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Abstract: This work is one of many that are devoted to the further investigation of local interpolating polynomial
splines of the fifth order approximation. Here, new polynomial and trigonometrical basic splines are presented.
The main features of these splines are the following; the approximation is constructed separately for each grid
interval (or elementary rectangular), the approximation constructed as the sum of products of the basic splines and
the values of function in nodes and/or the values of its derivatives and/or the values of integrals of this function
over subintervals. Basic splines are determined by using a solving system of equations which are provided by
the set of functions. It is known that when integrals of the function over the intervals is equal to the integrals
of the approximation of the function over the intervals then the approximation has some physical parallel. The
splines which are constructed here satisfy the property of the fifth order approximation. Here, the one-dimensional
polynomial and trigonometrical basic splines of the fifth order approximation are constructed when the values of the
function are known in each point of interpolation. For the construction of the spline, we use the discrete analogues
of the first derivative and quadrature with the appropriate order of approximation. We compare the properties of
these splines with splines which are constructed when the values of the first derivative of the function are known in
each point of interpolation and the values of integral over each grid interval are given. The one-dimensional case
can be extended to multiple dimensions through the use of tensor product spline constructs. Numerical examples
are represented.

Key—Words: Polynomial splines, Trigonometrical splines, Integro-Differential Splines, Interpolation.

1 Introduction Kireev V.I. became the first to use values of one-
variable integrals of a function over subintervals for
The idea of spline interpolation was born in England the construction of approximations.

at the end of the 19th century when British engineers

designed the first rai'lroad tr.acks. These splines.are Polynomial and trigonometrical basic splines of
n‘?w known as B-splines or in other words Z_IS splll}es the fifth order approximation were constructed in
Wlth maximum smoothnesg The polynomial sp hnle [15, 16] when both the values of the function and its
interpolation was then considered as a more appropri- first derivative are known at the ends of each subinter-

ate altemanve to Polynomml 1nterpol.at10n. Now there val. In addition, values of the integrals over the subin-
are a variety of different types of splines that are used tervals are known.

for solving different mathematical, mechanical, phys-
ical and engineering problems.

This method of approximation using polynomial
splines is widely used for the interpolation and ap-
proximation of discrete data. A lot of research has
been devoted to the application of various splines with
different properties for approximation and estimation
of data. Special attention is given to methods of con-
structing images, splines can be used in signal pro-
cessing [1-11].

Here, the one-dimensional polynomial and
trigonometrical basic splines of the fifth order approx-
imation are constructed when the values of the func-
tion are known in each point of interpolation. For the
construction of the spline, we use the discrete ana-
logues of the first derivative and quadrature with the
appropriate order of approximation.

As is well known, the one-dimensional case can Suppose that n is a natural number, while a, b are
be extended to multiple dimensions through the use of real numbers, h = (b — a)/n. Let us build the grid of
tensor product spline constructs [12—-14]. interpolation nodes x; = a + jh, j = 0,1,...,n.
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2 Quadrature formula construction

Let the function wu(z) be such that u €
C%([zj—1,741]).  Suppose that the values of
the function u(z) and its first derivative are known in
Tj-1,Tj,Tj41. We construct an approximation for
w(z) in [z_1, x;41] in the following form:

a(z) = uj_1wj—1,0() + wjw;o(T) + ujr1wjt1,0(T)

Ful_qwj11(x) + wiwia(z) + ujwira (), (1)

where u, = u(xy), up, = u'(xy). Basic splines
wg,i(x) we determine from the system

a(z) —u(z) =0, u(z) = 1,2,2%, 2%, 2%, 2°. (2

Tj+1

We have [ wj1(z)dz = 0. Now we obtain the fol-
Tj—1

lowing formula:

Tj41 Tj+1

w(x)dr = uj—q / wj—1,0(z)dz+
Tj—1 Tj—1
Tj41 Tj4+1
+u; / wjo(x)de + ujpr wjt1,0(x)dz+
Tj—1 Tj—1
Tj41 Tj+1
+uiy [ wina(@)de + iy [ wipa(z)de,
Tj—1 Tj—1
where
ZTj+1 ZTj+1
16h Th
wjo(z) de = I / wjt1,0(z) do = IR
Tj—1 Tj—1
Tit1 Tjt1 )
Th h
wj—1,0(x) dz = IR / wj-1,1(x) dx = 5
Tj—1 Tj—1
Tj+1 h2
wirL1(@)de = — 7=

Tj—1

Lemma 1. Let function u(x) be such that v €
C%([w;j—1,zj+1]). The following quadrature is valid:

G T ©
/ U u@)de = Vi) + 90, @)

where & € [z_1,2j41],

h
Vi(u) = £z (Tulzj-1) + Tu(zj41) + 16u(z;))—
E-ISSN: 2224-2880 12
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2
W ag0) — ¢ (-0)

Proof. The construction of the quadrature is evi-
dent. The remainder of the quadrature can be found in
book [17].

In trigonometric cases we receive quadrature for-
mulae in a similar way. We put

@' (z) = wjo1w]_q (@) Fujwjo(x)Hujrw o)+

i _gwi g1 (%) F Uil 1 (@), T € [z, @54]

where wj (), k = j—1,j,j+1,i= 0,1, have been
determined from the system @'(z) — u(z) = 0, when
u(x) = 1, sin(z), cos(x), sin(2x), cos(2x).

Forxj 1 —x; = hand x; — x;_1 = h we obtain
the following formula:

Tjt1
' (x)de = wj 11510 + ujljo+

Tj—1

/ /
Fujpiljpro +up i i, )

where

[ 2hcos(h)? — 3sin(2h)/2+h
W eos(h)2 —2cos(h) +1

= 16h/15 + O(h3),

3sin(2h)/2—4 cos(h)h+h
2(cos(h)? —2cos(h) +1)

Ijt10 =

— 7h/15 4+ O(h?),

3sin(2h)/2 — 4cos(h)h +h

I10=
=10 2(cos(h)? —2cos(h) + 1)

— 7h/15 4+ O(h?),

I h—%%ﬂ cos(h)h—2sin(h)
L1 = 2(cos(h) — 1) sin(h) -

= h?/15 + O(h*),

sin(2h) . _
. — 2cos(h)h+? sin(h)—h _
’ 2(cos(h) — 1) sin(h)

= —h?/15 + O(h').
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3 About approximation of derivative

The following formula is well known:

w(zj—2)—8u(w;j—1)+8u(z;41)
12h

—u(zjt2)

u'(x5)=

4
—u®) (&), &1 € (zj_2,7j42).

For obtaining u/(z;) for a set of trigonometrical
functions we can use the following approximation:

ﬁT(a}) = u(a:j_g)WjT,Q + U(l’j_l)wjjll + u(xj)WjT

+u(xj+1)WjT+1 + u(xj-i-Q)WjIJrW

where W we obtain from the system %7 (z) —u(z) =
0, when u(z) = 1,sin(x), cos(z), sin(2z), cos(2x).
We can get basic splines as follows:

WﬂQ(:l/‘) = sin(z/2 — xj_2/2)sin(x/2 —
xj_1/2)sin(z/2 — z;/2) sin(x/2 — x;11/2)/FL,

FI = sin(—zj42/2 4+ xj_2/2) sin(—x;42/2 +
xj_1/2)sin(—z42/2 + x;/2)sin(—xj42/2 +
Tjt1/2),

W]TH( xr) = —sin(x/2 — xj_2/2)sin(zx/2 —
zj_1/2)sin(z/2 — z;/2) sin(z/2 — xj12/2)/FY,

Ff = sin(—xj41/2 + 2j_2/2) sin(—z41/2 +
zj-1/2)sin(—xj11/2 4+ x;/2)sin(—zj42/2 +
Tj+1/2),

W]-T(l') = sin(z/2 — zj_2/2)sin(z/2 —
wj-1/2)sin(x/2 — xj41/2) sin(2/2 — x12/2)/F5

FI' = sin(z;/2 — xj_2/2)sin(x;/2 —
xj_1/2)sin(—xjq41/2+x;/2)sin(—xj40/2+2;/2),
Wli(x) = sin(z/2 — xj_2/2)sin(z/2 —

15/2) sin(z/2 — 5341/2) Sin(2/2 — 2742/2)/ T,

FI' = sin(—zj-1/2 + zj_9/2)sin(z;/2 —
Tj-1/2)sin(—zj11/2 + xj-1/2)sin(—zj12/2 +
zj-1/2),

WJ-TJ(x) = —sin(z/2 — x;_1/2)sin(z/2 —
15/2) sin(z/2 — 5341/2) sin(z/2 — 2142/2) /T

FI' = sin(—zj1/2 + xj_2/2)sin(x;/2 —
xj_9/2)sin(—zj41/2 + xj_2/2)sin(—xj42/2 +
1‘3;2/2).

Finally, using the approximation % () we obtain
the following formula:

W (w5) = Fj(u) + O(hY), ()
where
Gj
4sin(h)(8 cost(h/2)—6 cos?(h/2)+1)’
C; = ((8cos?(h/2) —16cos*(h/2)) u(zj—1) +

(16008 (h/2) — 8 cos (h/2)) w(xjy1) + u(zj—2) —
u(Tj42)).
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It can be shown that the formulae obtained above
for the polynomial and trigonometrical functions are
connected by the following expression:

Cj _
16sin(h)(8 cos?(h/2)—6 cos2(h/2)+1)
u(zj—o) 2u(rj-1)  2u(xj+1) u(Tji2)
12h  3h : 3h+ B 122 +O(R).

4 Left polynomial splines of one vari-
able

Suppose that the values of the function v and its first
derivative are known in every grid node x;. We denote
by u(x) an approximation of the function u(x) on the
interval [z, 2;41] C [a, b]:

u(r) = u(wj)wjo(r) + w(wjr1)wit1,0(@)+
' (25w () + o' (2j41) w11 (2)+
+Vj(u) w0 (z).

The basic splines wj;o(x), wjt1,0(z),

wit1,1(x), wi®

(6)

wj1 (),
(x), we obtain from the system:
u(z) = u(z),

u(z) =2"14i=1,2,3,4,5 (7

Suppose that suppwi o = [Tr—1,Tk+1], @ = 0,1,
suppwi®” = [k, xpy1). It is easy to see that
Wh 0 W15 Wp <0> ¢ C1(RY). We have for z = xj+th,

telo, 1] the next formulae:

wjo(x; +th)=(2t + 1)(t — 1)%, (8)
wjr10(x; +th)=— (1/8)t*(15t* — 14t — 9), (9)
wj1(wj + th)=(1/4)th(5t + 4)(t — 1)%,  (10)
wjp11(xj +th)=(1/8)ht*(5t +3)(t — 1), (11)
w0 (zj + th)=(15/16)t*(t — 1)*/h.  (12)

Figures 1, 2, 3 show the graphics of the ba-
sic functions ijo(a?), CL)]'JF]_’[)(Q:), wj71(x), (JJ]'+171(SC),
w9 (x), when h = 1. Figure 3 (right) shows the
error of approximation of the Runge function u(z) =
1/(1 + 2522) with the polynomial splines, h = 0.1,

€ [-1,1].

Let us take U(z), = € [a,b], such that U(z) =
w(x), x € [zj, zj]. Let [ull e = max |u(z)].

Theorem 1. Let function u(z) be such that u €
C®([a,b]). For approximation u(z), x € [zj,2j+1]
by (6), (8) — (12) we have:

|a(x) < Kih®[[u®

- u(x)|[zj,zj+1} ||[£L'j,1,l'j+1}7

Volume 16, 2017



WSEAS TRANSACTIONS on MATHEMATICS

1 1

08 08

06 06

04 04

02 02

o 02 04" 06 08 1 o” 02 04 06 08 1

Figure 1: Plots of the basic functions: w;o(z) (left),
Wj+170($) (I‘lght)

02 04 ' 06 08 1
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Figure 2: Plots of the basic functions: wj 1(x), when
h = 1(left), wji1,1(x), when h = 1 (right)

|'EL/(.%') - u/($)|[xj,zj+1] S K2h‘4”u(5)H[Cl?j_l,xj_,_l]’
1
where K71 = 0.0225, K9 = 0.0994,
U (2) — w(@)|jainy < Kih?[u® ||y (15)

Proof. Inequality (13) follows from Taylor’s the-
orem and the inequalities:
wjo(@)] <1, lwjsr0(x)] < 1,
w1 (z)] <0.216h, |wjr11(x)] < 0.1198A,
Wi ()] < 0.0586//h.
We have the next expressions for derivatives of basic
functions:
wio(xj +th) = 6t(t —1)/h,
Wi o(xj +th) = —(3/4)t(=Tt — 3+ 10t%)/h,
W'T0% (xj + th) = (15/8)t(1 + 22 — 3t) /K2,
Wiy (x5 +th) = —(3/2)t — (9/2)t* 4 5t + 1,
Wiyy (i +th) = —(3/4)t — (3/4)t* + (5/2)t>.
Inequality (14) follows from Taylor’s theorem and the
inequalities:
]w}yo(a:)] < 1.5/h, \w§+170(x)\ < 1.626/h,
wia (@) <1, [wiyy 1 ()]
w597 ()| < 0.181/h%
Inequality (15) follows from (13).

Theorem 2. Let function u(zx) be such that u €
C®([a,b]), @(x), z € [xj,7;4+1] has form (6), (8) —
(12) We have:

i+l 611..(5)
/ (a(x) —u(z))dz < 0.0081h° [|u™ ||z, z;41]-
z;

The proof is similar to Theorem 1.
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Figure 3: Plots of the basic functions: wj<0> (x), when

h = 1 (left), and the error of approximation of the
Runge function with the polynomial splines, h = 0.1,
x € [—1,1] (right)

5 New left polynomial approxima-
tions of one variable

We denote by u" () an approximation of the function
u(x):

u"(x) = u(zj)wyo(®) + w(zjp)wii o)+
—|—u§w§fl($) + u§+1w?+171(:17)+
+Vj(u) wi =0 (), (16)
x € [xj,xj11], where V}(u) has form (2),

oo (@j—2)—8u(zj1)+8u(z;41) —u(z)42))

j 121
o @) —8u(z)) +8u(zjie) —u(z;j43))
A 12h '

wio(xj +th) = (2t + 1)(t — 1)%,
Wiy o(xj +th) = —(1/8)¢*(15t* — 14t — 9),
wiy(zj +th) = (1/4)th(5t +4)(t — 1),
n 15¢2(t—1)2
W <0>($j +th) = 1(6h ) ,

Wiy (a4 th) = (1/8)ht*(5t + 3)(t — 1).

Another form of (16) is next:

u(2) = w(zj2)wiy(x)/(12h)+
w(wj—1)(=8wiy (2)/(12h) + Wiy 11 (2)+
w()(8wit11(2)) + wio(x))+
w(@j1) (Bwiiro(®) +wis () /(12h))+
w(@jre)(—wiy(x)/(12h) + 8wiyy 4 (x)/(12R))+
u(@jrs)(~wia (@)/(12h)) + Vj(uw) wi=0> (2),

€ [z, 2.

Theorem 3. Let function u(z) be such that u €
C®([a,b]). For approximation u(z), z € [zj,%;4+1]
by (16) we have:

’[Ijvxﬁrl} = K3h5”“(5)”[xjfz,xj+3]+
+ Kah®[u |, oy (D)

|a(x) — u(z)
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where K3 = 0.0624, K4 = 0.00007.
Proof. Inequality (17) follows from Taylor’s the-
orem, Lemma 1 and the inequalities:

|witio(@)| < 1,
’W 1( )| <0.216h, ‘w?+1,1($>‘ < 0.1198h,

|w”<0>( )| < 0.0586/h.

6 Left trigonometrical splines of one
variable

We denote by %’ () an approximation of the function
u(x) on the interval [z, xj41] C [a, b]:

i (@) = u(z;)wip() + ul@je)w) (@) +

—|—u’(xj)w;f1( )+ (241) ]T+1,1($)+

T <0>T
+Vi (W) wi™ (),
where V]T(u) has form (4). The basic splines wfo(x),

“€;10($)’“gh($>’“€;1J(x)’“§ﬁ>T
from the system:

(18)

(x), we obtain

ul (z) = u(z), u(z) = 1,sin(kz), cos(kz), k= 1,2.

(19)
Suppose that suppw} | = [vk—1,2k41), @ = 0,1,
<0>T ’

supp wy, = [z, xp41). It is easy to see that
wzo,wle,wlij € C1(R'). We have for z = x; +
th,t e [0 1] the next formulae:

wlho(w; + th) = (Tsin(h(=1 + 2t)
16h cos(th) — 12h cos(h(—1 + 2t)) + 8hcos(h

) +
(
3)) — 24hcos(h(t + 1)) — 2sin(h(4 + t))
3)
(

t

I =+ |

2sin(h(t —4)) +sin(h(2t +3)) — Tsin(h(2t — 3))
4hcos(h(2t — 3)) — 4sin(2h(t + 1)) + 4sin(2h(t —
1)) —sin(h(1+2t))+8sin(h (3+t))+16hcos(2t )—
4sm( (t+1)) + 3sin(3h) — 14sin(h) + sin(5h) —
8sin(h(t — 1)) + 4sin(h(t — 3)) — 4sin(4h) +

8sin(2h))/(sin(5h)+15sin(3h) — 18 sin(h) +32h —
8sin(4h) — 36 cos(h)h + 4h cos(3h)),

w]-T+170(xj + th) = —(7sin(h(—1 + 2t)) +
12hcos(h(—1 + 2t)) + 4hcos( (1 + 2t) —
16hcos(h(t — 1)) — 2sin(h(4 + t)) + 2sin(h(t —
4)) +sin(h(2t+3)) — 7sin(h(2t — 3)) — 4 sin(2h(t +
1)) + 4sin(2h(t — 1)) + 24hcos(h(—2 + t)) —
8h cos(h(2 4 t)) — 16h cos(2h(t — 1)) — sin(h(1 +
2t))+8sin(h(3+t)) —4sin(h(t+1)) —12sin(3h) +
4sin(h)—8sin(h(t—1))+4sin(h(t—3))+4sin(4h)+
8sin(2h))/(sin(5h)+15sin(3h) — 18 sin(h) +32h —
8sin(4h) — 36 cos(h)h + 4h cos(3h)),

w}jl(xj + th) = (4cos(2th) — cos(th) +
2cos(h(1+2t))+6cos(h(t—1)) —8cos(h(t+1))+
2cos(h(3+1t)) — 2cos(h(2t — 3)) — 12hsin(th) +
3cos(h(—2+t))—3cos(h(2+t))—3 cos(2h(t—1))—
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cos(2h(t+1))—4hsin(h(—2+t))—8hsin(h(t—1))+
8hsin(h(—1+2t))+4hsin(2h(t—1))—3+cos(h(t—
4)) + 4cos(2h) — cos(4h))/(sin(4h) + 2sin(2h) —
6sin(3h)+10sin(h)+4h cos(2h)—12h+8 cos(h)h),

W]'T+1,1(xj+th):(_1+ cos(th))(cos(th) cos(h)+
sin(th)sin(h)—1)/(cos®(h)sin(h) — sin(2h) —
2sin(h) + cos(h)h + 2h),

WM (wj + th) = (=4 + 4cos(2th) —
4cos(h(—1+ 2t)) + 4cos(h(1 + 2t)) + 7cos(h(t —
1)) — 9cos(h(t + 1)) + cos(h(t — 3)) + cos(h(3 +

t)) — 8hsin(th) + 2cos(h(—2 + t)) — 2cos(h(2 +

t)) —3cos(2h(t—1)) —cos(2h(t+1)) —4hsin(h(t+
1))—12hsin(h(t—1))+4hsin(2th)+8hsin(h(—1+
2t)) +4cos(2h) — 2 cos(3h) +2cos(h))/(sin(4h) +

2sin(2h)—6sin(3h)+10sin(h)+4h cos(2h) —12h+
8cos(h)h).
It can be shown, that
wlo(zj +th)=(2t + 1)(—=1 4 )% + O(h?),
wiyy o)+ th)=—t*(—14t — 9+ 15t%) /8 + O(h?),
wfl(xj + th)=t(5t + 4)(—1 4+ t)>h/4 + O(h?),
wiyy g (j + th)=t*(5t + 3)(—=1 + t)h/8 + O(h?),
wi%T (z; + th) = 15/(h16t3(—1 +t) )+ O(h).

Table 1 shows the errors B! = max |& — ul,

z€la,b]
RT = m[a)z]|u — u| when [a,b] = [-1,1], h = 0.1.
rE|a

Calculations were done in Maple, Digits=25.
Table 1.

u(z) R! RT

xt 0.0 0.8695¢ — 6
1/(1 + 2522) 0.1417e — 2 | 0.140e — 2
sin(5z) — cos(bx) | 0.2913e — 4 | 0.2352¢ — 4

So, approximation with trigonometric splines
gives smaller approximation errors in the approxima-
tion of trigonometric functions, than approximation
with polynomial splines.

Theorem 4. The error of the approximation by the
splines (18) is as follows:

|u(z)

where = € [z;,xj41], K > 0.
Proof. The function u(x) on [w x]+1] can be
written in the form (see [15]): u(x) = % f (40! (7)+

5u” (1) +u" (7)) sin (x/2—7/2)d7+cl+02 sin(x)+
c3 cos(x) + eqsin(2x) + ¢5 cos(2x), where ¢;, i = 1,
2, 3, 4, 5 are arbitrary constants. Using the method
from [15] we obtain (20).

Remark. Substituting v/(z;), v/(x;4+1) from for-
mula (18) with expression 5, we obtain the following
error of approximation:

|u(z)

—u(z)| < Kho|4u' + 5u”" + uV||[wj7h

Tji1]>

(20)

— u(z)| < Kh®||4u’ + 5u” + |||, .

—2,Tj43]
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where = € [z;,2j11], K > 0.

7 Comparing with the Hermit inter-
polation

Here we shall compare the polynomial approximation
that has been constructed above and the Hermite ap-
proximation:

ﬂH(:c) = u(zj_1)wj_10(x) + u(zj)wjo(x)

Fu(zjp1)wipro(®) +u'(z))w; 1 (z)+

u (1) wjsn1(2), @ € [, 254]

The basic splines wj_1,0(z),wjo(x), wjtio0(z),
w;j1 (), wjs1,1(x) we obtain from the system:

' (z) = uw(z), wz)=2"14i=1,2,3,4,5. 21)

Suppose that supp wy.o = [Tr—1, Trr2), SUPP Wk 1 =
[®k—1,Tk+1]. It is easy to see that wyp,ws1, €
CYRY, k=j—1,j,j+1,s=7,7+1.

We have for x = z; + th, t € [0,1], the next
formulae:

wio(y +th)=(=1+1*(t+1)%,  (22)
(1/4)t2(t + 1) (5t — 7), (23)
(24)
(25)
(26)

wj+1,0(zj + th)=—
wj1(z; + th)=th(t + 1)(—1 + t)?,

wi1,1(zj + th)=(1/2)ht*(—1 + t)(t + 1),

)=(1/4)t3 (=1 +t)2.

Table 2 shows the errors R! =

Wj— 10(.%'] —‘rth
max |u —
z€la,b]

u|, where u(:c) is defined by (16), and R/ =

max |a! [a,b] = [-1,1], h = 0.1. Cal-
z€[a,b]

culations were done in Maple, Digits=15.
Table 2.

u(x) RT R
o 0.0 0.0
1/(1 + 2522) 0.1417¢ — 2 | 0.1531e — 2
sin(bx) — cos(5x) | 0.2913e — 4 | 0.3466e — 4

8 Comparing with the Lagrange in-
terpolation

Here we compare the polynomial approximation that
has been constructed above and the polynomial La-
grange approximation:

ﬂL(a:) = ’U,(l’j_g)WjL,Q + ’U/(l’j_l)WjL,1 + u(xj)WjL
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Fulzj ) Wiy + u(@j2) Wi, @ € (1), 241].

Table 3 shows the errors Rl = max |@ —

z€[a,b]
u|, where 7i(x) is defined by (16), and R/ =

max |@” —u| when [a,b] = [~1,1], h = 0.1. Calcu-
z€a,b]

lations were done in Maple, Digits=15.

Here we compare trigonometrical approximation
(18) that has been constructed above and the trigono-
metrical approximation of Lagrange type:

il (2) = w(zj_o)Wis + u(aj— )Wy +ulz) W}

Fu(@j) Wiy +ul@j2)Wiia, @ € [z, 254].

Table 3 shows the errors RT =

max |4 —
z€[a,b]
u|, where @(z) is defined by (18), and RV =
max |a! — u| when [a,b] = [~1,1], h = 0.1. Cal-
x€|a,b]

culations were done in Maple, Digits=15.
Table 3.

U(J}) RIT RIV

zt 0.0 0.1601e — 4
1/(1 + 2522) 0.1417e — 2 | 0.1228¢ — 1
sin(5z) — cos(bx) | 0.2913e — 4 | 0.4092¢ — 3

Tables 2,3 show that approximation by splines
which uses the values of integrals over subintervals
or uses quadrature formulae gives smaller errors of
approximation than without this information, for ex-
ample Lagrange or Hermite splines.

9 About approximations with two
variables

Suppose that n, m are natural numbers, while a, b, c,
d are real numbers, h, = (b—a)/n, hy = (d—c)/m.
Let us build the grid of interpolation nodes x; = a +
Jhe, j=0,1,...,n,y, = c+khy, k=0,1,....,m
On every line parallel to axis y, we can construct the
approximation in the form:

u(y) = w(yr)wr,o(y) + u(Yr+1)wr+1,0(y)+

' (yr)wr () + 0 (Y1) Wi, (y)+

+Vewi® (y), Y € Yy Yet1-

Now the formulae for wy o(y), Wit+1.0(y)s wi1(y),
wi+1.1(y), wi® (y) are similar to the previous ones.

If (z,y) € Q; then we get the next expression
using the tensor product:

27

11
u(z,y) = Z Zu (@i Yh+p)Wji+3,0(2)Whp,0 (Y) +
=0 p=0
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11
+ Z Z u’y(xjH, Yh+p)Wj+i,0(T)Whtp1(y)+
1=0 p=0

1
+ 3 Vigip(@)wji0(@)wp® (1) +
1=0
1
+ Z Vj,k+iwj<0> () wr5,0(y)+
=0

1
+ Z Sjh4iws " ()wpri (y)+
=0

Wikwi ™ (y)ws® (2)+

1
>l (2, Yer) dtw; 0 (€)wieri o (1) +
i=0
1
+ Z Uy, (T 5, Yhtd) Atw; 0 (@) wpyd,1 (Y) +

=0
1
+ 3 Prispraa @™ (), @8)
i—0
where
k1 — Yk—
Vitik = M(W(%‘H,ykq%r

30
Tu(@jpi, Yry1) + 16u(xj 44, Yi)) —

2
Yk+1 — Yk—1
(—i_ﬁo)(u;(‘r]'ﬁ‘h yk+1) - u;(xj-i-i; yk—l))7
(7541 —75-1)
——=(7
30 (Tu(

Tu(Zj11, Yryi) + 16u(z), ypyi))—

Vik+i = L1, Yhti)+

(Tj41 — ﬂfj—l)Q(

60 ulz(xj"rlayk-H) - u‘{v(xj—hyk-l-i))a

Tj+1 — Tj-1
Sjk+i = (JJFBOJ)(W;(%'—hka)*‘

Tuy (2541, ki) + 16wy (25, ykyi))—

(Tjt1 — 93171)2(

60 ugy(ijrl)yk-‘ri)_ugy(xj*layk‘-i-i))?

Pj+i,k _ (yk+1 - yk—l) (7%(

30

T (T j4is Y1) + 16U (@44, Yr))—

Tjtir Yh—1)+

(Y1 — Yk—1)?

60 (U (Tj4is Yr1) = Uy (Tj4is Y1),

(Yk1 — Y1)

Wi =
Ik 30

(TG (25, yr—1)+
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7G(£L‘j, Ykt1) + 16G($ja yk))_

. 2
(?/k+160yk—1> (G'y(2j, yps1) — Cy(@j, yp1)),

xXq — Tj—
Glagy) = B ()

7u(xj+1, y) + 16“(1')'7 y))_

(21— 2j-1)° (
60
Figures 4 and 5 show approximations and the errors
of approximations @(z,y) — u(z,y) by (28), (8)-
(12), (22)—(26) of functions uq(z,y) = sin(3x —
3y) cos(3z — 3y), ua(x,y) = (z —y)*(x + )2, when
la,b] = [-1,1], [¢,d] = [-1,1], hy = hy =h =0.2.
Calculations were done in Maple, Digits=15.

Uy (Tj41,y) — up(2j-1,9))-

bbod o000

Figure 4: Plots of the functions: @(z,y) = sin(3z —
3y) cos(3x — 3y) (left) and u(x,y) — u(x,y) (right)
when h = 0.2, [-1,1] x [-1,1]

0.8
06
0.4
0.2

-1

® g 6 65

Figure 5: Plots of the functions: u(x,y) = (z —
y)?(x + y)? (left) and @(z,y) — u(z,y) (right) when
h=02[-1,1] x [-1,1]

10 Conclusion

Basic splines can be applied for solving various math-
ematical problems. We can obtain the formulae of our
polynomial basic splines in the following way. In the
interval [x;_1,z;] we obtain basic splines from the
system:

u(z) = u(z), ulz)=2"1i=1,234,5,

where u(z) = u(zj—1)wj—1,0(x) + u(z;)wjo(r) +

W (zj-1)wj—11(x) + u' (2w (@) + Vi wilf ().
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If we take the basic splines with the same numbers
from [x;_1,2;] and [z, xj41] then we have:

1544 2343 3942
15t 243 3942 41 ¢ € [-1,0],

2t3 — 3t2 + 1,
0, t¢[-1,1],

wjol(xj+th)= t €10,1],

5h 44 9h 43 21h 42
Shyd 4 Ohys 4 Zhy2 4 qp

(2;+th) t e [-1,0],
Wy, 1{T5 T\ 5hy4 _ 3h3 _ 3hy2
Shid _ 3hy3 _ 3hy2 4 th,t € [0, 1],
0, t¢[—1,1],

15 42 2
=t (t—1 t 0,1
wj<0>(3:j + th)= 16h ( )5 t€0.1]
0, t ¢1[0,1].

Figure 6 shows the plots of the basic splines w0, wj.1.
The plot of the basic spline wj<0> is shown in Figure 3.

The construction of the nonpolynomial splines
with the same properties and their application for the
solving of different problems will be regarded in fur-

ther papers.

02
0.15
01
0.05

060402
-0.0¢

02 04 06 08 1

1

-1 08706047020 762704 06 08 1

Figure 6: Plots of the basic functions: w;(jh + th)
(left), and w; 1 (jh + th), when h = 1 (right)
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