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Abstract: In this paper, transport equation with continuous energy, nonhomogeneous medium and abstract bound-
ary conditions is studied in slab geometry. It is to prove that [ImA| | K(A — By) 'K || ([Im)\ — +00)
is bounded in the trip I';, and the spectrum of transport operator Az consists of only finite isolated eigenvalues
with a finite algebraic multiplicities in trip I'.. The main methods rely on operators theory, resolvent operators and

comparison operators approach.
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1 Related Knowledge

In this paper, we are concerned with the transport
equation with continuous energy, nonhomogeneous
medium and abstract boundary conditions in slab ge-
ometry. The specific model is as follow

op(x,v,u,t)
ot N
8w<:c v, 1yt)

o(x,v)(z,v, p@,t) €))

/dv/ (@, 0, p, s )b (2, o ) dyd

with the initial condition

1/)(513,/1,’1),0) :¢0($,/L,U), ()

where the function ¢ (z, v, 1) represents the number
density of gas particles having the position x, the par-
ticle velocity v and the direction cosine of propagation
w. here z € [—a,a] for a parameter 0 < a < 400,
v, 0" € E = [um,vpm],0 < vy, < vpr < +00, and
the v,,, and vy are called, respectively, minimum ve-
locity and maximum velocity, and u, 1’ € [—1, 1], the
function o (., .) is called the collision frequency, and
the function &(., ., ., ., .) is called the scattering kernel.
The abstract boundary conditions are modeled by

o' = Hy",

here, H is a linear operator in boundary space.
Since Lehner and Wing made some creating work
n [1] in 1950’s, the research of spectral distribution

3)
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of the transport equation have been interesting topic
in mathematics, physics, biology and sociology. La-
trach and Dehici [2] investigated some spectral prop-
erties of time-dependent anisotropic transport equa-
tion with periodic and perfecting boundary condition-
s, using the perturbation theory of strongly continu-
ous semigroups. In fact, let X be a Banach space,
and the streaming operator B generates a C, semi-
group (U (t)¢>0). It is well known that if K € £(X)
is bounded linear operators, then B + K generates a
strongly continuous semigroup (V' (t)¢>0), where

n—1
t)=> Uj(t)+ R 4
j=0
where Uy(t) = U(t), and
t
Ui(t) :/ U(s)KU;_1(t — s)ds, j =1,2, ..., (5)
0

and the remainder term R,,(¢) can be expressed by
+o0

> U;(#)

j=n

_ / Ut KU (t2)K -+ U(ty)
t1+ -+t <t,t; >0

(6)

Rn(t) =

XKV (t—ty---—ty)dty ---dty,
where if n = 2, we can get
Rat) = [ U(t)KU (1)
t1+t2<t,t120,t2>0
XKV(t — 1t — tQ)dtldtQ. (7)
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The above method was named by semigroup pertur-
bation approach, and this approach was used by many
authors (see, e.g., [3]-[7]). Some authors develope-
d the perturbation technique to the essential spectral
radius of transport operators (see, e.g., [8]-[12]) .
Recently, Wang and Ma in [13] discussed the
transport operator of anisotropic continuous energy
and homogeneous with periodic boundary condition-
s in slab geometry in Ly space. They proved that
the streaming operator B generates a Cjy semigroup
(U(t)t>0), the transport operator A generates a Cp
semigroup, and the second-order remained term Ra(¢)
of the Dyson-Phillips expansion (4) of the Cy semi-
group is compact in Ly space. Hence the spectra of the
transport operator in some vertical strip I' consists on-
ly of finite many isolated eigenvalues that has a finite
algebraic multiplicity. Wang and Wu in [14] discussed
the transport operator with anisotropic continuous en-
ergy and nonhomogeneous with general boundary
conditions in slab geometry in L,(1 < p < 00) space.
They proved that the streaming operator B generates
a Cp semigroup (U(t)>0), where U(t) is of the form

§ a2n

n>0

U(t)p(x,v,u)

xT

Xexp( 7 |<2n/a +sgn(,u)/x,

xp(sgn(p)dna + x — pt, v, u)

X X[(sgn(p)z+(dn—1) a)/\u\ (sg

£ a2 exp /

n>0
/_a /_a &)

X o(— sgn( )(4n+2 a—x+ put,v, —p)
X X[(sgn()z-+(4n+1)a)/|ul, (sgn(u)e-+(An+3)a) /1ul) (),

the transport operator A generates a Cj semigroup,
and the second-order remained term Ry(t) of the
Dyson-Phillips expansion of the semigroup is com-
pactin L,(1 < p < co) space and weakly compact in
Ly space, It is similar to the result of [13].

Itis well-known that if the transport equation with
the specific boundary conditions, or abstract bound-
ary conditions, then the bounded perturbation meth-
ods will fail. This is because the boundary operator
is a unbounded linear operator. So we have to use
the resolvent analysis approach to study the transport
equation. Latrach and Megdiche in [15] discussed
the transport equation with anisotropic and abstrac-
t boundary conditions in slab geometry. Under some
assumption that, for r € [0, 1)

|SAT] KL= B) 'K ||=0

Jote v)de)

)+ 4n+1> )/\u\](t)

®)

X exp

lim
|SA| =400

€))
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uniformly on some vertical strip, they derived various
descriptions of the large time behavior of solutions.
Latrach et al. in [16] discussed the transport equa-
tion with reentry boundary conditions in slab geome-
try, they derived conditions that ensure the compact-
ness of the remainder term R, (t) for some integer n,
and got the large time asymptotic behavior of the solu-
tion to the one-dimensional transport equation. Late-
ly, some authors discussed the transport equation with
anisotropic continuous energy and homogeneous in
slab geometry, and obtained essential spectrum and
isolated spectrum of the transport equation (see, e.g.,
[17]1-[24], [301-[32D).

In the past years, some authors described the time
asymptotic behavior of the solution of a one-velocity
transport operator without restriction on the initial da-
ta in sphere (see, e.g., [25, 26]). Of course, there are
some progresses about the spectral of bizarre trans-
port equation (see, e.g., [27, 28]). The spectral anal-
ysis of transport operator in growing cell population
(see, e.g., [33-35]). Recent, Abdelmoumen et al. in
[29] discussed the transport operator with anisotrop-
ic in sphere, and described the large time behavior of
solutions to an abstract Cauchy problem under some
assumptions. They proved that there exists an integer
mo and ro € [0, 1) such that

| SA[) (A = B) " K™ |, (10)
is bounded uniformly in some vertical strip. A ques-
tion is what spectral distribution in slab geometry is
under the above condition. In this paper, we will dis-
cuss, in L,(1 < p < 400) space, the transport equa-
tion with continuous energy nonhomogeneous medi-
um and abstract boundary conditions in slab geome-
try. We will prove that operator

| SAI KM — Ba) 7' K ||, (ISA] = +o0), (1)
is bounded on a vertical strip I'c, and the spectrum
of transport operator in the strip I'c is composed of fi-
nite many isolated eigenvalues of finite algebraic mul-
tiplicities.

Let us introduce some notion and notations, and
make precise the function setting of the problem. Let
space be

X = L,(D, dxdvdp), (12)

the norm is defined by

Wi = ([ [ [ v pasaoan)”,

(13)

where D = [—a,a] x E x [-1,1],p € [1,+00).
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We define the following sets representing the in-
coming and the outgoing boundary of the phase space

DY =DYuU DY =
{—a} x Ex[-1,00U{a} x E x [0,1], (14)

Di = DU Dj =
{—=a} x Ex[0,1]U{a} x E x [-1,0]. (15)

Moreover, we introduce the following boundary s-
paces

X0 = Ly(D° |uldvdp) ~ Ly(DY, |u|dvdp)
®Ly(DY, |p|dvdp)
= XYoo X)), (16)
X' = Ly(D |uldvdp) ~ Ly(DY, |u|dvdp)
SLp( §,|,u|dvd,u)
- Xiexi, (17

endowed with the norm

1
P

I¢°lxo = (ISl + 81 )
- (L
1
+/dv/ la,v. )P luldp) ", (18)
E 0

—a, v, p)[P|pldp

1
Il = (ol + bl )

1
= ([ v [ tet-aoPludn
E 0
0 1
+ [ao [ oo Plaan)”, a9)
E -1

where ~ means the natural identification of the above
spaces. We define the streaming operator By by

0
Byi(z,v,p) = _MW
—o(z,v)(z,v, 1), (20)
where
D(BH):{'l/JEX‘ esz Hwo
(21)

E-ISSN: 2224-2880

Hongxing Wu, Shenghua Wang, Dengbin Yuan

where o (x, v) is a non-negative and measurable func-
tion, 0 = (4, ¢9) T, and 7 = (¥, %) " with ¢,
Y, bt and 9% are given by

i (v, ) P(—a,v, ), (22)
Po(v,p) = U(a,v, p), (23)
W, p) = P(—a,v,p), 24)
P (v, ) W(a,v, ). (25)

Moreover, we define the disturbance operators K by

Kiy(xz,v, p) :/Edv’/ll

xk(z,v, v, )bz, o', )dy'. (26)
So, we can define the transport operator Ay by
Ag =Bpg+ K, D(Ag)= D(Bpg). 27)
Setting
oo = essinf{o(z,v)}.

Let ¢ € X and consider the resolvent equation for
Bp
(M — Bp)y = . (28)

Thus, for RA > —oy,, the solution of (28) is formally
given by

Y(z,v, 1)

= Y(—a,v,u)exp (Nl 3 ()\+U(§,v))d€)
1 T -1 T

v f exp(— / (At ole v)e)
xp(x' v, p)ydx’, pe(0,1), (29)
Y(x, v, 1)

xp(x' v, p)dx’,  pe (—1,0). (30)

For z = +a, we can get

¥(a,v, p)
= 7/)(—@7%# eXp 1/ )‘+O-£7 dg)
+ 1/ eXp _1 A+o(¢ df)
BJ—a K
xp(a',v, p)da, (31)
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vieom)
= wavmen (; [ (ol o))

- ;/_ ex / (A + o(€.v))de)

xp(x', v, p)dx’. (32)

Now, we define operators Py, (05, D) and F) as fol-
low

Py X' = X% Pwp=(Ple,Pry), (33)
where
P;_(p(aav7/j’) = (,0(—01,7), FL)
_1 a
<oxp (= [ (A alends). o4

—a

and
Py (—a,%/:) = p(a, v, 1)
X exp (; / O o(&0)de);  (39)
O : X' = X; Qw=(Qf¢e.Qyp), (36
where
in(—aw,ﬂ)z: p(—a,v, )
X exp (_Ml/ ()\+a(£,v))d£), (37)

—a

and
Qy el(a,v,p) = v(a,v, 1)
X exp (; / (A+0(&v)dE);  (38)

Dy:X = X% Dyp=(Dfe,Dyy), (39

where

1 [
D;\rgp(x,u"u) = M/ <p(1:’,v,,u)

X exp (_ﬂl /:(A +ole, u))dg) da', (40)

and

a

~ 1
Dy p(—a,v,p) = u/ (@' v, )

—a
/

X exp (i /r A+ U(f,v))dﬁ)dx’; 41)

—a
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Ex:X = X; Exp=(Efo,Dyg), (42)

where

1 T
E;@(.’IJ,’U,ILL) = M/ @(x/ava/i)

X exp <_,ul /:(A + a(f,v))d&) dz, (43)

and

_ [
E)\ @(_avvau) = / (,D(.ZU/,U,/.L)
g

X exp (i /;I()\ +o(§, v))df) dr. (44)

We assume that the boundary operator H satisfies the
following condition. ‘
Assumption O;: H: X° — X?,

Ul o 0 H12 (75}
H<u2>_<H21 0><u2>' )

where

H12:aJ1—|—BL1 D XY — X 46)
Hys € L(Xg,X%),
Hoy :an—i-ﬂLg : X?—>X%, 47)
Hy € L(X?, X3),

o, € R, .J; and J, are compact operators. More-
over

Liu(—a,v, n) = u(a,v, p), (48)
Lou(a,v, n) = u(—a,v, p). (49)
So, for RA > —og, we get
(AT = Bu)™" = x@o1(m)RT (M, By)
+  X(—1,0 ()R (A, By),(50)
where,
RY(M\I, By)
= Y Q{Hup(PyHp)"Df + Ef, (51)
n>0
R~ (M, Bp)
= > Q) Hu(PyHxn)"D} + E;. (52)

n>0

Assumption Oy: Operator K is a regular operator in
X. So it can be approximated in the uniform operator
topology by operators. Thus

Koo = X [ [ oo

el
xgi (v, 1 (o' 1) dy, (53)
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where 0;(-) € Loo([—a,al]), fi(-,-) € Li(E X
) €

-1,1]), gi(-,- Loo(E x [—1,1]), 1 is finite set.
Setting
—00, || H HS 11
Ao = (54)
" { —oo + 55 log([| H [I), || H [>1.

Lemma 1. [15] If the assume Oy is satisfied, then,
for R\ > —0oq, we have (\I — By )~ is bounded and

|\ — By) Y| < (55)

1
ReX + o9
Lemma 2. [5] If for any € > 0, there existsam € N,
n, such that [\ — By)~'K]|™ is compact, and

lim || [(M — Bg) 'K]™ ||= 0. (56)

|SA| =400

Then, there exists at most finitely many isolated eigen-
values of A in the strip {\ € C; R\ > n+e} where
n is type of Cy semigroup generated by streaming op-
erator By, which are of finite algebraic multiplicity.

2 Main Result

In this section, we will give the main results of this
paper. Setting

L.={\eC; RA\> —0p+e}(e>0). (57)

Theorem 3. [f assumptions Oy and O are satisfied,
then
| S KA = By) 'K |, (58)

is uniformly bounded on T'..

Proof. We finish the proof by the following serval
steps.

Step 1. Because of

| K(A\—Bg) 'K |

| KEYK | + || KEYK ||

+ > | KQf Hio(P{ Hip)" DY K |
n>0

+ > | KQy Hoy (Py Hyy)"DYK || .
n>0

IN

(59)

So, if we prove (57) is bounded uniformly on T';, we
only prove
| SA || KEYK |, (60)

| SM ||| KESK |, (61)
| SA| D | KQf Hia(Pf Hip)"DIK ||, (62)

n>0

E-ISSN: 2224-2880
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| SA| D | KQy Hor(Py Hat)"DyK || . (63)
n>0

are all bounded uniformly on I'..

Step 2. Prove equation (60) is bounded uniformly on
I'c. Forall p € X ,we get

1 [* ,
- QO(‘,L. 77)’“)
-1,

X exp (_Ml /gjv()\—{—a(f,v))df)dx/
= i/w p(a’,v, 1)

—a

Efo(x,v, 1) =

X exp (_: {(x — 2 )\ + /: A+o(g, v)dedx'.
(64)

The change of s = glves

—+o00
EYo(x,v, 1) :/0 (@ = s, 0, )X (g, 22y (8)

X exp ( s — /x o€, v)dg)ds. (65)
-

Now consider the sequence of operators E;En, where

EA,En()O(xv v, :u)

+oo
=/ Pla = 54,0, )X (g, a) (5)
X exp < —As — /x o(&, v)df)ds, (66)
T—Sp

where (e,)nen 1S @ sequence of non-negative real
numbers which converge to zero as n — oco. Clear-
ly, the sequence (E) ., Jnen converges to Ey, in the
operator topology, uniformly on I'; as n — oo. So, it
suffices to prove that, for € > 0,

| SAI KE{ K |,

is bounded uniformly on I'c. Because of

KEY Ko(x,v,p)

- far B ) 0 )X 2 9
cexp (- )\s—/z (a)«f’)
7 w

o(x —sp', 0"y dsdo"dp”.  (67)
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Setting t = x — p's, we get

KE+K<va,u

/dv /adlu,h )f(v,u)
xexp(fxsf | a(f,wdf’)

—+o00
X / dsp(t', 0", 1) X (2=t 400) (5)

1
/ ot dv”/ dy” (68)
-1
Putting
KEy K = A1A:Ay, (69)
where Ay : Ly(—a,a) = X,
Arp(x) = 0(x) f (v, ) (); (70)
Ay Ly(—a,a) = X,
Asip(x, v, 1)
/ dv/ 0(x Jo(x, v, w)dps; (71)
A. : Ly(—a,a) = Ly(—a,a),
T +o0
x) = / dt/ dv/ ds
—a E € s
T
X exp { — s — / o(x, §)d£]
t
r—t
(0, =)ot (5 (D)
and A, : Ly(—a,a) = Ly(—a,a),
+oo
ERQO / dt/ dU/ lo— tvn(s)
X exp { A+ 00— f) }ds
z—t
Xh(% )Sp(t)X(xft,Jroo)(S% (73)

where [, n(-) converges to @, ,(-).a.e. Because
operators A; and Ay are bounded and uniformly on
I, so, it suffices to prove that, for e > 0, | S\ |P||
A, ||” is bounded uniformly on I'.. According to
Lemma 1 of [15], it holds that

| SAP Aepn |17, (n € N), (74)
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is bounded uniformly on I%.
Ly(—a.a),n € N, we get

—+o00
| Ao ||P—/ dx‘/ dt/dv/

xexp{ ()\—i-ao—f) }lm ton(S)

2
xh(0, 50 ) PO ot o ()1l

< Jrol [ foef”

X exp { ()\ + 09 — 5) }lx on($)

xh (. 2) (X (atoto0) (51| -

The use of the Holder inequality gives

‘/ dt/dv/Jrooexp [~ +o0— )]

Ko (50, ) Q)X ot 100 (8)5|

< / dt}/dv/ﬂoexp )\—Hfo—*)}'

a0, )" dsF/a o) P

—+00
exp

For all ¢ €

(75)

2a dv )\o+a—7)}-

a0 Das|" o |1
(76)

Use of the Holder inequality again, we get

p +oo
| Ac IIP< (2a) / dx’/dv/

(A +00—3)s|

X ’ p

xexp[

Xlzvn( )h('U 7) ()X(:L‘ +oo)( )dS

< (2af§/ dx/dv‘/+oo

Xexp[ ()\+aof§)]

Xlgwn(8)h(v, g)@(t)X(az,-i-oo) (s)ds

So, it suffices to prove that, for ¢ > 0,

+oo
|§‘s)\|p/ d:c/dv[/

XeXP[ ()\+UO_§)] l:vvn(s)

p
‘ .(77)

X

Xh‘(”? g)(p(t)X(x,-l—oo)(S) ’p’ (78)
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is bounded uniformly on I'.. In fact, for Vn € N,
x € (—2a,2a) and v € E be fixed, we define
Wan(:) :

(e,+) = R, (79)

5 lpon(s)h(v, %), (80)

where [, , (s) and h(v, ) are simple functions. Set-
ting (si)i<i<m, for Vi € {1,2, m — 1hs €
[SZ‘, 3i+1), we get

Waw() = Waw(si), (81)

so we can get

+00 e
/ exp(~(A+ 00 — )s) Wi (s)ds

1

3

Si4+1 £
Gzv(5i) / exp(—(A + 09 — =)s)ds

I
(]

2
1

.
I

3

I
]

(exp(—()\ + 0o — g)si)

=1

|
o
»
k=i

(—=(A+00 — g)siJrl))
1

7Wm’v i)
XA—I—J—% ol51)

So

oo 2(m —1 .
| Wx,v(s)d$|§ (m )Sup’h(,

e e[ SN

) |

)

(82)

400 T
I%w/ dx/dv\/ Lo (5)h(v, %)

X exp(— ()\-I-Go—*) )P ()X (2, 400) (8 )P

<|\s)\|p/ dx/dv

D PPN
- 1) sup | h<7 ) |)p€7p’ SA ’7p7
(83)

and

x sup | h(,
<4aM(2(m

where M = vp; — vyy,. Since

4aM(2(m — 1) sup [ A(-,-) e P SN[,

is bounded and uniformly on I'.. This ends the step 2.
Since the (61) and (60) have the same mode, sim-

ilarly, we can get the equation (61) is bounded uni-

formly on I';.
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Step 3. (62) is bounded uniformly on I'.. Since
(Py" Hy2)™ can be expressed by

Z

where each P; is the product of n factors involving
both 04P;r Ty and ﬂP;r L1 except the term

Pyn = (8P L1)". (85)
So, for j € {1,2,---,2" — 1}, the operator T} appears
at least once in the expression of P;. While
| KQY Hi2P;DY K ||
< | KQYHw |- || DK |, (86)
where j € {1,2,---,2™ — 1}, so if we prove the equa-

tion (62) is bounded and uniformly on I'c. We only
need to prove

(P Hyg)" (84)

| SA ||| ADYK |, (87)
| S ||| KQY Hi2Pon DY K |, (88)

are all bounded uniformly on I';, where j € {1,2,- -
-, 2" — 1}. In fact, according to the hypotheses, there
exists k € {1,2,---,n — 1}, such that

P; = QP Ty(P Ly, (89)
where (; is bounded and uniformly on I'.. Since
1 QP Ta(Py L) DK ||
< QP Il | Tu(PY L) DY K |, (90)
so, it is sufficient to prove
| SA | T (P L) D K |, N

is bounded and uniformly on I';. Since J; is compact,
it is sufficient to establish the result for an operator of
rank one, that is 77 : ¢(a, v, u) — Tip(—a,v, p),

Tip(=a.0.) = 0(z) [ dofw.p)

1
x /0 o i pland! ) | i | i, (92)

where f(7 ')a g('7

For p € X,
T1(Py L) D5 Ko(z, v, )

Fo,p /dv/ g (', 1)
Xf(v,u)/_adwﬂ( Yexp [ [

x (A= o(€,v))dE ((2k + 1)a — x)] /

E
1
X / g(@"
-1

-) are measurable simple functions.

dU”

)z —spl 0", " )dp

Volume 15, 2016



WSEAS TRANSACTIONS on MATHEMATICS

93)
Now, we define the operators by
B, : goEX—)H(x)/dv
E
1
X / 9(v, pe(z, v, p)dp, (94)
-1
By : ye€R—n(v,p) €L, (95)
By, € Ly( aa—>/dv/d,u
(2k+1)a—=x

<teaoo) [ e [
x6(x) /: (A — a(g,v))dg}go(x)dm, (96)

S0, we can get
Ti(P{ L))" D} K = ByByBy.
Clearly,
| T (P L) DY K ||| Bz || - || Be |l - || Bu |,

because of B1, B2, and By, are all bounded, moreover
By and Bj are independent of A\, we only need to
prove that | S\ ||| By || is bounded uniformly on
I'.. Now, we set ¢ € Ly((—a,a);dz) and ¢ denote
by its trivial extension to R, so By may be written in
the from

Brp = /F,\((2k+1)a—x)g5dx
R

= (Fx*x9)((2k+ 1)a).
the Young inequality gives

| Bew [<I| Fx llar) - | @ l2r(~asa)s

then
I Belrsow [ | [ a
X/Olduf(v m)g(v, u)eXp[—:
x /: (A= (€, v)dg)}du’th.
Since

o [ [ [Canson

<alo.o@es [~ | '

I/

X (A — a(&,v)dé‘)]du‘th,
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is bounded uniformly on I', we can get the (87) is
bounded uniformly on I'..

Now, we prove that (88) is bounded uniformly on
I'.. Since His = o171 + L1, Ty is compact operator,
it suffices to prove that | SA ||| KQ{ L1 Py DY K ||
is bounded uniformly on I';.

In fact, for all ¢ € X, then

KQle(ﬁP+L1)D+K =
ﬂ"v,u/dx/dv/ g, 1)
(2n+1)a

xf(, u)eXp[

/

) It
x / (r o€, >>d§)}
:1:’ /dv”/
xp(x — sp', ", p")du”.
Setting
KQYL(BP{Li)Df K = E,E, By,

where

E, ¢€X—>9(az)/Edv/11g(v,u)

XSD(% U, M)d:u € Lp((_a’ CL); dx),
By ¢ € Lp((—a,a);dx) —
0(x )5"f( ) ( z) € Xp,
E, @ € Ly( dz) —

/_ad:n/dv/fv,u (v, 1)
Xexp[ﬂ/x,( A+ o(€,v)de)

x((2n+1)a — :c)] dp € Lp((—a,a);dx).

Since operator F, F5 and F),, are bounded, moreover
F and F5 are independent of A, so it is easy to prove
that, | SA ||| E, || is bounded uniformly on I'c. This
ends the step three.

Finally, since (63) and equation (62) have the
same form, so we can get the (63) is bounded uni-
formly on I';. This ends the proof. O

Theorem 4. [f assumption O1 and Oy are satisfied,

spectrum of transport operator Ay consists of, only,
finite isolated eigenvalues which have a finite algebra-
ic multiplicities in trip T'..
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Proof. On one hand, because of hypothesis O2 and
Lemma 1 we can get operators K (A — By)~! and
(M — By)~'K are compact operator on X. So, for
all A € T, the operator [(\] — By ) "' K]? is compact
operator on X.

On the other hand, since

[(\I — By) 'KJ?
= (M — By) Y [K(\ - By)'K],

s0, according to the Lemma 1 and Theorem 3, we can
get
lim
|SA| =400

I [(M = Bp) 'K]* ||=0.

Finally, according to the Lemma 2, the desired result
follows. O
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