). Then for each z € Bos(T), (39) yields that

by assump-

9k _
< 10(1_H(X+u>><ﬂ<”x‘x”

iz = sp)1)? + 2llgll)

Tz

9K o (u+37)8°
< B o7)0”
= 10(1 — k(x + ) (9“6 T )
2
_ 9x(19u + 3v)d <5 40)

20(1 = k(x + 1))

Note that (37) is trivial for n = 0. To show (38) holds
for n = 0, firstly we need to show that the point x; ex-
ists from zy for p. To complete this, we have to prove
that D, (zo) # () by applying Lemma 9 to the map @,
with 79 = s(p). Let us check that both assertions (5)

E-ISSN: 2224-2880

139

Mohammed Harunor Rashid

4
= 1y, and A = 9

The assumed assumption of G5 L (") together with Lemma
13 implies that Gi1 )() has a Lipschitz-like localization
Op.s(p)(+) on By (7 ) relatlve to B, (Z) with Lipschitz con-

and (6) of Lemma 9 hold with r

stant so that the solution mapping S has a

1—r(x+p)
Lipschitz-like localization s on B, (p) relative to B, (7)

with lipschitz constant which satisfies (30)

AR
1—k(x+p)
and (31). Noting that s(p) € G g(p)( )N B, (s(p)) by
(17) and (30). Now, we apply the contraction mapping
principle to the mapping ®,, which is defined in (27) on

B, (s(p)) . According to the definition of the excess e,
we obtain
dist(s ( ) Py (s(p)))
< oG, y@) NBy, (5(p), Pay (s(p)))
< e ps(p()mBza( z),® ()))
< oGy @) NBr (), G ) [9p.a0 (5(0)])

(41)

(noting that B, (s(p)) C Bs(7) C Bas(z) C B, (7))
By the choice of i, we have

19p,20 (z) — Yl

1/ (P, s(p)) + Do f (p, s(p))(x — 5(p))
—f(p,w0) — Do f(p, x0)(z — 20) — Y|

1 f(p,s(p)) — f(p,z0) — Daf(p, x0)

(s(p) — o) + (Dz f(p,z0) — Do f(p, s(p)))
(= se)l + 9l

1f (P, s(p)) — f(p, z0) —
(s(p) = @o)ll + 1 Dz f(p, x0) —
|z — sl + |7l

1
< Sulls@) = zol* +4llzo = sl = s(p)]

+ll7ll- .
Note that ||zg — s(p)|] < 9
(n

IN

IN

Dwf(pv J}o)
D, f(p, s(p))ll

(42)
<4, 9(u +37)6 < dry by
assumption (a) and ||7|| < +37)% by assumption (c),

it follows from (42) that, for each = € Bos(Z),

_ &2 + 37)82
gy @) 5 < E 4 3y07 4 LHIDT
~ (Bu+15v)62 < (3 + 15v)0
- 4 - 4
< Ty (43)
In particular, letting = s(p) in (42). Then we have that
1
9,20 (s(P) =3l < Snlls(p) = ol
+l7ll (44)
1 (1 +37)8°
< Zpet4
S gH + 1
3+ 37y)d
- (/H;1 20) < ry;

and hence gy, (s(p)) € By, (3).
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Hence, by (39), (41), (44) and Lipschitz-like localiza-
tion of G;i(p) (+), we have

dist(s(p), Pz, (s(p)))

Tt ) 17~ e (5D
= (1= )= (1= W @s)

that is, the assertion (5) of Lemma 9 is satisfied.

Now, we show that the assertion (6) of Lemma 9 holds.
To end this, let z',2” € B,, (s(p)). Then we have
that 2/, 2" € B,,, (s(p)) C Bas(z) C B, (Z) by (40)
and assumption (a), and gp, 4, ('), gp,z, (2") € B, (7) by
(43). This, together with (28) and Lipschitz-like localiza-
tion ©,, 5(p) (") o:f G;l(p) (+), implies thatf
e(Pgo (') N By, (s(p)), Pay ("))
(P, (') N By, (), Py (27))

6, 50 1B, (. i o o))

< H@p,s(p)(gp,mo( )) ps(p gp’wo ))H
K
< v N "
S Tt @)~ @]
K
< ——————||D.f(p,s(p)) —
Tt 10 B 5(0)
Dmf(p, zo)l[|z” — 2’
< -0 — 2. 46
S Tt @)~ ollla’ | (46)
Using (46) and the choice of z(, we have
e((I)%(g;/) n Bmo (s(p)),q)xo(x”))
YK / /
— ||z’ — 2| 47
L

It follows from 9ykd < 3x(19u+37)d < 2(1—k(x+ 1))
as in assumption (a) together with (47) that

2
e(Bay () O Br, (2), @y (o) < glla’ ="
4
< gl =al = Al = e @)

This yields that the assertion (6) of Lemma 9 is sat-
isfied. Since both assertions of Lemma 9 are fulfilled,
we can deduce the existence of a fixed point z; €
B,, (s(p)) satisfying 1 € ®,,(#1), which translates to
Ip.eo(T1) € Gy s(p)(L1). This means that 0 € f(p, zo) +
D, f(p,x0)(Z1 —x0)+ F(Z1). This implies that &1 —x¢ €
Dy (z0) and thus Dy (zo) # 0. Since n > 1, we can choose
do € Dp(x0) such that

Idoll < n dist(0, D, (0)).
By Algorithm 2, x1 := x¢ + dj is defined. Thus, the point
x7 is generated by Algorithm 2.

Now, we show that (38) holds also for n = (. By the
assumed assumption of G L(), it follows from Lemma
13 that for each u € B, (Z), the mapping G, ,,(-) has a
Lipschitz localization ©,,,,(-) on B#(g) relatlve to B,_(Z)
with £/(1 — £(x + p)). In particular, G} (-) has a Lips-
chitz localization ©, ;. (-) on B5(g) relatlve to B, (Z) with
/(1= K(x +p) as zo € Bs(s(p)) € Bas(7) C By, (7)
by assumption (a) and by the choice of 5.
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Furthermore, using (36) and the fact § < 27 by as-
sumption (a) together with assumption (c) imply that

1l < (+37)8 _ (u+37)d <7 I
and hence (31) implies that
dist(0, Gp,ao (z0)) = dist(0, f(p, o) + F(x0))
(p+37)0% 7

<

4 3
It is noted earlier that 2o € Bs(Z) C B, (Z) and 0 € B#(7)
by (49). Thus, by utilizing Lemma 5 we get
K
dist(zo, G5 L (0)) < ——————dist(0, Gp.z .
18 (IO) ;DT(J( )) =1 _H(X+M) 18 ( ) Pwo(zo))
(50)
This together with (15) gives that
dist(0, Dy(z0)) = dist(zo, G, 4, (0))
K
< —dist(0,Gp e .
— 1 *H(X‘Flu) 18 ( b, 0(w0)>
(51
According to Algorithm 2 and using (50) and (51), we have

ldol| < ndist(0, Dp(x0))
nkK .
< -
S e o dist (0, Gp. o, (20))
Nk o+ 3y
. 0. 52
1—k(x +n) =) 62

It follows from (33), that
1
|21 — 2ol = [|dol| < t(§)5-
and therefore, (38) is hold for n = 0.

We assume that z1, o, . .., x) are constructed so that
(37) and (38) are hold forn = 0,1,2,...,k — 1. We will
show that there exists z;1 such that (37) and (38) are also
hold for n = k. Since (37) and (38) are true for each n <
k — 1, we have the following inequality

D lldsll + llzo = s(p)ll
=0

= 2°
< téz <2> +0
1=0

< 26. (53)
This shows that (37) holds for n = k. Finally, we will
show that the assertion (38) holds for n = k. For doing
this, we will apply again the contraction mapping principle
to @, as same as in (45) and (48) on the ball B, (s(p)).
Then we can deduce the existence of a fixed point Z;41 €
B, (s(p)) satisfying £3+1 € @y, (Z4+1), which trans-
lates t0 gp o, (Zh41) € Gps(p)(Trs1). This means that
0¢€ f(par) + Dwf(paxk)(xk-&-l — @) + F(Zk+1), that
is, Dp(z) # (0. Choose dj, € Dp(xy) such that

ldell < n dist(0, Dy ().

Then by Algorithm 2, set zpy1 := xx + dx. Moreover,
applying Lemma 13 we infer that G L. (-) has a Lips-
chitz localization ©,, , () on B (%) relative to B, (Z) with

[z —s(p)l| <
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k/(1 — k(x + p)) . Therefore, we have that
k41 — 2l
k|| < n dist(0, Dp(z))

K .
< mdlSt(OaGp,mk(xk))
B nK .
R dist(0, f(p, zx) + F(x4))
K
< m”ﬂpa rg) — f(p,wp—1) —
Do f(p,zr—1)(xr — 1) ||
npk
S L
- 1 ok—1 2
20— k(x + 10)) (’f@ 5)
1\
< t(3) @

This implies that (38) holds for n = k and therefore the
proof is completed.

In particular, in the case when Z is a solution of (2) for
P, that is, ¥y = OTheorem 14 is reduced to the following
corollary, which gives the local convergent result for the
Extended Newton-type method.

Corollary 15 Suppose that n > 1 and T satisfies (2) for
p. Let S be the solution mapping associated with the gen-
eralized equation (2) such that T € S(p). Assume that f
is Lipschitz continuous with respect to p uniform in x with
Lipschitz constant A > 0, D, f is continuous at (p, T) with
constant X > 0, D, f(p, x) is Lipschitz continuous with re-
spect to x uniformly in p with a constant vy > 0 and G ; 0
has a pseudo-Lipschitz localization o around (0, Z) for p.
Suppose that

%I_I% dist(0, f(p,x) + F(x)) = 0.

p—p
Then there exists some & > 0 such that any sequence
{xn} generated by Algorithm 2 for p with initial point in
B (s(p)) converges quadratically to the value s(p) of the
pseudo-Lipschitz localization s of the solution mapping S
for the generalized equation (2).

(54)

Proof: Let G}, L () has a pseudo-Lipschitz localization o
around (0,Z) for p. Then there exist positive constants
r0, Pz, Tp, 1 and k satisfy the following condition:

o(y) =G5 L(y)NB; (z) forevery y € B,,(0).

DT
K

d —o(y)| < — ¢ |Vy,y €B,, (0.
and [lo(y) —o(y')]| < 1_WHy yIVyy 0(0)
Lety > 0and x > 0. Choose 0 < § < 1. Since (54) is
true and i > 1, one can choose § near 0 such that ||7]| <
(1 + 37)8?

and 3k (19 + 3v)d < 2(1 — k(x + ). Then
for, 0 < ry < 7rg,0 < rz < 75,0 < rp < 75, One says
that G; L () has a Lipschitz-like localization o on B, (9)
relative to B,._(z) for p with constant /(1 — xu). Let
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w € (0,1) be such ky < 1, and ry — prz > 0. Then

51—
7= min{rg — YTz, ra - ﬁu)} > 0,
and 4
. Tz Ty _
min ¢ —, ————, 1, 2/<¢7"} > 0. 55
{ 27 9(p+3y) 43
Then we A can assume that é <
min{r—i7 L, 1, 2/&7’}. Thus it is routine to
27 9(p+3y)

check that inequalities (a)-(c) of Theorem 14 are satisfied.
Therefore, Theorem 14 is applicable to complete the proof
of the corollary.

4 Concluding Remarks

We have established semilocal and local convergence result
for the extended Newton-type method with 7 > 1 under the
assumptions that G, () has a Lipschitz-like localization
0. Indeed, under some sufficient conditions, we have pre-
sented the existence of a sequence generated by extended
Newton-type method and proved this sequence converges
to the value s(p) of the Lipschitz-like localization s of the
solution mapping S for the generalized equation (2).
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