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Abstract: In this paper, combining with a fractional complex transformation, we propose a new generalized frac-
tional sub-equation method named fractional(D

αG
G

) method to seek exact solutions for fractional partial differen-
tial equations. This method is the fractional version of the improved (G’/G) method. Based on this method, some
new exact solutions for the space-time fractional (2+1)-dimensional breaking soliton equations and the space-time
fractional Fokas equation are successfully found. Under some special cases, we get solitary wave solutions for
them.
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1 Introduction

Fractional differential equations are generalizations of
classical differential equations of integer order. The
main advantage of fractional differential equations in
comparison with classical differential equations of in-
teger order mainly lies in that fractional derivative
is more useful in describing the memory and hered-
itary properties of materials and processes. In recent
decades, fractional differential equations have gained
much attention as they are widely used to describe var-
ious complex phenomena in many fields such as the
fluid flow, signal processing, control theory, systems
identification, biology and other areas. The mathe-
matical modeling and simulation of systems and pro-
cesses leads to the research of the theory for fractional
differential equations. Many authors have investigat-
ed some aspects of fractional differential equations so
far. Among these investigations for fractional differ-
ential equations, research for seeking numerical solu-
tions and exact solutions of fractional differential e-
quations has been a hot topic, which can also provide
valuable reference for other related research. Many
powerful and efficient methods have been proposed to
obtain numerical solutions and exact solutions of frac-
tional differential equations so far. For example, these
methods include the (G’/G) method [1-3], the Homo-
Separation of Variables method [4], the variational
iterative method [5-7], the Adomian decomposition
method [8,9], the fractional sub-equation method [10-
12], the homotopy perturbation method [13-15] and

so on. Based on these methods, a variety of fractional
differential equations have been investigated.

In this paper, using a new fractional sub-equation,
we propose a new generalized fractional sub-equation
method named fractional(D

αG
G

) method to seek exact
solutions for fractional partial differential equations in
the sense of modified Riemann-Liouville derivative.
This method can be seen as the fractional version of
the improved (G’/G) method [16].

The modified Riemann-Liouville fractional
derivative, defined by Jumarie in [17-20], has
many excellent characters in handling with many
fractional calculus problems. Many authors have
investigated various applications of the modified
Riemann-Liouville fractional derivative (for example,
see [21-23]). We now list the definition for it as
follows.

Definition 1 The modified Riemann-Liouville deriva-
tive of orderα is defined by the following expression:

Dα
t f(t) =





d
dt

∫ t

0
(t−ξ)−α

Γ(1−α) (f(ξ)− f(0))dξ,

0 < α < 1,

(f (n)(t))(α−n), n ≤ α < n+ 1,
n ≥ 1.

Definition 2 The Riemann-Liouville fractional inte-
gral of orderα on the interval[0, t] is defined by

Iαf(t) =

∫ t

0

(t− s)α−1

Γ(α)
f(s)ds.
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Some important properties for the modified
Riemann-Liouville derivative and fractional integral
are listed as follows (see [17, Eqs. (3.10)-(3.13)], and
see also [10-12,21-23]) (the interval concerned below
is always defined by[0, t]):

Dα
t t

r =
Γ(1 + r)

Γ(1 + r − α)
tr−α; (1)

Dα
t (f(t)g(t))=g(t)Dα

t f(t)+f(t)Dα
t g(t);(2)

Dα
t f [g(t)] = f ′

g[g(t)]D
α
t g(t)

= Dα
g f [g(t)](g

′(t))α; (3)

Iα(Dα
t f(t)) = f(t)− f(0) (4)

Iα(g(t)Dα
t f(t)) = f(t)g(t) − f(0)g(0)
−Iα(f(t)Dα

t g(t)). (5)

The rest of this paper is organized as follows. In
Section 2, we give the description of the fractional
(D

αG
G

) method for solving fractional partial differen-
tial equations. Then in Section 3 we apply this method
to establish exact solutions for the space-time frac-
tional (2+1)-dimensional breaking soliton equations
and the space-time fractional Fokas equation. Some
conclusions are presented at the end of the paper.

2 Description of the fractional (D
αG
G )

method
In this section we give the description of the(D

αG
G

)
method for solving fractional partial differential equa-
tions.

Suppose that a fractional partial differential equa-
tion, say in the independent variablest, x1, x2, ..., xn,
is given by

P (u1, ..uk,D
α
t u1, ..,D

α
t uk,D

α
x1
u1, ..,D

α
x1
uk, . . .

Dα
xn
u1, ..,D

α
xn
uk,D

2α
t u1, ...,D

2α
t uk,D

2α
x1
u1, ...)

= 0, (6)

whereui = ui(t, x1, x2, ..., xn), i = 1, ..., k are un-
known functions,P is a polynomial inui and their
various partial derivatives including fractional deriva-
tives.

Step 1. Suppose that

ui(t, x1, x2, ..., xn) = Ui(ξ),
xi = ct+ k1x1 + k2x2 + ...+ knxn + ξ0. (7)

Then by the second equality in Eq. (3), Eq. (7)
can be turned into the following fractional ordinary
differential equation with respect to the variableξ:

P̃ (U1, ..., Uk, c
αDα

ξ U1, ..., c
αDα

ξ Uk, k
α
1D

α
ξ U1, ...,

kα1D
α
ξ Uk, ..., k

α
nD

α
ξ U1, ..., k

α
nD

α
ξ Uk, c

2αD2α
ξ U1,

..., c2αD2α
ξ Uk, k

2α
1 D2α

ξ U1, ...) = 0. (8)

Step 2. Suppose that the solution of (8) can be

expressed by a polynomial in(
Dα

ξ G

G
) as follows:

Uj(ξ) =

mj∑

i=0

aj,i(
Dα

ξ G

G
)i, j = 1, 2, ..., k, (9)

whereaj,i, i = 0, 1, ...,m, j = 1, 2, ..., k are con-
stants to be determined later withaj,m 6= 0, the
positive integerm can be determined by consider-
ing the homogeneous balance between the highest or-
der derivatives and nonlinear terms appearing in (8),
G = G(ξ) satisfies the following fractional ordinary
differential equation:

AGD2α
ξ G(ξ) −BGDα

ξ G(ξ)

−C(Dα
ξ G(ξ))2 − EG2(ξ) = 0, (10)

where Dα
ξ G(ξ) denotes the modified Riemann-

Liouville derivative of orderα for G(ξ) with respect
to ξ, andA, B, C, E are real parameters.

In order to obtain the general solutions for Eq.
(10), we supposeG(ξ) = H(η), and a nonlinear frac-
tional complex transformationη = ξα

Γ(1+α) . Then by
Eq. (1) and the first equality in Eq. (3), Eq. (10) can
be turned into the following second ordinary differen-
tial equation:

AHH ′′(η) −BHH ′(η)
−C(H ′(η))2 −EH2(η) = 0. (11)

Denote∆1 = B2+4E(A−C), ∆2 = E(A−C).
By the general solutions of Eq. (11) [16] we have the
following expressions forH

′(η)
H(η) :

WhenB 6= 0, ∆1 > 0:

H′(η)
H(η) = B

2(A−C) +
√
∆1

2(A−C)

[
C1 sinh

√
∆1η

2(A−C)
+C2 cosh

√
∆1η

2(A−C)

C1 cosh

√
∆1η

2(A−C)
+C2 sinh

√
∆1η

2(A−C)

],
(12)

whereC1, C2 are arbitrary constants.
WhenB 6= 0, ∆1 < 0:

H′(η)
H(η) = B

2(A−C) +
√
−∆1

2(A−C)

[
−C1 sin

√
−∆1η

2(A−C)
+C2 cos

√
−∆1η

2(A−C)

C1 cos

√
−∆1η

2(A−C)
+C2 sin

√
−∆1η

2(A−C)

],
(13)

whereC1, C2 are arbitrary constants.
WhenB 6= 0, ∆1 = 0:

H′(η)
H(η) = B

2(A−C) +
C2

C1+C2η
, (14)
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whereC1, C2 are arbitrary constants.
WhenB = 0, ∆2 > 0:

H′(η)
H(η) =

√
∆2

(A−C) [
C1 sinh

√
∆2η

(A−C)
+C2 cosh

√
∆2η

(A−C)

C1 cosh

√
∆2η

(A−C)
+C2 sinh

√
∆2η

(A−C)

], (15)

whereC1, C2 are arbitrary constants.
WhenB = 0, ∆2 < 0:

H′(η)
H(η) =

√
−∆2

(A−C) [
−C1 sin

√
−∆2η

(A−C)
+C2 cos

√
−∆2η

(A−C)

C1 cos

√
−∆2η

(A−C)
+C2 sin

√
−∆2η

(A−C)

],

(16)
whereC1, C2 are arbitrary constants.

SinceDα
ξ G(ξ) = Dα

ξ H(η) = H ′(η)Dα
ξ η =

H ′(η), we obtain the following expressions for
Dα

ξ G(ξ)

G(ξ) :
WhenB 6= 0, ∆1 > 0:

Dα
ξ G(ξ)

G(ξ) = B
2(A−C) +

√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

],
(17)

whereC1, C2 are arbitrary constants.
WhenB 6= 0, ∆1 < 0:

Dα
ξ G(ξ)

G(ξ) = B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

],
(18)

whereC1, C2 are arbitrary constants.
WhenB 6= 0, ∆1 = 0:

Dα
ξ
G(ξ)

G(ξ) = B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

, (19)

whereC1, C2 are arbitrary constants.
WhenB = 0, ∆2 > 0:

Dα
ξ G(ξ)

G(ξ) =
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

],
(20)

whereC1, C2 are arbitrary constants.
WhenB = 0, ∆2 < 0:

Dα
ξ G(ξ)

G(ξ) =
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

],
(21)

whereC1, C2 are arbitrary constants.
Step 3. Substituting (9) into (8) and using (10),

collecting all terms with the same order of(
Dα

ξ G

G
)

together, the left-hand side of (8) is converted into an-

other polynomial in(
Dα

ξ G

G
). Equating each coefficient

of this polynomial to zero, yields a set of algebraic
equations foraj,i, i = 0, 1, ...,m, j = 1, 2, ..., k.

Step 4. Solving the equations system in Step 3,
and using (17)-(21), we can construct a variety of ex-
act solutions for Eq. (6).

Remark 3 If we set α = 1 in Eq. (10), then
it becomesAGG′′(ξ) − BGG′(ξ) − C(G′(ξ))2 −
EG2(ξ) = 0, which is the foundation of the improved
(G’/G) method [16] for solving partial differential e-

quations (PDEs). So the fractional(
Dα

ξ G

G
) method is

the extension of the improved (G’/G) method to frac-
tional case.

3 Applications of the fractional
(D

αG
G

) method to some fractional
partial differential equations

3.1 Space-time fractional (2+1)-dimensional
breaking soliton equations

Consider the space-time fractional (2+1)-dimensional
breaking soliton equations [24]

{
∂αu
∂tα

+ a ∂3αu
∂x2αyα

+ 4au∂αv
∂xα + 4a∂αu

∂xα v = 0,
∂αu
∂yα

= ∂αv
∂xα ,

,

(22)
where0 < α ≤ 1. In [24], the authors obtained some
new exact solutions for Eqs. (22) by use of a fractional
sub-equation method, which is based on the following
fractional sub-equation:

D2α
ξ G(ξ) + λDα

ξ G(ξ) + µG(ξ) = 0, (23)

In the following, we will apply the fractional
(D

αG
G

) method described in Section 3 to solve E-
qs. (22). To begin with, we supposeu(x, y, t) =
U(ξ), v(x, y, t) = V (ξ), whereξ = k1x+k2y+ct+
ξ0, k1, k2, c, ξ0 are all constants withk1, k2, c 6= 0.
Then by use of the second equality in Eq. (4), Eqs.
(22) can be turned into





cαDα
ξ U + ak2α1 kα2D

3α
ξ U

+4akα1UDα
ξ V + 4akα1 V Dα

ξ U = 0,

kα2D
α
ξ U = kα1D

α
ξ V.

(24)

Suppose that the solution of Eqs. (24) can be ex-
pressed by





U(ξ) =
m1∑
i=0

ai(
Dα

ξ G

G
)i,

V (ξ) =
m2∑
i=0

bi(
Dα

ξ G

G
)i.

(25)
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Balancing the order ofD3α
ξ U andUDα

ξ V , Dα
ξ U and

Dα
ξ V in (24) we havem1 = m2 = 2. So





U(ξ) = a0 + a1(
Dα

ξ G

G
)1 + a2(

Dα
ξ G

G
)2,

V (ξ) = b0 + b1(
Dα

ξ G

G
)1 + b2(

Dα
ξ G

G
)2.

(26)

Substituting (26) into (24), using the properties
(1)-(3) and Eq. (10), collecting all the terms with the

same power of(
Dα

ξ
G

G
) together, equating each coeffi-

cient to zero, yields a set of algebraic equations. Solv-
ing these equations yields:

a0 = a0,

a1 =
3(A−C)Bk2α1

2A2 ,

a2 = −
3(C2+A2−2CA)k2α1

2A2 ,

b0 = −
ak2α1 kα2 B

2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2
4aA2kα1

,

b1 =
3(A−C)Bkα1 k

α
2

2A2 ,

b2 = −
3(C2+A2−2CA)kα1 k

α
2

2A2 ,

wherea0 is an arbitrary constant.
Substituting the result above into Eqs. (26), and

combining with (17)-(21) we can obtain the following
exact solutions to Eqs. (22).

Family 1: whenB 6= 0, ∆1 > 0:

u1(x, y, t) = a0+

3(A−C)Bk2α1
2A2 × { B

2(A−C) +
√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)k2α1

2A2 { B
2(A−C) +

√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

]}2,

(27)

v1(x, y, t) = −

ak2α1 kα2 B
2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2

4aA2kα1

+
3(A−C)Bkα1 k

α
2

2A2 { B
2(A−C) +

√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)kα1 k

α
2

2A2 { B
2(A−C) +

√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

]}2,

(28)

whereC1, C2 are arbitrary constants,ξ = k1x+k2y+
ct + ξ0. In particular, if we setC2 = 0 in (27)-(28),

then we obtain the following solitary solutions:

u2(x, y, t) = a0 +
3(A−C)Bk2α1

2A2

{ B
2(A−C) +

√
∆1

2(A−C) tanh
√
∆1ξ

α

2(A−C)Γ(1+α)}

−
3(C2+A2−2CA)k2α1

2A2

{ B
2(A−C) +

√
∆1

2(A−C) tanh
√
∆1ξ

α

2(A−C)Γ(1+α)}
2,

(29)

v2(x, y, t) =

−
ak2α1 kα2 B

2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2
4aA2kα1

+
3(A−C)Bkα1 k

α
2

2A2

{ B
2(A−C) +

√
∆1

2(A−C) tanh
√
∆1ξ

α

2(A−C)Γ(1+α)}

−
3(C2+A2−2CA)kα1 k

α
2

2A2

{ B
2(A−C) +

√
∆1

2(A−C) tanh
√
∆1ξ

α

2(A−C)Γ(1+α)}
2.

(30)
Family 2: whenB 6= 0, ∆1 < 0:

u3(x, y, t) = a0 +
3(A−C)Bk2α1

2A2 { B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)k2α1

2A2 { B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

]}2,

(31)

v3(x, y, t) =

−
ak2α1 kα2 B

2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2
4aA2kα1

+
3(A−C)Bkα1 k

α
2

2A2 { B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)kα1 k

α
2

2A2 { B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

]}2,

(32)
where C1, C2 are arbitrary constants,
ξ = k1x+ k2y + ct+ ξ0.

Family 3: whenB 6= 0, ∆1 = 0:

u4(x, y, t) = a0 +
3(A−C)Bk2α1

2A2

{ B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

}

−
3(C2+A2−2CA)k2α1

2A2

{ B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

}2,

(33)
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v4(x, y, t) =

−
ak2α1 kα2 B

2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2
4aA2kα1

+
3(A−C)Bkα1 k

α
2

2A2 { B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

}

−
3(C2+A2−2CA)kα1 k

α
2

2A2

{ B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

}2,

(34)
where C1, C2 are arbitrary constants, and
ξ = k1x+ k2y + ct+ ξ0.

Family 4: whenB = 0, ∆2 > 0:

u5(x, y, t) = a0 +
3(A−C)Bk2α1

2A2 {
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)k2α1

2A2 {
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

]}2,

(35)

v5(x, y, t) =

−
ak2α1 kα2 B

2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2
4aA2kα1

+
3(A−C)Bkα1 k

α
2

2A2 {
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)kα1 k

α
2

2A2 {
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

]}2,

(36)
where C1, C2 are arbitrary constants,
ξ = k1x+ k2y + ct+ ξ0.

Family 5: whenB = 0, ∆2 < 0:

u6(x, y, t) = a0 +
3(A−C)Bk2α1

2A2 {
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)k2α1

2A2 {
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

]}2,

(37)

v6(x, y, t) =

−
ak2α1 kα2 B

2+8ak2α1 kα2 aE(C−A)+cαA2+4aa0A2kα2
4aA2kα1

+
3(A−C)Bkα1 k

α
2

2A2 {
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

]}

−
3(C2+A2−2CA)kα1 k

α
2

2A2 {
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

]}2,

(38)
whereC1, C2 are arbitrary constants,ξ = k1x+k2y+
ct+ ξ0.

3.2 Space-time fractional Fokas equation

Consider the space-time fractional Fokas equation

4 ∂2αq
∂tα∂xα

1
− ∂4αq

∂x3α
1 ∂xα

2
+ ∂4αq

∂x3α
2 ∂xα

1
+ 12 ∂αq

∂xα
1

∂αq
∂xα

2

+12q ∂2αq
∂xα

1 ∂x
α
2
− 6 ∂2αq

∂yα1 ∂y
α
2
= 0, 0 < α ≤ 1.

(39)

In [25], the authors solved Eq. (37) by a fraction-
al Riccati sub-equation method. Based on the this
method, some exact solutions for it were obtained.
Now we will apply the fractional(D

αG
G

) method de-
scribed in Section 3 to solve Eq. (37).

Supposeq(t, x1, x2, y1, y2) = U(ξ), whereξ =
ct+k1x1+k2x2+l1y1+l2y2+ξ0, k1, k2, l1, l2, c, ξ0
are all constants withk1, k2, l1, l2, c 6= 0. Then by
use of the second equality in Eq. (3), Eq. (37) can be
turned into

4cαkα1D
2α
ξ U − k3α1 kα2D

4α
ξ U + k3α2 kα1D

4α
ξ U+

12kα1 k
α
2 (D

α
ξ U)2 + 12kα1 k

α
2UD2α

ξ U

−6lα1 l
α
2D

2α
ξ U = 0.

(40)
Suppose that the solution of Eq. (38) can be ex-

pressed by

U(ξ) =

m∑

i=0

ai(
Dα

ξ G

G
)i, (41)

whereG = G(ξ) satisfies Eq. (10). By Balancing the
order between the highest order derivative term and
nonlinear term in Eq. (38), we can obtainm = 2. So
we have

U(ξ) = a0 + a1(
Dα

ξ G

G
) + a2(

Dα
ξ G

G
)2. (42)

Substituting (40) into (38), using the properties
(1)-(3) and Eq. (10), collecting all the terms with the
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same power of(
Dα

ξ G

G
) together, equating each coeffi-

cient to zero, yields a set of algebraic equations. Solv-
ing these equations, yields:

a0 = −
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2 ,

a1 = −
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2 ,

a2 =
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 .

Substituting the result above into Eq. (40), and
combining with (17)-(21) we can obtain the following
exact solutions to Eq. (37).

Family 1: whenB 6= 0, ∆1 > 0:

q1(t, x1, x2, y1, y2) =

−
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2

−
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2 ×

{ B
2(A−C) +

√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

]}

+{
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 }×

{ B
2(A−C) +

√
∆1

2(A−C)

[
C1 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)

C1 cosh

√
∆1ξ

α

2(A−C)Γ(1+α)
+C2 sinh

√
∆1ξ

α

2(A−C)Γ(1+α)

]}2,

(43)

whereC1, C2 are arbitrary constants,ξ = ct+k1x1+
k2x2+ l1y1+ l2y2+ξ0. In particular, if we setC2 = 0
in (41), then we obtain the following solitary solution-
s:

q2(t, x1, x2, y1, y2) =

−
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2

−
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2

{ B
2(A−C) +

√
∆1

2(A−C) tanh
√
∆1ξ

α

2(A−C)Γ(1+α)}

+{
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 }×

{ B
2(A−C) +

√
∆1

2(A−C) tanh
√
∆1ξ

α

2(A−C)Γ(1+α)}
2.

Family 2: whenB 6= 0, ∆1 < 0:

q3(t, x1, x2, y1, y2) =

−
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2

−
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2 ×

{ B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

]}

+{
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 }×

{ B
2(A−C) +

√
−∆1

2(A−C)

[
−C1 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)

C1 cos

√
−∆1ξ

α

2(A−C)Γ(1+α)
+C2 sin

√
−∆1ξ

α

2(A−C)Γ(1+α)

]}2,

(44)

where C1, C2 are arbitrary constants,
ξ = ct+ k1x1 + k2x2 + l1y1 + l2y2 + ξ0.

Family 3: whenB 6= 0, ∆1 = 0:

q4(t, x1, x2, y1, y2) =

−
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2

−
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2 ×

{ B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

}

+{
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 }×

{ B
2(A−C) +

C2Γ(1+α)
C1Γ(1+α)+C2ξα

}2,

(45)

where C1, C2 are arbitrary constants, and
ξ = ct+ k1x1 + k2x2 + l1y1 + l2y2 + ξ0.
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Family 4: whenB = 0, ∆2 > 0:

q5(t, x1, x2, y1, y2) =

−
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2

−
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2 {
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

]}

+{
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 }{
√
∆2

(A−C)

[
C1 sinh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 cosh

√
∆2ξ

α

(A−C)Γ(1+α)

C1 cosh

√
∆2ξ

α

(A−C)Γ(1+α)
+C2 sinh

√
∆2ξ

α

(A−C)Γ(1+α)

]}2,

(46)
where C1, C2 are arbitrary constants, and
ξ = ct+ k1x1 + k2x2 + l1y1 + l2y2 + ξ0.

Family 5: whenB = 0, ∆2 < 0:

q6(t, x1, x2, y1, y2) =

−
4A2cαkα1 −6A2lα1 l

α
2 +8AEkα2 k

3α
1 −8AEk3α2 kα1

12kα1 k
α
2 A

2

−
−k3α1 kα2 B

2−8k3α1 kα2 CE+B2k3α2 kα1 +8Ek3α2 kα1 C

12kα1 k
α
2 A

2

−
(Ak3α1 kα2 −Ak3α2 kα1 −k3α1 kα2 C+k3α2 kα1 C)B

kα1 k
α
2 A

2 {
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

]}

+{
A2k3α1 kα2 −A2k3α2 kα1 −2Ak3α1 kα2 C

kα1 k
α
2 A

2

+
2Ak3α2 kα1 C+k3α1 kα2 C

2−k3α2 kα1 C
2

kα1 k
α
2 A

2 }{
√
−∆2

(A−C)

[
−C1 sin

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 cos

√
−∆2ξ

α

(A−C)Γ(1+α)

C1 cos

√
−∆2ξ

α

(A−C)Γ(1+α)
+C2 sin

√
−∆2ξ

α

(A−C)Γ(1+α)

]}2,

(47)
whereC1, C2 are arbitrary constants,ξ = ct+k1x1+
k2x2 + l1y1 + l2y2 + ξ0.

4 Conclusions

By use of a new fractional sub-equation, we have pro-
posed a new fractional(D

αG
G

) method to seek exac-
t solutions for fractional partial differential equation-
s. As for applications, we apply this method to solve
the space-time fractional (2+1)-dimensional breaking
soliton equations and the space-time fractional Fokas
equation. Abundant new exact solutions including hy-
perbolic function solutions, trigonometric function so-
lutions, and rational function solutions for the two e-
quations have been successfully found. This method

is based on the homogeneous balancing principle and
the fractional complex transformation. Being concise
and powerful, it can be applied to solve other fraction-
al partial differential equations.
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