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Abstract: In this paper, we firstly obtain the existence of the monotone positive solutions and establish a corre-
sponding iterative scheme for the following mixed-order four-point boundary value problem with p-Laplacian

(6p(Dgu()) + a() f(tult), o/ (1)) =0, 0<t <1,
W/ (0) — Bu(€) = 0, w"(0) = 0, o(1) +~uln) =0.

Unlike many other fractional boundary value problem with p-Laplacian, the nonlinear term involves the first-order
derivative explicitly, so it is hard to get positive solutions for the problem. The main tool used here is the monotone
iterative technique. By the fixed point theorem due to Avery and Peterson, we obtained some sufficient conditions
that guarantee the existence of at least three positive solutions to the above boundary value problem. Meanwhile,
we give an example to demonstrate the use of the main results of this paper.
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1 Introduction Laplacian operator

DY (6,(Dg,u))() + f(tu(t) = 0, 0 < t < 1,
The equation with p-Laplacian arises from the model-
ing of different physical and natural phenomena, non- u(0) =0, u(l) + UDngu(l) =0, Dyyu(0) =0,
linear elasticity and glaciology, non-Newtonian me-
chanics, population biology, combustion theory, non-
linear flow laws and so on, so the existence of positive
solutions for integer-order nonlinear boundary value
problems with p-Laplacian received wide attention
(see, for instance, [1-5] and the references therein).
Boundary value problems for nonlinear fractional dif-
ferential equations arise in the study of models of vis-
coelasticity, porous media, control, electrochemistry,
electromagnetic, etc [6-8]. Therefore, fractional dif-

where Dg 4, Dg, and Dg . are the standard Riemann-
Liouville fractional derivative with 1 < o < 2, 0 <
6<1,0<y<1 0<a—v-—1, oisa positive
number.

Z. Liu and L. Lu [10] studied the boundary value
problem for nonlinear fractional differential equations
with p-Laplacian operator

DY, (¢p(Dgw))(8) = f(t,ult), D§yu(t),0 < t <1,

ferential equations have become a very important and 1

useful area of mathematics over the last few decades. u(0) = ,u/ u(s)ds+Au(§), Dy, u(0) = kDG, u(n),

For details, see [19-40] and the references therein. 0

Among them, the existence of positive solutions for where 0 < o, 8 < 1, 1 <a+6<2, u, A k€

boundary value problem of a nonlinear fractional dif- R, &n € [0,1], Dg, denotes the Caputo fractional

ferential equation with p-Laplacian has gained much derivative of order a.

importance and attention. For details, see [9-12] and F. Torres [35] considered the existence of s-

the references therein. ingle and multiple positive solutions to nonlinear

mixed-order three-point boundary value problem for

G. Chai [12] investigated the existence and mul- p-Laplacian

tiplicity of positive solutions for the boundary val-

ue problem of fractional differential equation with p- (0p(DGu(t))) + a(t) f(t,u(t) =0, 0 <t <1,
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Dg,u(0) = u(0) = u"(0) =0, /(1) = v (n),
where 7,7 € (0,1), o € (2,3], Dg, is the Caputo’s
derivative.

However, to the best knowledge of the authors,
there is less literature available on paper concerned
with the mixed-order (both Caputo’s fractional-order
derivative and integer-order derivative are included
in the equation) boundary value problem with p-
Laplacian. On the other hand, the monotone iterative
technique has been successfully applied to integer or-
der boundary value problem, see for example [13-17]
and the references therein, but the research on the ex-
istence and iteration of monotone positive solutions
for fractional order boundary value problem is pro-
ceeding very slowly.

Inspired by the above works, in section 3, we con-
sider the existence and monotone positive solution-
s for the following mixed-order four-point boundary
value problem with p-Laplacian

(6p(DG 1 u(t)) +a(t) f (¢t u(t),u'(t) =0, 0 <t ?1)1

u'(0) = Bu(§) =0, w"(0) =0, (1) +~yu(n) =0,
2
where ¢,(s) = [s[P2s,p > 1,6 = ()}, 3 + 2 =
1,2<a<30<E<n<1,0<8,y<1,Dg,
is the Caputo’s fractional derivative. By the applica-
tion of the monotone iterative technique, we can get
the solutions by constructing a corresponding iterative
scheme. Furthermore, the nonlinear term involves the
first-order derivative explicitly.
In [18], the authors considered the existence of
triple positive pseudo-symmetric solutions of the form

(p(u))(t) + q(t) f(t, u(t), /() =0, te€(0,1),

u(0)—pBu'(§) = 0, u(§)—0u'(n) = u(1)+du'(1+£-n),

by means of a fixed point theorem due to Avery and
Peterson. This fixed point theorem is used as a classi-
cal method for getting triple positive solutions for the
differential equations of integer order which the low-
er order derivatives of unknown function is involved
in the nonlinear term explicitly, but it cannot be used
directly to obtain the existence of triple positive so-
lutions of the differential equations of fractional or-
der. The main difficulty is that we cannot get the con-
cavity or convexity of function u(t) by the sign of its
fractional order derivative. In section 4, by obtaining
some new inequalities of the unknown function, we
get the existence of at least three positive solutions for
the boundary value problem of fractional order.
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2 Preliminaries and Lemmas

For the sake of convenience, we formulate the follow-
ing conditions.

(Hy) : f(t,z,y) € C([0,1] x Ry x R — R4),
a(t) is a nonnegative continuous function defined on
(0,1) and a(t) # 0 on any subinterval of (0, 1). More-
over, fol a(t)dt < 4o0;

(H2) : A < (v — 1)(1 — B€), where A = ~(1 —
BE) + B(L+ ).

In this paper, a positive solution u(t) of boundary
value problem (1), (2) means a solution u(t) of (1) and
(2) satisfying u(t) > 0,0 < ¢t < 1.

Definition 1 [38] The Riemann-Liouville fractional

integral of order a > 0 of a function f : (0,400) —
R is given by

00 = gy [ =9 1(s)as

provided that the right-hand side is pointwise defined
on (0, 400).

Definition 2 [38] The Caputo’s derivative of order
a > 0 of a function f : (0,4+00) — R is defined

by
1 /t M (s)ds
I'(n—a) )y (t—s)otl-—n’
where n = o] + 1 and [a] denotes the integer part of
a.

Dg, f(t) =

Lemma3 Let a« > 0 and u € C(0,1) N L1(0,1).
Then the fractional differential equation

Dy u(t) =0
has
u(t) = c1 + ot + c3t? + -+ ent™
where ¢; € R, i =1,2,---,nandn = [a] + 1 as

unique solution.

Lemma 4 [38] Let o > 0, then

1§, D§ u(t) = u(t) + ¢+ cat +cgt® + -+ -+ et !
forsomec; e R, i=1,2,--+ n,andn = [a] + 1.

Lemma 5 Forany h € C[0,1],2 < a < 3, the u-
nique solution of

(Gp(Dgru(®) +h(t) =0, 0<t<l, (3
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u'(0) =0, v (0)=0,

is given by

u' (1) +~yu(n)

_ /01 G(t,5)o, </0 h(T)dT> ds,

G(t,s) =
( _(t—s)a_1
I'(a)
L (-Ber(—g)e?
AT'(a—1)
L 20=BEHBO)(—s)~"
AT'(@) ’
BL+yn—t)(§=s)*~
AT (a)
L (=645 (1—s)2
AT'(a—1)
4 (=B (n=s)>
AT'(@)

— Bu(§)

where

Bl+yn—t)(§—s)**

AT (o)

) S S 67 t S 87
(t=s)2t | (1=BEFB)(1=s)
I'(a) AT (a—1)
1 (A=BE£B) (n=s)2
AT (o) ’
§<s<n,s<t,

(1-Be+8t)(1—5)*~2
AT (a—1)
4 2(1=BE+Bt) (n=s)>
AT (o) ’
§<s<nt<s,

(=)t | (1=BEFB(1—s)"
I'(a) AT (a-1) ’

n<s,s <t,

(1-Be+Bt)(1-s)* "2
AT (a—1) ’

n<s,t<s.

Proof: Integrating both sides of the equation (3), we

can get

bp(DE,u(t)) = — /0 h(s)ds,

D ult) = —é, ( /0 t h(s)ds).

Taking Lemma 4 into account,

that is

u(t) = — a3 Jo (t = ) (f;h T)dr

+ A+ Bt + Ct?,
the condition »”(0) = 0 implies that C' = 0. So

W) = — sy ot — 5)°2ds

%(ﬁuﬂm>+3
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=0, in view of condition (4), we have
4)
B+I‘ fo _S a 1¢l](f0 )ds (7)
- Aﬁ — BpBg =0,
(%)

ﬁ fol(l — )", (fos h(r)dr

+B = iz Jo (n—5)*" 1¢q(fo
+Avy + Bny =0.

>ds
ir ) as

3
Solving (7), (8), we get

ut) = — sy Jot—5)>"1g, ( N h(T)dT> ds
}xrﬁg? o )2y <f0 )ds
+(1 55 7+th fo ya= 1¢q fo )ds
©) 4 1+m) Bwt fo a 1¢q fo >ds.

This completes the proof.

Denote
N_ﬂﬂ+wﬂ+@—Uﬂ—ﬂ&Hﬁ+%l—M+ﬂ)

B Al'(a)

_ (a—1)(1— B+ 38) —
BL+yn) + (a—=1)(1—BE+B)+v(1 - BE+ )

Lemma 6 The function G(t, s) defined by (6) has the
following properties.

1.G € C([0,1] x
)a_27 BGa(?s)

0,1)), 0 < G(t,s) < N(1 -

< B s € (0,1);

2. There exists a number G > 0 such that

min G(t,s) > GN(1—s

1 <1;<

S

)a—2

L, 0<s<1. (9

Definition 7 [18] The map (3 is said to be a nonneg-
ative continuous convex functional on a cone K of a
real Banach space E provided that 5 : K — [0,00)
is continuous and

Btz + (1 —t)y) <tf(z)
forallz,y € Kand(0 <t < 1.

+(1—=1)B(y)

Definition 8 [/8] The map « is said to be a nonneg-
ative continuous concave functional on a cone K of a
real Banach space E provided that o : K — [0, 00)
is continuous and

altr + (1 —t)y) > ta(z) + (1 — t)a(y)
forallz,y € Kand(0 <t <1.
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Let ~, 6 be nonnegative continuous convex func-
tionals on K, o be a nonnegative continuous concave
functional on K, and ¢ be a nonnegative continuous
functional on K. For positive real numbers a, b, ¢, and
d, we define the following convex sets:

K(y, d) ={z € K |y(z) <d},
K(v, a, b, d)={zx € K |b< a(zx), y(z) <d},
K(v,0,a,b,¢c,d)={re K|b<a(z

0(z) < ¢,1()
R(v, ¥, a, d) ={z € K| a <¢(z), v

The following fixed point theorem due to Avery
and Peterson is fundamental in the proofs of our main
results in section 4.

Lemma9 [I/8] Let K be a cone in a Banach space
E. Let v and 0 be nonnegative continuous convex
functionals on K, o be a nonnegative continuous con-
cave functional on K, and v be a nonnegative contin-
uous functional on K satisfying

Y(Az) < Mp(z) for 0 < X < 1,

such that for some positive numbers M and d,

a(e) <y(x), |zll < My(z) forz € K(v, d),
- 10)
where K (v, d) is the closure of the set K (v, d). Sup-
pose

T: K(v, d) — K(v, d)

is completely continuous and there exist positive num-
bers a, b, and c with a < b such that

(Sl) S K(’Ya 0, a, b, c, d) |Oé($) > b} #* 0
and o(Tx) > bforxz € K(v, 0, a, b, ¢, d);

(S2) a(Tx) > b forx € K(v, a, b, d) with
0(Tx) > ¢;

(S3) 0 & R(~, 9, a, d) and Y(Tx) < a for
x € R(vy, ¥, a, d) with(z) =
Then T has at least three fixed points x1, x2, x3 €
K(~, d), such that

v(x;) <d, i=1,2,3; b< a(x);

a < P(x2), alze) <b, Y(x3) <a.

3 Existence and iteration of positive
solutions for the problem (1) and

(2)

Consider the Banach space £ =
with the norm

= t .
ol = maox{ g o0, g o)}

0<t<1

C10, 1] equipped
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Define the cone P C E by
P={uecFE|u(t)>0, 0<t<I1}. (11)

For v € P, we define the operator 1" by

/01 G(t,s)ds

o ([ ) 7.t ) 129

where G(t, s) is given by (6).

Obviously, u(t) is a solution of boundary value
problem (1), (2) if and only if u(t) satisfies the equa-
tion u = T'u.

Lemma 10 The operator T' : P — P is completely
continuous.

The statement of the main result needs to introduce
the notations.

o No, ([} at)as) (54 5010 (J7 atsrts ) \

a—1 T (a—1DAT(a—1)

Theorem 11 Suppose that (Hy),(H2) hold. Fur-
thermore, there exists a number m > 0 such that

(Al) f(taxlvyl) S f(t7x27y2)7f0r0 S t S
L0<z <z <m, 0 < |y1| < |yo] <y

(A2) Orggglf(t,mym) < ép(37);

(As) f(t,0,0) Z00on0 <t <1.
Then the fractional boundary value problem (1), (2)
has at least one positive solution w* € P with
0 <w" <m 0< |(w) <mand lim w, =
n—oo
n—oo

1 1
wo(t) = %gf)q </0 a(s ds) /0 G(t,s)ds, 0 <t <1.

Proof: Set P,, = {u € P :
first prove T'P,,, C Pp,.
Let u € P,,, then

lim T"™wy = w*, where

llul| < m}. Next, we

0< < < <
< u(t) < max fu(®) < lull <m,

< < <
/(6] < max [u'(8)| < [Jul) < m.

taking (A1) and (A») into account,

0 < f(tu(t),u'(t) < f(E,m,m)

<f
< t < m <t<1
Orggglf( m,m) < ¢p(§7), 0 <t <1,
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(12) implies that (T'u)(t) > 0. Moreover,

(;sq(f mou(r),u (7 ))dr)ds
<N;¢q<fo ds> Jo (1 —s)*2ds
= Tty b (fo > <m,
and

/ aG(t,S)
[(Tu) ()] < fo OIE?Q ot

Pq (fo a(T) (T,U(T),u'('r))d7> ds

< 11% (fo ds> A'B(+'8 0
fo (1—5)*2ds

e ey

<m.

Thus, we have ||T'u|| < m, which implies TP,, C

Pp,.
Let
m 1 1
wo(t) = —¢ </ a(s ds> / G(t,s)ds
M\ Jo 0
then
_m 1
max wo(t) = §7éq( Jo als s) o max G(t,s)ds
S%d)qf a(s)ds Nfo 5)*2ds
= M(a i ¢q<fo ) = m,
and
IG(t,s)
B ] < 50 Jo als)ds ) o pmax, 25t
< $oq( [y als)ds ey
fo (1—s)*"2ds
= 7]\4(2 AI‘ (o— 1)% (fo )
< % =m.

So we have wy(t) € Pp,. Let w1 = Twy, then wy €
P,,. Denote

wni1 = Twy =Ty, (n=0,1,2,---),
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since T'P,, C P,,,wehavew, € P,,, (n=20,1,2, -
-), {wn}22 is a sequentially compact set since 7" is a
completely continuous operator.

1(t) = Two(t)
= [ G(t,5)0, (]0 (r wo(T),w()(T))dT>ds
< fien( ) als)ds) J) (e 5)ds

—wo(t), 0<t<1,

kS

and

w1 (B)] = [(Two)' ()]

= fo 8G ts |¢)q <f0 (T, wO(T),w(’)(T))dT>dS
< Ho, (f i) 132552
:’w(]( )|? O_ Slv
which implies
wi(t) S wo(t), |wi(t)| < lwp(t)], 0<t<1,
S0
wa(t) = Twi(t) < Two(t) = wi(t),

wWa ()] = [(Tw1) (1] < [(Two) (8)] = |wi ()]
Thus we have
whg1 ()] < Jwn(t),

0<t<1, n=0,1,2,---

W1 < wp,

So we get T" has a fixed point w* € P, and w* =

lim wy,, moreover, ||w*|| > 0, since the zero function
n—oo

is not a solution of boundary value problem (1), (2).
According to the properties of the G(¢,s), we have
w*(t) > Gllw*|| >0, 1 <t < 3 thatisw*isa
positive solution of (1) and (2). O
Remark If the equation (1) is the integer order p-
Laplacian equation, we consider the following bound-
ary value problem

(6p(t/ (D)) + a(®)F(t, u(t), ' (1)) =,
/(1) + Bu() = 0,

€ (0,1),

u'(0) — au(§) =0,

where ¢p,(s) = s|s|P™2, p > 1, (¢p) ! = ¢y, %"'
L=1¢ne (0 andé <n a e (0,4)8 €
1
Let
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(Hi) f e C([0,1]x

(H2) ¢(t) is a nonnegative measurable function
defined on (0,1), q( ) # 0 on any subinterval of

(0,1). In addition, fo t)dt < +o0;

(H3) &ne(0,1)and€é <n, a€(0,¢), B €

(0, ﬁ) We have the following Theorem.

[07 OO) X (_007 OO), (07 OO))a

Theorem: [40] Assume that (Hy), (H2
hold, and there exists a > 0, such that

) and (H3)

(C1) f(t, 1, y1) < f(t, @2, yo), forany 0 <
t<1,
0<azi<z2<a 0< |y <[/ <a

(Cs) max flt,a,a) <¢p( )

0<t<
(Cs) f(t,0,0)Z0 for0<t<1.

Then the above boundary value problem has one
positive solution w* € K such that 0 < w* < a, 0 <

|(w*)| < aand lim T"wy = w*, lim (T"wp) =
(w*)" where
max { (1 +1), (§+(1-1)}
wg(t):a ,0§t<1

max{(a +1), (3+ 1)}

Corollary: [40] Assume (H;) — (Hs), (C1), (C3)
hold, and there exist 0 < a1 < a2 < --- < ap, such
that

max f(t ag, ak)

) g < op(%) k=

1,2, -+, n, particularly, hm inf max f(t r,ag) = 0,
—4o00 0<
k=1,2,---,n).
Then the above boundary value problem has

n positive solutions w; € K such that 0 <
wp < ag, 0 < |(wf)| < ax and nli_g)loT”ka =

Wy hm (T”wko)’ = (wj)’ where

max {(L+¢), (3+(1-1)}
max{(é +1), (3+ 1)}

0<t<l1.

) f—

Wkq (t) = ak

E-ISSN: 2224-2880
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4 Three positive solutions of the
problem (1) and (2)

Lemma 12 Given h(t) € C[0,1], 2 < a < 3. As-
sume that u(t) is a solution of problem (3), (4),then

oy Jo (t = 9)° %0, <fos h(T)dr> ds
+ 1=y Jo (1 — 5)°724, ( I h(r)dT) ds

xitay Jo (1= 9)° 71 <f0'°’ h(r dT> ds
—xh Jo (€ —8)° 1¢q<f0 d7'>ds

u(t) =—

13)

i
>ds) ds
)

Proof: From Lemma 5, we get
u(t fo )Ly (fo
1-B&+8t 2
M%?o a¢4k
a 1¢q fO

a 1¢q fO

+(1 55 7+th fo

+ 1+m) Bwt fo ds.

Then equation (13) is established.

Lemma 13 Assume that h(t) > 0 and u(t) is a solu-
tion of problem (3), (4). Then there exists a positive
constant G such that

max |u(t)| < Gi max |[u/(t)],

14
0<t<1 0<t<1 ( )

where G1 = % > 0.
Proof: From Lemmas 5 and 6, we obtain
S
g 000 = s Gt )00 i

gfo (1 —s)" 2¢q<f0 d7'>ds

as

5)

ir )as

Q%wummm»

e Jo (1= 8)°" 2¢q<fo

0 _S%(fo i)
et v )

> AF (a—1) fo (1—5)""%¢, <f0 d7>ds
(16)

F(a)

AF(a)
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Thus,
g [u(0)] = uax [} Glt, )0 ([ n(r)ar )

< [N = s)*2¢, (fosh(T)dT) ds,

1 a— s
< Jo GliAr(g (1) 2q (fo h(T)dT) ds
< G7 max |u/(t)].
0<t<1
a7
Let the space E = C'[0, 1] endowed with the norm,

Jull = maox { o (o), o W01} 19

0<t<1 0<t<1

It is well known that E is a Banach space. Define the
cone K by

K ={ue€ E|u(t) >0, min u(t) > G max u(t),

< ")}
Qax [u(t)] < Gy max fu'(t)]}

Let the nonnegative continuous concave functional o,
the nonnegative continuous convex functional 8, -~
and the nonnegative continuous functional 1 be de-
fined on the cone K by

(W) = max [u'(t)], ¥(u) = 6(u) = max [u(®)],

a(u) = min |u(t)|, foru € K.

With lemmas 6 and 13, for all v € K, the functionals

defined above satisfy that
GO(u) < a(u) < 0(u) = P(u), [Jul] < Gay(u),

where G2 = max{G1, 1}. Therefore, the condition
(10) of Lemma 9 is satisfied.
Define an operator 7' : K — F by

/1(; 1 s)ds
of [ atrstrutr).wrir)a9)

From Lemma 10, we have T' : K — K is completely
continuous. O

Theorem 14 Assume that (Hy), (Hs) hold. Let 0 <
a < b< Gd, with

blad + BY(E™ + %) + aBldy( [y als)ds)

< Al'(a + 1)dGN f?(l - S)O‘_quq(f; a(T)dr)ds,

E-ISSN: 2224-2880
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and suppose that f satisfies the following conditions:

&, ho k) <
AT(a+1)d
O <[a/\+ﬂ7(€“+n )+aBlég(fy als)ds) ) for
(ta h7 k ] [0 GZd] [ d7 d]’
(A2 f(ta h7 k) >
, for
GNf1 (1—s)a— 2¢q fl a(T)dr)ds
(t, h x [—d,d];
(As

k)€ i%} [b”]
£,

a(a—1)
k) < (N%(f&a (s)ds >) for
(t, h, k:) € [0, 1] x [0,a] x [—d,d].

Then the boundary value problem (1),(2) has at
least three positive solutions uy, ug, us such that
max |ui(t)] <d, i=1,2,3; b< min |ui(t)l;
0<t<1 13

a < max Jup(t)], r;lél [ua ()] < b, max Jus(#)] <

N

1

4
a.
Proof: Boundary value problem (1),(2) has a solution
u = u(t) if and only if u solves the operator equation
u = T'u. Thus we set out to prove that 7" satisfies the
Avery-Peterson fixed point theorem which will prove
the existence of three fixed points of 7" which satisfy
the conclusion of the theorem.

For u € K(v,d), there is y(u) = [oax, [/ (t)| <
d. With lemma 13, there is max |u(t)| < Gid <
0<t<1

Glad, then condition (A,) implies
f @t u(t), ' (1))

AT'(a+1)d
< .
< & [ A+By(E2+n°)+aB]oq [y a(s)ds>>

Then
Tu) = Tu)'(t
7(Tw) = max, |(Tu)' (1)
1 ¢ 5
= _ t— a—
02i2 P(a—l)/o( 2

oul [ otrsratr) e s

ey KR

oul [ otrsratr) e s
+A§(7a) /On(” -9t

ol [ ot sty e s

o /B’Y ¢ — 3 a—1
AI’(a)/O (=)
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oul [ otrsratr) rar s

< [ 1 By(EY +n) +aﬁ}
= (a—-1Dl(a-1) Al(a +1)
ATl'(a+1)d

A + By(€e + 1) + aBog(f, als)ds

ol | " a(s)ds)

=d.
Therefore, T': K(v,d) — K(v,d).

We choose u(t) = &. It is easy to see that u(t) €
K(v, 0, a, b, %, d) and a(u) = a(%) = % > b,
and so {u € K(v, 0, a, b, %, d)|a(u) > b} # 0.
Soforu € K(v, 6, a, b, %, d), we have b < u(t) <
L, W) <d for $ <t <3
From (Az2), we get

ft,u(t), ' (t))

> op 3 g
GN les (173)0‘_2¢>q(f§ a(t)dr)ds

for % <t< %,thus

a(Tu) = min_ |(Tu)(t)]

i<t<}

_ . 1 s

= %1;51213 0 G(t,s) Pq <f0 a(T (1),u( ))dT) ds
> ON =90, alr)fru(r). ()i
>GNf ( ga (1), v ( ))dT)dS
>

GNJ (1—5 Yo 2¢q jl a(r)dr)ds

GN [}( 41 )" 2, (J} a(7)dr)ds = b,

which implies a(Tu) > b for all u €
K(v, 0, o, b, &, d}. These ensure that the condi-
tion (S1) of Lemma 9 is satisfied.
Secondly, for all v € K(vy, «, b,d) with
0(Tu) > &,

a(Tu) > GO(Tu) > G% =b.

This shows that (S2) of Lemma 9 is satisfied.

Finally, we test that condition (S3) of Lemma 9
also holds. Clearly, 1(0) = 0 < a, this shows 0 ¢
R(y, v, a, d).1fu € R(y, ¥, a, d) with (u) =
From the condition (Ajs), we have

¢(TU) = Ornax ‘(Tu)( )|
- g f G1t,9)6n () () () ) s
< fo _2%%(&1 a(s)ds) =
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So all the conditions of Lemma 9 are satisfied. There-
fore, boundary value problem (1),(2) has at least three
iti luti tisfi L) <
positive solutions uy, uy, us satisfing max lui(t)] <
d,1=1,2,3;b < i ) a < t)|,
i i, ua(®)]: @ < max |uz(t)]

12137 lua(t)] < b, [max |luz(t)| < a. The proof is

complete. g
S Example

Example: We consider the following four-point frac-
tional boundary value problem

(D0+u( )+ f(tult),d(t) =0, 0<t<1, (20)

1 1 11
u'(0)—=u(=) =0, u"(0) =0, u’(1)+§u(§) =0,
(21)
where
f(t,z,y) = I PR SV S
&Y 100" " 16007

Then (20), (21) has at least one positive solution w*
such that
0<w <4, 0<|(w)]|<4
and
lim w, = lim T"wy = w".
n—o0 n—o0
Proof: We can easily see that p = 2, = %,5 =
vy=n= 2,§ = %, (s ) = 1, by computating, A =
17 a7 — _
60V = 17\F’M_ 17f’
all the assumptions in Lemma 9 hold.
(Al) f(tvxlvyl) S f(t,9527?/2) for any 0 S t S
170<$1<$‘2<4 0<‘y1|<|y2|<4
(A2) Joax, f(t,4,4) = om?<x( 2 +t+ 55

m _ 1/7
12

choose m = 4, we claim

4+m X16):Z+m<¢p(ﬂ):
(Asz) f(t,0,0) Z0,for0 <t < 1.
Therefore, by Lemma 9, the fractional boundary
value problem (20), (21) has at least one positive so-
lution w*. O

M=

6 Conclusion

This paper is motivated from some recent papers treat-
ing the boundary value problems for four-point frac-
tional differential equations with p-Laplacian opera-
tor. In section 2, we first give some notations, recal-
1 some concepts and preparation results. In section
3, we firstly use the monotone iterative technique to
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investigate the existence and monotone positive solu-
tions and establish a corresponding iterative scheme
for the mixed-order four-point boundary value prob-
lem with p-Laplacian (1), (2). In section 4, we use
Avery and Peterson fixed point theorem to study the
existence of three positive solutions for the fraction-
al boundary value problem (1), (2). In section 5, an
example is given to demonstrate the use of the main
results in section 3. To the best of our knowledge,
no work has been done to get existence and mono-
tone positive solutions and three positive solutions of
the four-point fractional boundary value problem for
2 < a < 3. The aim of this paper is to fill the gap in
the relevant literatures. Such investigations will pro-
vide an important platform for gaining a deeper un-
derstanding of our environment.
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