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Abstract: This paper studies the pricing of forward starting options under regime switching jump diffusion models.
We suppose that a market economy has only two states, one is a stable state, the other is a high volatility state. The
dynamics of a risky asset is modeled by a geometry Brownian motion when the market state is stable, otherwise,
it follows a jump diffusion model. We propose two types of regime switching jump diffusion models: one is a
two-state regime switching Merton jump diffusion model, and the other is a two-state regime switching double
exponential jump diffusion model. Finally, some analytic formulas for pricing forward starting options are derived

under these regime switching jump diffusion models.
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1 Introduction

Option pricing is an important research field in math-
ematical finance. The traditional Black-Scholes op-
tion pricing formula has been widely used for pric-
ing options in finance industry. However, there are
a large number of empirical results indicate that the
asset price process follows a geometric Brownian mo-
tion is not realistic, since it cannot explain the two em-
pirical phenomena: the asymmetric leptokurtic fea-
tures and the “volatility smile” phenomenon. In or-
der to overcome these disadvantages, many differen-
t models had been proposed, for example, stochas-
tic volatility models, stochastic interest rate model-
s, and regime-switching models et al. For example,
Li et al.[1], Wang et al.[2], Chang et al.[3] and Du-
an et al.[4]. Moreover, many empirical results also
show that the risky asset price processes have jumps s-
ince some rare events can lead to brusque variations in
prices. Hence, many jump diffusion models had been
presented to describe the dynamics of the risky assets.
Studies include those of Merton [5], Kou [6, 7], Ahn
et al. [8] and others.

Recently, regime switching models have received
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much attention by researchers(see, e.g. [9, 10, 11,
12, 13]). It is especially important to incorporate the
regime switching effect since there could be substan-
tial changes in the economic condition over a long
period of time. Edwards [14] incorporated regime
switching into the risky asset price process and pre-
sented a new financial model to describe the dynam-
ics of the risky assets. He supposed that an economy
had two states, a state was high volatility, and the oth-
er was stable. When the state of the market econo-
my was high volatility, the risky assets price followed
a Lévy process, otherwise, the dynamics of the risky
assets satisfied a geometry Brownian motion.

Inspired by Edwards [14], we combine the jump
diffusion model with Black-Scholes model and pro-
vide a two-state regime switching jump diffusion
model to describe the dynamics of the risky assets.
We suppose that a market economy has two states, a
stable state and a high volatility state. The dynamics
of a risky asset follows different stochastic processes
in different states of the market economy: the risky
asset price is driven by a geometric Brownian motion
when the market is stable, while the risky asset price
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follows a jump diffusion process if the market is high
volatility. The regime switching jump diffusion mod-
el describes two different types of jumps. The regime
switching incorporate structural changes in asset price
dynamics which are attributed to structural changes
in economic conditions, and the jump diffusion de-
scribes jumps which are attributed to some financial
news and lead to spikes in prices.

As an application, we investigate the pricing
of forward starting options when the dynamics of
the risky assets are described by a two-state regime
switching jump diffusion process. Although the for-
ward starting options are a class of quite simple exot-
ic derivatives, their pricing can be demanding. Until
recently, there is only a few researches on this sub-
ject. Kruse and Nogel [15] gave a pricing formula
of forward starting call option in Heston’s stochastic
volatility model. Ahlip and Rutkowski [16] extended
the model in [15] to a stochastic interest rate frame-
work, and obtained the price of forward starting call
option. Ramponi [17] employed the Fourier transfor-
m methods to pricing forward starting options under
a regime switching jump diffusion model. The major
differences between their paper and this one are that:
first, the model considered here is different from that
in [17]. Second, we employ a method which is dif-
ferent from that in [17], and provides the analytic for-
mulas for pricing forward starting options. This paper
consists of two parts. The first part supposes that the
dynamics of the risky asset is described by a two-state
regime switching Merton jump diffusion process, and
provides the analytic pricing formula of forward start-
ing options. The other part supposes that the risky as-
set is modeled by a two-state regime switching double
exponential jump diffusion process, and the analytic
pricing formulas of forward starting options are also
obtained.

This paper is organized as follows: a two-state
regime switching jump diffusion model is introduced
in Section 2. Section 3 presents the pricing formulas
of forward starting options under a two-state regime
switching Merton jump diffusion model. Section 4
provides the pricing formulas of forward starting op-
tions under a two-state regime switching double expo-
nential jump diffusion model. The final section gives
a conclusion.

2 A two-state regime switching jump
diffusion model

We consider a finite time horizon [0, 7] and a proba-
bility space (2, F, P), where P is a real world mea-
sure. Uncertainty is represented by a complete prob-
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ability space (2, F, {Fi }iepo,7], ). The states of the
market economy are modeled by a stationary contin-
uous time Markov chain process € = {&¢ };¢[o,7]- To
simplify our financial model, we suppose that € has
only two states {e;, ep}, where state e; = (1,0) €
R? and e5 = (0,1)" € R? of the chain can be ex-
plained to represent a “high volatility ” state and a
“stable” state, respectively. Assume that the Markov
chain process ¢ has a generator A = (CLij)i’j:l,Q with
stationary transition probability given by the follow-
ing

ai A+ o(At), i # j,

Pi(At) =
? 1— CLiiAt + O(At),

PZ‘J‘(At) = P(etynt = ejler = ;) . (D)

We consider a financial market with two traded
assets, a riskless bond and a stock. The riskless bond
price process B = (B;) satisfy the following

dBt = T‘Btdt, (2)

where r is the instantaneous interest rate. For sake of
convenience, we assume By = 1.

In this paper, we adopt a two-state regime switch-
ing jump diffusion model to describe the dynamics of
a stock. We assume that the stock price follows a jump
diffusion process when the state of the market econo-
my is e1, whereas the stock price follows the Black-
Scholes model when the state of market economy is
ez. Let J; denote the occupation time of ¢ in state e}
over the time period [0, ¢], then

t
Jt:/O It —epyds,

where I} is a indictor function. The stock price pro-
cess S = (.S;) according to

3)

Ny
— 1 t
Sy = Spexp {mH—aWt — 50215 + ZZJ' —ABJ¢ g,

j=1

RO
where /V; is a Poisson process with intensity A, W is
a standard P Brownian motion, ;¢ > 0 and ¢ > 0 are
the appreciation rate and the volatility of the stock .5,
respectively, and {Z;} j=1.2,.. are asequence of inde-
pendent and identically distribution random variables
with probability density function f(z). The term \5.J;
is included explicitly in (4) to compensate for the p-
resence of the jumps in share price, hence it is chosen

such that 3 = Ep [ezj — 1] Moreover, we assume

that VNV,a, N, and Z = (Zj)j=1,2,.. are mutually in-
dependent.
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3 Risk neutral martingale measures

In this paper, we consider a financial market in which
only a stock and a riskless bond can be traded. The
share price of stock is described by a regime switching
jump diffusion model, with more stochastic risk fac-
tors than tradable assets. Hence, this financial market
is incomplete, and the risk neutral martingale measure
is not unique. For pricing forward starting option-
s, we need choose a risk neutral martingale measure
from the set of risk neutral martingale measures. Let
(Ff)o<t<t denote the P augmentations of the natural
filtration generated by Markov-chain € and H; denote
the o-algebra F7 V F;. Now, we first define a new
probability measure by the following

aQ

=A
e ty

and A, is given by

Ny,

A = exp{oW, - fa% +192Z

— MEp[e?% 1]}, )
where 0, ¢ are explained as the market prices of Brow-
nian motion risk and jump risk.

Under an equivalent martingale measure, the dis-
counted stock price process S, = e 'S, is a mar-
tingale, this is called the martingale condition. As in
[11], due to the presence of the uncertainty generated
by the Markov-chain process ¢, the martingale condi-
tion is defined with respect to the enlarged filtration

H.

Proposition 1 The martingale condition holds if 6
and VY satisfy,

g = 1

Ep [ewﬂ)zj} - 3 i Ep {619

(6)
)
Proof. For s < t, using the Bayes formula, we have
Ep [Si|H]

Ep [AdfH,]
[SiAy ]
S

Foffi] -

| As

=
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By (4) and (5)
SeAy 1
A = exp{ [,u —r— 5(02 + 02)] (t—s)
—~ NJt
+ @+o) (W =W+ Y (@W+1)Z
Jj=Nj,+1
— A=) (B+Ep "% —1]) }
then

= exp{(,u—r—i—@o)(t— s)

+ AW = Jy) (B [e"FD% 1]

- (sl -n))))

Thus, if 6 and ¥ satisfy (6) and (7), the martingale
condition holds. O
For simplicity, we adopt the assumption of Mer-
ton [5] that the jumps are diversifiable in this paper,
that is 9 = 0. Hence, under the risk neutral martin-
gale measure (), the dynamics of stock S is given by

Ny
1 t
S, = Spexp {rt + oWy — 50215 +>Zj — Ay

j=1

. 3)
where W; = W; — £t is a ) Brownian motion.
In addition, we also note that W,e, N, and Z =
(Z)j=1,2,... are mutually independent from measure
P to measure Q.

4 Pricing the forward starting op-

tions

4.1 Forward starting options

A forward starting call option is a simple exotic op-
tion. The strike of a forward starting option is relation
to the underlying asset, not as the same as the Euro-
pean call option. The payoff of a forward starting call
option is given by

well(§r) = (Sp — KSp )T, 9)

where K € (0,1) and t* < T are constants. In this
paper, we only consider the case of t < t*. If t* < ¢,
a forward starting call option become a European call
option with strike K S-.

Let WP¥'(Sr) denote the payoff of a forward s-
tarting put option, it is given by

PP (Sp) = (KSp — Sp)t . (10)
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4.2 A two-state regime switching Merton

jump diffusion model

In this subsection, we suppose that stock price S sat-
isfies a two-state regime switching Merton jump dif-
fusion process. The amplitude Z; of log jump of S
satisfies the normal distribution, and we assume that
mean and variance are 0 and 2, respectively, that is

2
_ 1 _22
f(z) = mﬂ{e 2% —00 < 2z < oo. Moreover,

2
B=eT —1in(8)since B = Eplei — 1].
We start by defining a new probability measure,
which will be used latter to pricing forward starting
options.

dQ M Eq[S|F5]
1,
— exp{UWt—202t+;Zj—)\Jtﬂ}.

Proposition 2 Under the probability measure Qg
and conditional on F5 ,

WP =W, —ot
is a Brownian motion, the intensity \* of Poisson pro-

cess N and the probability density function f*(z) of
Zj are given by

AN=A(B+1)
and

con € f(2)

o) =55

Proof: Using the Bayes formula, we have

NJT

iuZZj
Bgs e = |F5

S

NJT
(iu+1) > Zj—AJpB+oWr—Lio2T

= Eg |e J=1 Fe

e’\JT{EQ [6(”“)%]*1*6}

6)\* JT{fiX;O (e“‘zfl)f*(z)dz} '

)

The second equality holds since W, e, N, and Z =
(Zj)j=1,2,... are mutually independent. By (11), we

E-ISSN: 2224-2880

Wei Wang, Liegang Dong, Xiaonan Su

find that, under the probability measure ()s and con-
ditional on F7, the intensity of N is \* = A (8 + 1),
and the probability density function of Z; is f*(z) =

e;’jr(lz ) In addition, by the Girsanov theorem, we have
that Wts = W; — ot is a Qg Brownian motion. O

From Proposition 2, we can obtain the following
result.

Remark 3 If the stock price S satisfies a two-state

regime switching Merton jump diffusion process, un-

der the probability measure Qg, the Poisson process
- 2

N has intensity X = e, and 7 = (Z)j=1,2,..

_G=??

1

have probability density f(z) = Vi

(_007 OO)
Let ¢ s, _ j,|e,=¢, (y) denote the condition probability
density of Jr — J; under the measure P and given

€r = e;, Yoon et al.[18] provided the analytic formula
of @, — J,je=e; (y), thatis, for Vy(0 < y < T —¢)

G rp—Jijei=e, (Y) = exp [—ax(T —t —y) — a11y]

1 1
X{ (%) 2 Il (2 (anaggy(T —t— y))5>
+ai1dy (2 (ar1a20y(T —t — y))%) },
¢JT—Jt|at:eg (y) = €>1<p [—ax(T —t —y) — a11y]
X{ (W) 2 Il (2 (a11a22y(T —t— y))%>
+agoly (2 (auaggy(T —t— y))%) },

and ¢JT7Jt\st:el (O) = 0, ¢JTth|5t:e1 (T —t) =
e—au(T—t), ¢JT*Jt|X:€2(T _ t) — e—a22(T—t)’
Prp—tijer=es (T — t) = 0, where [L(z) :=

z\2

(3) % st
2/ 2 T(otntD)”
Given &, = ¢;, let C(t, e;) denote the condition-
al price of forward starting call option at time ¢, it is
given as the following theorem.

Theoremd4 For 0 < t < t* < T and Vi = 1,2,
the value of forward starting call option at time t and
given ey = e; is

2 Tt
C’t,ei = jt,
e =32 [ T

X Pyj (t — t*>¢JT—Jt* lepe—e; (y)dy,

where
Tty = S (BN ()
n=0

_ Ke_T(T_t*)Trn()\,y)N(dQ(nvy)))
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g (Ay)"
mahy) = eI
(r+l02)(T—t*) — A8y
dl(nay) = ¥
\/a —t*) + ny?
—InK
+

\/02 — %) + 2’

(T —t*
dg(n,y) = d1<n’y) \/02 (—t* _|)_n,y

— a a
Pu(t) = 4 e,
a21 — a11 ail — a1

_ a a

Poft) = 4 e,
a1l — a21 az1 — ail

P12(t) == 1 - Pll(t),

Por(t) = 1— Palt),

N (+) denotes the cumulative normal distribution func-
tion.

Proof: For simplicity of notation, let EZ’?S’Z [-] denote
the conditional expectation under the risk neutral mar-
tingale measure ), given Sy = S and &; = e;.

Based on the risk neutral pricing theorem, we
have

CO(t,e;) = B [e_T(T_t) (St — Kst*)ﬂ . (12)

Define

T (t,Jr = Jiw) = B [e7 T (Sp — KSp)* M)

Then, using the law of iterated expectations, we get
Ct,eq) = B [T (t Jr — Jp)]. (13)
We first derive J (¢, Jp — Ji=), by Bayes formula,
j(ta JT - Jt*)

= S:Eqg
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Combing the Proposition 2 with (8), the above equa-
tion can rewrite as

J(t, Jp — Ji=)
= 505 (4 3oT 1) N3 )

N]T
+ oWE-whH+ Y Z>1nK”Ht)
J=Ny+1

— KSe T ((r - 302)@ — %)
— )\ﬁ(JT — Jt*) + O'(WT — Wt*)
NJT
+ Yz an‘Ht>
J=Ny.+1
= II; —Il,. (14)

‘We obtain from Remark 3 that

I = 5 m(\Jr— Jp)
n=0

Q((T+;U)( ")~ AB(r

X

— T o(WE-WEH+Y 7> an‘Ht>.

J=1

Noting that for j = 1,2, ..., Z; satisfies the normal
distribution and independent of W, we have

Iy = S Y mn(N, Jr — Je )N (di(n, Jr — J=)). (15)
n=0

Furthermore, employing the same method, we can ob-
tain

H2 = Ke_r(T_t*)St Z Wn()\, JT - Jt*)
n=0
X N(dz(n, JT — Jt*)). (16)

@ Jy—Je|es=e; (y) denotes the condition probability
density of Jr — Jy+ under the measure P and con-
ditional on €; = e;. However, the transition proba-
bility of the Markov chain € is not altered from the
real word probability measure P to the risk neutral
martingale measure () since Brownian motion W and
Markov chain € are assumed to be independent. Then
by (13), we have

T—t*
Cltei) = /0 T (6 ) g e g, (8-
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In addition, since

2

Z (bJTth* legx=e; (y)

=1

¢JT7J,5* let=e; (y) =

X

P(ep = ejler =€),

and by the homogeneous property of Markov chain ¢,
we have

2 r—t* o
C t,ei = j t, Pij t—t*
we) = N[ TewPye=t)

X D gp e =e; () dy. (17)

In what follows, we first calculate P;;(t — t*). By the
Kolomogrov forward equation, we get

dP(t)

at = Pyi(t)a; + Pia(t)ag

= Pii(t)ai; + az — P11(t)as.

Hence

de(am—an)tﬁn(t) _ ((121 - all)e(am—an)t
X Pll(t)dt + 6(a217a11)tdﬁ11(t)

= a21€(a21_a11)tdt,

then

a21 ai

e—(a21—a11)t

Pii(t) =

a21 — aii a1l — a21

By the same way, we have

> ai a1 gy
Pas(t) = + e~ (@)t
a;p — a1 az —an

Specifically, P12(t) = 1 — P11(t), Pai1(t) = 1 —
Pas(t). Therefore, we complete the proof of Theorem
4. O

Let P(t,e;) denote the value of forward starting
put option at time ¢ and given ¢; = e;. The following
Proposition 5 provides the value of forward starting
put option.

Proposition 5 The value of forward starting put op-
tion at time t under a two-state regime switching Mer-
ton jump diffusion model is given by

P(t,e) = C(t,e;) + S, (Ke T —1).

Proof: From (9) and (10), we can obtain

WPut(Sp) — Ul () = K Sy — S,

E-ISSN: 2224-2880 190

Wei Wang, Liegang Dong, Xiaonan Su

then
P(t,e;) — C(t,e)
= Eq [efr(Tft) (\I]put(ST) _ ‘llcall(ST)) ‘]_—t}
= Eq | (KS - Sr) ]ft} . (18)

Furthermore, since () is a risk neutral martingale mea-
sure, the discount price process e 'S} is a () martin-
gale with respect to F;. Thus

Eq [T DKS)-

F|=Ke s, (19)
and

EQ [e_T(T_t)ST’ft} = St. (20)

By (18), (19) and (20), we obtain the result. O

Remark 6 If the stock price S follows the Black-
Scholes model, the value of forward starting call op-
tion is

SIN(d1) = K" TN (da),

where
I - (r+30?)(T—t")—InK
v oI —t* ’
JQ = Jl—avT—t*.

Remark 7 If the stock price S follows the Merton
Jjump diffusion model without regime switching, the
value of forward starting call option is

S, i (A T = )N (di (n, T — 1))

n=0

— Ke"T)m (AT = )N (da(n, T — t*))).

4.3 A two-state regime switching double ex-

ponential jump diffusion model

In this subsection, we suppose that the amplitude Z;
of log jump of the stock price S satisfies a double
exponential distribution with the probability density
function f(z), which is given by following

f(2) =pme ™ >0 + qnee™ Loy, (21)

where p, g > 0,p+q = 1,171 > 1,172 > 0, p, g denote
the probability of upward and downward, respectively.
That is

7.4 &1, with probability p
J &~, with probability ¢ [’
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where £1 and £~ are random variables which follow parameter ) > (0, random variable Z satisfies the nor-
exponential distribution with mean il and 77%’ respec- mal distribution with mean 0 and variance o2, then for
tively. The term ASJ; is included explicitly in (4) Vn > 1, we have .
to compensate for the presence of the jumps in share 1. The probability density functions of Z + 3 & and
price, hence it is chosen such that 3 = Ep [eZJ' — 1}, " =1
then § = P 4 12 _ 1, Z — > & are given by
nm— n2+1 . . i=1
In what follows we provide two lemmas which
are Proposition B.1 and B.3 in Kou [6] for proving (on)2
Theorem 12. n€ 2
n t — g
Fpis @ = o0
Lemma 8 ForV n > 1, we can obtain the following i=1
decomposition < e UHh, <_ n UU) ’
m
> 5?, with probability P, p,, 6(03)2
= e (#) = (om)
n
d m=12,..n _ .
Z 7,4 . : z ;gz oV 2T
i=1 — > &, with probabilityQ,, m, ‘
i=1 tn —
m=1,2,..n X ¢ MHhn— (a —|—an> ’
. . n n
where Prm and Qn,m are given as following 2. The tail probabilities of Z + Y & and Z — )~ &
i=1 i=1
el n m i—-m  are given by
Pam = 2 i—m i +
i=m T2 " (o)?
- e
n—i ) P(Z > _ n
X ( 772 ) plqn—’L?l Smgn_l, ( +Z§Z —x) (0-77) o 27[_
n + 12 =1
@n,m:z< - ><>(+) L =
i=m 771 772 n (02)2
i—m o . _ n€
X ( 2 ) Pl 1 <m<n-—1, P(z Z&EI) o (Un)g o
m +n2 =1
(#5n.5=on)
x -1{xn, —,—on
o

Pon =" Qnn = q"and ( 8 is defined as 1,
where
{ j,i: 1,2,...} and {51 ,i=1,2,. } are two in-
dependent and identical.ly distribution rqndom vgri- In(c;, B,6) i= /00 " Hhp(Bx — 8)dz, m >0,
ables sequence, and satisfy the exponential distribu- c
tions with parameters 1 and 13, respectively.
and ¢, o, 3, § are constants.

Definition 9 Hh function is defined by . . . . )
From Proposition 2, it is easily obtain the following

/ Ih proposition.
m— 1
Proposition 11 Under the probability measure Qg
ooy} / (t—x)"e 7 dt and conditional on F5 , the intensity of Poisson pro-
cess N is A = A ( et B 772751)’ and the probability
where m = 0,1,2,.., Hh_y(z) = e = density function of Zis

V2rp(x) and Hho(x) = V2m [~2 o(y)dy. . X X
OO f(2) = pime "I >0y + @n2e™* I <oy,
Lemma 10 Assume that {{1, &2, ...} is a sequence of R . . -
independent and identically distribution random vari- where i =m — 1 2 =m+ 1 p = a8 (i =1)

ables, and satisfy the exponential distributions with jg= % =1-p
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Proof: In light of Proposition 2, we obtain
2 e’ f(2) P -1z
== = I
&) = 51 =0+p° (=0}
qr2 (14m2)z
+ I,
a+p)
_ pm —(m-1)z
= ——— (g — e "M7V4]
+ SN UL — (772 + 1)6(1+n2)ZI{Z<0}

(1+B8)m2+1)
= pie "I >01 + @hae™ I, gy

In addition, since 3 = 77}; e+ 7;7-]51 — 1, we have
qg = 7(1+ﬂ‘§’(7f72+1) =1-—pand X = NB+1) =
A (n’; o 4 n?fl)' Hence, we complete the proof of
Proposition 11. g

Let C(t, e;) denote the value of forward starting
call option at time ¢ under a two-state regime switch-
ing double exponential jump diffusion model and giv-
en g; = e;. Now we will prepare to calculate c (t,e;).

Theorem 12 For 0 < t < t* < T and Vi = 1,2,
the value of forward starting call option at time t and
conditional on €; = e; is given by

_ 2Tt
Cte) = X[ TwPylt—1)
j=1
X ¢JT_Jt*‘5t* =€ (y)dy7

where

N(y)=InK —(r+ 302)(T —t*) + APy,

02(y) = 61(y) + (T — ),
)
d3(y) - O_ma

da(y) = ds(y) — oVT — t*,
F(t,y) = e SN (d3(y))
+ SiY(61(y), 0, A By, e, T — t¥)
— Ke "T=)=MWG N (dy(y)) — K Sy

x e " TTIT(Sa(y), 00 A, py s 1, T — £),
and fori=1,2
Y (0i(y), o, A\, p,m,m2, T — )
= > m(\y) Zl Pom

=1

n =
(o/T —t*m)™ <an1)22(T—t*>
&
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1
% I (6i(y); =, ———— —oT —
ml(*” eyt m)
o0 n
+ Zﬂ'n()‘ay)ZQn,m
n=1 m=1
" (VT —t*mp)™ ()@t
e
o/ 2m(T — t¥)

1
X Im—1 (51'(3/)% 2, AT — —ovT — t*772)-

Proof: For the forward starting call option with the
expiration time 7', we have the following price formu-
la:

O(t, e;) = BB [e_T(T_t) (St — Kst*)ﬂ . (2

Define

~

j<t7 JT - ']t*) - EQ

e T (Sp — KSp )™ ‘Ht} .
Then by the above equation and (22) we get
Clt,e) =BG [Tt Ir = )| . (23)

Using the similar method in the proof of Theorem 4,
we can obtain

o~

T, Jp — Jp=)
= 5Qs ((7’ + %UQ)(T —t*) = AB(Jr — Jpv)

NJT
+ oW -WH+ > Zj> 1nK]Ht>
=Ny +1

— KSiemT=Q ((7“ — 302)(1’ — ")
— A,@(JT — Jt*) + U(WT — Wt*)

NJT
+ Y oz an‘”Ht>

J=Nj.+1

= II3 —1l4. (24)

In the following, we calculate II3 and 11, respective-
ly.

o0

O3 = Sy mn(AJr — Jpe)
n=0
x Qg ((r + %UQ)(T —t") = \B(Jp — J»)

+ o(Wp —WH+> Z; > 1nK]Ht> .(25)
j=1
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It follows from Proposition 11 and Lemma 8 that II3
is equivalent to

Semo(, Jr = Ji)Qs (a(Wi = W) > In K

(r+ %&)(T — )+ AB(Jr — i)

StZWnAJT_Jt* ZP
n=1 m=1

")

Qs< (Wg =W+ ¢ >InK
7=1

9

(r+ 202)(T — %) + AB(Jr — Jiv)

2
St Z 7rn(;\a JT - Jt*) Z Qn,m
n=1 m=1
Q5< (Wg =Wg2) =Y & >InK
j=1

(507 + )T — 1) + AB(Jr — )

”Ht) (26)

In addition, since §;~r and ¢; follow the exponential
distribution with parameters 7); and 7)o, respectively,
by the Lemma 10, we have

and

Qs( (W5 — W) +Zg+>1nK

j=1
Ht)

(;‘72+7')(T t*) + AB(Jr — Jp)

(o) 2(T—t)

(oVT —t*im)™me
o/ 2m(T —t¥)
1

Iy (01(Jr = i) =i, —
(81070 = Joe)s =i, s
oVT =i ), @7)

m

QS(G(Wﬁ —WE) - > & >InK

o

(;02 )T = %) + AB(Jp — J)

(o719)2(T—t*)

(o/T — t*n2)e 2

o/ 2m(T — t¥)
1
L1 (81(Jr — Jo )3 2, — s,
(01077 = Jie )iy s
oVT = i), (28)
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where
1
N(Jr—Jp) = InK—(r+ 502)(T —t*)
+ AB(Jr — Jp).
Moreover, it is easily to get

Semo(, Jr = Ji)Qs (a(WF = W) > n K

()T~ 1)+ NS — )

Hy)
= S MITIO N (dy (T — Jp)). (29)
Let
Y(61(Jp — Jp ), 0, N, P,
= i A, Jr — Jpe) znj
?Zl\/ﬁm)m (am)z( T-t*)

X Iy (51(JT — Jpe ) =11,

77 nQaT_t*)

& n (079)%(T—t*)
+ Zﬂ-n()‘ JT_Jt* ZQnme = 2Tt

=1 m=1

Im—l (51(JT — Jp=); M2,

oT —t* _UmﬁQ)’ (30)

using (25), (26), (27), (28), (29) and (30), we can de-
rive the following result

II3 = .5; [G_S\(JT_Jt*)./\/’(dg(JT — Jt*)) +
Y(61(Jr — Je=), 0 A By, 2, T )] (3D
Furthermore, we use the same method to obtain
H4 — KG—T(T—t*)St I:e—)\(JT—Jt*)
x  N(dy(Jp — Jp=)) (32)
+ T((SQ(JT_Jt*)707)"p777157727T_t*)}'
Finally, it follows from (23), (24), (31) and (32) that
a(t, 67;)
= SEG [ ATTION(d (I — Jr))
+ T((Sl(JT_Jt*)vavj\vﬁaﬁhﬁQJT_t*)}
_ Ke—r(T_t*)StEtéS,i [e—A(JT—Jt*)
X N(d4(JT — Jt*)) + T(5Q(JT — Jt*),
g, )\apa i, 12, T — t*)} .
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Therefore, we complete the proof of Theorem 12. O

Let P(t,e;) denote the value of forward starting
put option at time ¢ under a two-state regime switching
double exponential jump diffusion model and given
Et = €.

Proposition 13 The value of forward starting put op-
tion at time t under a two-state regime switching dou-
ble exponential jump diffusion model is

Ke Tt _ 1),
( r(T—t*) )

The proof of Proposition 13 is similar to that of Propo-
sition 5. Here, we will no longer provide the proof.

~ ~

P(ta ei) = C(tv ei) + St

Remark 14 [f the stock price S follows a double ex-
ponential jump diffusion model without regime switch-
ing, the value of forward starting call option is

e M=) G N (dg(T — t%)) + Sy
X T(él(T_t*)7075‘7ﬁ7ﬁ17ﬁ27T_t*)
— KeT=t)g, [e_’\(T_t*)N(d4(T —t"))

+ T(52(T—t*)7‘77>\7pv77177727T_t*)}-

5 Conclusion

In this paper, the two-state regime switching jump dif-
fusion models are presented to model the dynamics of
the risky asset. Since the regime switching and jumps
render the financial market incomplete, we discuss the
problem of choosing risk neutral martingale measures.
Using the risk neutral pricing technique, we obtain the
closed form formulas of pricing forward starting op-
tions under the two cases of regime switching jump d-
iffusion models, namely, a two-state regime switching
Merton jump diffusion model and a two-state regime
switching double exponential jump diffusion model.
In further studies, the parameters of the model in our
paper can be considered as not constants. Moreover,
the valuation of other derivatives under this model can
be studied.
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