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Abstract: In this paper, we consider norms and spreads of RFMLR circulant matrices involving the Fermat,
Mersenne sequences and Gaussian Fibonacci number, respectively. Firstly, we reviewed some properties of the
Fermat, Mersenne sequences, Gaussian Fibonacci number and RFMLR circulant matrices. Furthermore, we give
lower and upper bounds for the spectral norms and spread of these special matrices. Finally, we give several corol-
laries related to norms of Hadamard and Kronecker products of these matrices.
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1 Introduction

Recently, there have been several papers on the
norms of some special matrices [1, 2, 3, 4, 5, 6,
7, 8, 9, 11]. Akbulak [1] found upper and low-
er bounds for the spectral norms of Toeplitz ma-
trices such that a;; = F;—; and bi—; = L;_j.
Solak and Bozkurt [6] have found out upper and
lower bounds for the spectral norms of Cauchy-
Toeplitz and Cauchy-Hankel matrices in the forms
T = loagplijer He = laramphij= So-
lak [8, 9] has defined A = [a;;] and B = [b;;] as
n x n circulant matrices, where a;; = F(mod(j—i,n))
and bjj; = Lmod(j—in)), then he has given some
bounds for the A and B matrices concerned with
the spectral and Euclidean norms. In [3], the au-
thors give upper and lower bounds for the spectral
norms of matrices A = Cy(Fio,Fr1, - Frn-1)
and B = Cp(Lgo, Lk, -, Lkn—1), Wwhere
{Fintnen and {Lyn}nen are k-Fibonacci and
k-Lucas sequences respectively, and they also
give the bounds for the spectral norms of Kro-
necker and Hadamard products of these matrices

A = Circ(Fék’h),Fl(k’h),-'-,F,(Lliif)) and B =
Cz’rc(Lék’h),Lgk’h),---,Lff_’?), where F,gk’h) and

LM are (k, h)-Fibonacci and (k, h)-Lucas numbers
respectively[4].

Beginning with Mirsky [12] several author [13,
14, 15, 16, 17, 18, 19] have obtained bounds for the
spread of a matrix.
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Lately, some scholars gave the explicit determi-
nant and inverse of the circulant and skew-circulant
matrix involving famous numbers.

For any integer m > 0; let F},, = 22" + 1 be the
mth Fermat number. It is well known that F},, is prime
for m < 4; but there is no other m for which F,,, is
known to prime. The Fermat and Mersenne sequences
are defined by the following recurrence relations [20],
respectively:

Foi1 =3F,

2F, 1 ey

Mn+1 =3M,, - 2M,, 1 (2)
where My =0,M; =1,Fg=2,F; = 3, forn > 1.

The Gaussian Fibonacci sequence [20, 21] is de-
fined by the following recurrence relations:

Gn+1 =Gp+Gpo1, n>1 3)

with the initial condition G = i1,G1 = 1. G,, = F,,+
iF,,_1, where F,, is the nth Fibonacci number, i =
v—1.

In [26], their Binet forms are given by

F,, =2" +1,
M, =27 —1,
Gn _ anibn+(3i—blibn—l)i’

where a and b are the roots of the characteristic equa-
tionz? —x —1=0.
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Lemma 1 Let F,, be the n-th Fermat sequence and
M, be the n-th Mersenne sequence, Gy, be the n-th
Gaussian Fibonacci numbers, then we have

n—1
1LY Fj=F,+n—2
7=0

I

) ni1F~F'+1 _ F,Fu41+6F,+3n—18
o 7= - 3
J=0

n—1 2
4Fz | +4F,_14+3(n—>5)
2 n—1 .
3. Z F; = 3 ;

7=0

n—1
4. > M; =M, —n;
j=0

_ M,M,;+1—6M,+3n

5.3 MMy = MoMut-0Matin,
]:

n—1 2 -
AM?Z _ —4M,,_1+3(n—1)

2 _ 1 n—1 .

6. ‘Zo M2 = = 3 ;
]:

n—1
7. 'Zo Gj = Gny1 — Gr;
]:

n—1
8. % GiGir1 = GnCirt1 = GuGns + Gi(-1)"
]:
+3Go[l — (=1)"};

n—1
9. Y G2 = Gpo1Gy — Ga.
7=0

Definition 2 [22, 23] A row first-minus-last right
(RFMLR) circulant matrix with the
first — row  (ag,a1,- -, an—1), denoted by
RFMLRcircfr(ag, ai, - - -, an—1), meaning a square
matrix of the form

agp ai Gp—2 Ap—1
An—1 mi Ap—-3 Aap—2
mo r r : 4

a9 - .. al

al as —ayp - meo miq
where

mi = ap — an-1,

and

mg = dn—1 — Gn—2-

It can be seen that the matrix with an arbitrary first
row and the following rule for obtaining any other row
from the previous one: Get the ++1st row by letting the
first element of the ith row minus the last element of
the 7th row as the first element of the i+1st row, and
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then shifting the elements of the ¢th row, cyclically,
one position to the right as the rest elements of the
1+1st row.

Obviously, the RFMLR circulant matrix is deter-
mined by its first row, and RFMLR circulant matrix is
a " + x — 1 circulant matrix [24] and is also a RF-
PrLR circulant matrix [25]. We define ©; 1) as the
basic RFMLR circulant matrix, that is,

01 0 --- 0
O,-1) = : 0
0 -+ -+ 0 1
1 -1 0 0

nxn

= RFMLRcircfr(0,1,0,---,0)  (5)

It is easily verified that g(z) = z™ + x — 1 has
no repeated roots in its splitting field and g(z) =
™ + x — 1 is both the minimal polynomial and
the characteristic polynomial of the matrix ©(; _y).
In addition, ©(; _y) is nonderogatory and satisfies

= RFMLRcircfr(0,---,0,1,0,---,0) and
~—— N——

J n—j—1

J
(17_1)

@?1,—1) =In— 0@,
According to the structure of the powers of the
basic RFMLR circulant matrix ©; _y), it is clear that

A = RFMLRcircfr(ag, a1 - -+, an—1)
n—1
= Z ai@z(l’fl) (6)
i=0

Thus, A is a RFMLR circulant matrix if and only
if A = f(©(,1)) for some polynomial f(x). The

n—1 i
polynomial f(x) = 3 a;a" will be called the repre-

senter of the RFMLR coirculant matrix A. Because of
Definition 2 and Equation (6), it is clear that A is a
RFMLR circulant matrix if and only if A commutes
with @(17_1), that iS, A@(la_l) = @(17_1)14.

In addition to the algebraic properties that can be
easily derived from the representation (6), we mention
that RFMLR circulant matrices have very nice struc-
ture. The product of two RFMLR circulant matrices
is a RFMLR circulant matrix and A~! is a RFMLR
circulant matrix, too.

In this study, we define matrices of form-
slet A = RFMLRcircfr(Fo,Fy,---,Fp_1),
B = RFMLRcircefr(Mp, My, --,M,,_1) and
C = RFMLRcirefr(Go, Gy, -+,Gp—1) be n x n
matrices. Firstly, we give lower and upper bounds for
the spectral norms of these matrices. Furthermore, we
give some corollaries related to norms of Hadamard
and Kronecker products of these matrices.
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Definition 3 [/] Let A = (ai;) be an n x n matrix.
The Euclidean (or Frobenius) norm, the spectral nor-
m, the maximum column sum matrix norm, the max-
imum row sum matrix norm of the matrix A are, re-
spectively,

N|=

|Allr = (z 5 |aij|2> ,

Il = ( s M)

4l = max 3 Jas.
| 4lloe = max 3 Jai,

1<<]

where A* denotes the conjugate transpose of A.

The following inequality holds [10]:

1

—||Allr < ||All2 < ||A 7

\/ﬁll Ir < [All2 < [|AllF )
Let A = [a;j] and B = [b;;] be n x n matrices.

The Hadamard product of A and B is defined by A o

B = [a;jb;;]. If || - || is any norm on n X m matrices,
then

[Ae Bl < [lA] - [|B].

Let A and B be arbitrary n x m matrices. Kro-
necker product of A and B is given to be [8]

CLHB almB

AeB=|
an1 B apmB
then
|A® B||r = [|Allp|Bllp

Definition 4 [13] Let A = (a;j) be an n x n matrix
with eigenvalues \;, i = 1,2, ..., n. The spread of A
is defined as

s(4)

= maX|)\Z — )\]|
%

),

An upper bound for the spread due to Mirsky [12]
states that

2
() <2043 - 2jeap @®

where ||A||r denotes the Frobenius norm of A and
trA is the trace of A.
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2 On the Norms and Spreads of
RFMLR Circulant Matrices with
the Fermat Sequence

Theorem 5 Let A = RFMLRcircfr(Fo,Fy,---,

F,,_1), where {F;}o<j<n—1 denote the Fermat se-

quence given by (1). For n > 1, then three kinds of

norms of A are given by
[All1 = |Alloc = Fn + Fp1 +n — 4,

and

‘MMZV;WYHQ+%)
where
o =242n—1)(F2_+F, 1) —32(F2_,+F, »),
g = 2(14 — 6n)(F,,_1F, + 6F,_1),
a3 = 6(20 — 12n)F,,_1 — 3(9n? — 33n + 136).

Proof: By Definition 3 and Lemma 1, we have

[A[lr = [|Afloc = max Z |asj]

1<j<n
n—1

=) Fi+F,_1-F
i=0

=F,+F,_1+n—-4
By Lemma 1, we have
9 n—1 9 nfl. 9 n72.
[Alz=n 3 F;+ > jF; -2 % jF;F;n
j=0 j=1 j=1

—2(n — 1)FoFn_;

n—1 — —
—nTE+E T Bt T oREG
7=0 k=1 j=n— k=1 j=n—k—1
2(n 1)F0Fn 1
n—1 n— n—k—1
—n'S F 2(2F2 ¥ F)
7=0 k=1 j=0

B FijH)
3=0 3=0
—9(n — 1)FoFp_1
= L(a1 +az + a3).

—2 3

ﬁ 3
RN
/_\

Thus

4l = oo + 02 + ) ©)
where
ap =242n—1)(F2_+F, 1) —32(F2_,+F, »),
ay = 2(14 — 6n)(F,,_1F,, 4+ 6F,_1),
asz = 6(20 — 12n)F,,_; — 3(9n? — 33n + 136).
O
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Theorem 6 Let A = RFMLRcircfr(Fo,Fq,---,
F,_1), where {F;}o<j<n—1 denote the Fermat se-
quence given by (1), then

1
— < [|A
Vo (o1 + a2+ a3) < [ Al

where
a1 =242n—1)(F2_+F, 1) —32(F2_,+F, »),
g = 2(14 — 6n)(F,,_1F,, + 6F,_),
a3 = 6(20 — 12n)F,,_; — 3(9n? — 33n + 136),

and
[Allz < 2(Fn+n—2),

where || - ||2 is the spectral norm.

Proof: The matrix A is of the form

Fy Fq Fo, o F,
Fn,1 t1 Fl Fn72

A= : to ) (10)

F2 . . F1

Fq Fo—-F; --- to t
where

t1 =Fo—Fy,_1,

and

to=F, 1 —Fy o

We know that ﬁHAHF < ||All2 < [|Al|p from

equivalent norms, where || - || 7 is the Frobenius norm.
By Equation (9), we can get

1 1
WHAHF = \/18n(041 + ag + a3),
SO
1
(o1 + a2 +ag) < Al
where

ap =242n—1)(F2_+F, 1) —32(F2_,+F, »),

g = 2(14 — 6n)(F,,_1F,, + 6F,_),
a3 = 6(20 — 12n)F,,_1 — 3(9n? — 33n + 136).
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On the other hand, supposed that

01 0 0 O
0 0 1 0 O
Q= 0 0 O 0 0
0 0 0 0 1
1 00 0
0 O 0 0 0
0O 0 O 0 0
0 1 0 0 0
QQZ ’
0 O 0 0
0O 0 O 1 0
and
0 0 0 0
010 0 0
001 00
Qs = SRR
0 0 0 1 0
0 0 O 01
then

n—1 n—2
A=>"F;Q] - > Fuj1Q) —Fr10Qs.
j=0 J=1
We can get

[A]l2 =

n—1 j n—2 j
< ZO Fill@llz + Zl Fr—j—1/1Q2[13
J= J=

+F,1]|Q3]l2
Since
10 --- 0
01 --- 0
Q{{le . : . : )
00 --- 1
00 0 0
o1 .--- 00
QYQe=1| : + . o],
0 0 1 0
00 0 0
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and
0 0 0
o1 --- 0
Q=1 . . . .|
0 0 1
we can get

Q12 = [|Q2]l2 = |Q3]|2 = 1.
So the other result is obtained as follows
n—1 j n—2 j
[Afl2 < -21 Fl|Qllz + Zl Fr—j—11Q2]f
J= Jj=

+F,_1]|Q3]l2

n—1
=2y F;=2(F,+n-2) 12)
j=0
Thus the proof is completed. g

Theorem 7 Let A = RFMLRcircfr(Fo,Fq,---,
F,_1), where {F;}o<j<n—1 denote the Fermat se-
quence given by (1), then

1
S(A) < \/9(041 + oo + Ozg) —
where

a; =24(2n — 1)(F2_, + F,,_1) — 32(F2
g = 2(14 — 6n)(Fn_1Fn + 6Fn_1),
ag = 6(20 — 12n)F,,_

Proof: The trace of A, trA = nFo — (n — 1)F,,_;
By Theorem 6 and by Equation (8), we have

| — 3(9n2 — 33n + 136).

2 [0~ )Py — 202

2+Fn 2)

S(A) < \/;ml bas+ ag) —

where

a; =24(02n — 1)(F2_| + F,1) — 32(F2_, + F,_9),

Qg = 2(14 — 6n)(Fn,1Fn + 6Fn,1),
s = 6(20 — 12n)F,_

Thus the proof is completed. g

3 On the Norms and Spreads of
RFMLR Circulant Matrices with
the Mersenne Sequence

Theorem 8 Let B = RFMLRcircfr(Mg, My, - - -,

M,,_1), where {M;}o<j<n—1 denote Mersenne se-

quence given by (2), then three kinds of norms of B
are given by

E-ISSN: 2224-2880
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1Bl = |Blloc = My + Mp1 — 7,

and
Bl = | = (51 + 52 + ).
where
p1 =24(2n — 1)( n 1 —M,_1)
+2(8 = 3n)(3M;_; — 2M,,_1 M, ),
P2 =36(n —4)M,,_1 —32(M;_, — M,,_3),

B3 = 3(3n? + 21n + 16).

Proof: By Definition 3 and Lemma 1, we have

Bl = 1Bl = masx 3 Jay|

= ZOM1'+Mn71 - M,
1=
=M, +M,_1—n.

By Lemma 1, we have

IB|IF =n Z M7 + 21]M2 -2 Z JMM ;1

n—2
23 Z M; M1
k=1 j=n—k-—1

n—1 n—1 /n—1 n—k—1
S M2 S (zmg_ > Mg)
7=0 k=1 \ 7=0 j=0
n—2 n—k—2
ZO M;M; 41 — Z Mij+1)
j= =

= =(B1 + B2 +53)

RS (

k=1

Thus

I1BllF = \/118(,6’1 + B2 + fB3) (13)

where

Br=24(2n —1)(M2_; — M,,_1)
+2(8 — 3n)(3M2_, — 2M,,_1M,,_»),
B2 = 36(n — 4)M,,_1 — 32(M2_, — M,,_3),
B3 = 3(3n% + 21n + 16).
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Theorem 9 Let B = RFMLRcircfr(Mg, My, - - -,
M,,_1), where {M}o<j<n—1 denote Mersenne se-
quence given by (2), then

V51 + o+ ) < 1Bl

where
B1 = 24(2n — 1)( no1— M)
+2(8 — 3n)(3M:_; — 2M,,_1M,,_9),
B2 = 36(n —4)M,,_1 — 32(M7_, — M, »),

B3 = 3(3n? + 21n + 16),

and
B2 < 2(M,, —n),

where || - ||2 is the spectral norm.

Proof: The matrix B is of the form

MO Ml Mn—2 Mn 1
Mn,1 dl M1 Man
B = : dy : (14)
M,y ds - do di

where
dy = My — M,,_1,
d2 = Mn—l - Mn—27
ds = My — M;.
We know that —— ||BHF < ||BJ]2 < ||B||F from

equivalent norms, where || - || is the Frobenius norm.
By Equation(13), we can get

1Bl =y 1551+ 2+ ),

SO

(B + B2+ ) < Bl
where
1 = 24(2n — M3 - Mo)
+2(8 = 3n)(3M}_y — 2M,,1 M),
B2 = 36(n — 4)M,,_1 — 32(M;_, — M,,_2),
B3 = 3(3n? + 21n + 16).

On the other hand, according to ()1, ()2 and Q3
defined in Theorem 6, then we can get

n—1 n—2
B = Z M]le - Z Mnfjle]Q - M, 1Qs3.
§j=0 j=1
E-ISSN: 2224-2880 39
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Because

[Q1]]2 = [|Q2]]2 = |Q3]l2 = 1,
so the other result is obtained as follows
n—1 j n—2 j
[Bll2 < Zl M;l|@1ll3 + Zl M- j-1(|Q2[3
Jj= Jj=

+M,,_1|Q3]]2

n—1
=2 M;=2(M, —n) (15)
j=0
Thus the proof is completed. O

Theorem 10 Let B = RFMLRcircefr(Mg, My, - - -,
M,,_1), where {M}o<j<n—1 denote Mersenne se-
quence given by (2), then

S(B) < |5+ B+ ) — S0 1PME

where
Br=124(2n - 1)(M;_; — M, 1)
+2(8 — Bn)(SMn 1 —2M,,-1M,,_2),

B2 = 36(n —4)M,,_1 — 32(M2_,
B3 = 3(3n% + 21n + 16).

Mn—2>7

Proof: The trace of B, trB = (1 — n)M,_;. By
Theorem 9 and by Equation (8), we have

5(B) < \/;(51 + B2 + B3) — %(” —1)2M;_,,
where

B =24(2n — 1)(M2_, — M,_1)
+2<8 — 3n) (3Mn 1~ QMn_an_Q),

B2 = 36(n —4)M,,_1 — 32(M7_, — M, »),
B3 = 3(3n% + 21n + 16).
Thus the proof is completed. O

4 On the Norms and Spreads of
RFMLR Circulant Matrices with
the Gaussian Fibonacci Number

Theorem 11 Let C = RFMLRcirefr(Go, Gy, - - -,
Gn—1) , where {Gj}o<j<n—1 denote Gaussian Fi-
bonacci number given by (3), then three kinds of
norms of C' are given by

1CllL = IClloe = 2Gn—1 — Gn = Go,
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and

ICllF = \/2(271 + 793 —74) + (20 — T)72 + 75,

where

Y= GnGn—la
Y2 = GnGn—Qa
73 = Gn—2Gp_3,

Y= (n—1)GoGpn-1,
¥5 = [(4 —n)(=1)" = 3]Gy
+2(n — 3)(=1)" — 1]G1 — nGa.

Proof: By Definition 3 and Lemma 1, we have

1Cl = [|Clloe = max Z |aij]

1<5<n

= Z Gi+Gn_1—Go
=0

= 2Gy1 — G — Go.

By Lemma 1, we have
9 n—1 9 n-1 9 n-2
Jj= Jj= Jj=

—2(n — 1)GoGrp—1

=1j=n—k
n— n—2

-2 X GGy
k=1j=n—k—1
—2(n — 1)GoGp-1

o (3-8

n—2 —k—2
kZ ( > GG — Zo GjGjH)
=\ 5 -

—2(n — 1)GoGp-1
— 4G, Gt + (20— T)GnGrs + 2Gn Gy
—2(n —1)GoGpn—1 + [(4 — n)(—1)" — 3]Gy
+2(n —3)(—1)" — 1]G1 — nGa,
thus
IC]lF =
V2271 +3—7a)+ 2n— T2+

where

(16)

1 = GnGn-1,
Y2 = GrGp-2,
73 = Gn—2Gn-3,
Y4 = (n—1)GoGp-1,
5 = [(4 —n)(=1)" — 3]

+G0[2(Tl, — 3)(—1)” — 1]G1 - TLGQ.
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Theorem 12 Let the C' = RFMLRcircfr(Gy, G,
-,Gn—1) , where {G;}o<j<n—1 denote Gaussian
Fibonacci number given by (3), then

1
\/n {2(271 +93 =)+ (2n = T)y2 + 5| < |C]f2,

where
Y1 = GnGn—h
Y2 = Gnan2a
Y3 = Gn—QGn—37
v4 = (n—1)GoGp1,
v5 = [(4—n)(—1)"=3]Go+[2(n—3)(—1)"—1]G1—nGa,
and
1Cl2 < 2(Gnt1 — Ga),
where || - ||2 is the spectral norm.
Proof: The matrix C is of the form
G() Gl Gn—Q Gn—l
Gn-1 J1 Gi - Gpoo
: fo : 17
Gi G2—Gp - fo 1
where
f1=Go—Gp_1,
and
Jo=Gn1—Gpna.
‘We know that —||C||F < [|Cl2 < ||C||F from

equivalent norms. By Equation (16) we can get

LiClr =

\/711 {2(271 +93—y4)+ (2n — T)y2 + 75] ,

SO

1
\/n {2(271 + 93 —74) + (2n — 7)y2 +’75} <|Cl2
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where

1 = GnGn-1,
72 = GnGp_2,
73 = Gn—2Gp-3,
Y4 = (n — 1)G0Gn71,
¥5 = [(4 —n)(=1)" — 3]Gy
+[2(n = 3)(—-1)" — 1]G1 — nGa.

On the other hand, according to ()1, Q)2 and Q3
defied in Theorem 6, we can get

n—1 n—2
C=)Y Gl =Y Gnj 10— Gn1Qs.

j=0 j=1

Because

[Q1]]2 = [|Q2]]2 = |Q3]l2 = 1,

the other result can be obtained as follows

n—1 . n—2 .
€l < 'S GillQul + S, Gyl
J= J=
+Gn-1]|Qs]l2
n—1
=2 3 Gj=2Gus1 = Ga)  (18)
]:

Thus, the proof is completed. g

Theorem 13 Let C = RFMLRcircfr(Go, Gy, - - -,
Gn—1), where {G;}o<j<n—1 denote Gaussian Fibi-
nacci number given by (3), then

5(C) < \/1A1(n) —2A9(n) — nGz — 2nAs(n),
where
A1 (1) = 2Gn Gy +GrnsGrns— (n — 1)GoG_1,
Az(n) = [(4 = n)(=1)"=3]Go+[2(n — 3)(-1)"—1]G,
As(n) = [(n — 1) Gy — nGol2.

Proof: The trace of C, trC' = nGy — (n — 1)Gp—1.
By Theorem 12 and by Equation (8), we have

5(C) < \/1A1(n) —289(n) — nGa — 2nAs(n),
where
Aq(n) =2G,Gp-1+Gp—2Gn_3—(n—1)GoGr—1,

Az(n) = [(4 = n)(=1)"=3]Go+[2(n — 3)(=1)"-1]G1,
Ag(n) = [(n - 1)Gn_1 - nG0]2.
Thus the proof is completed. O
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Corollary 14 Ler A = RFMLRcircfr(Fo, Fq,-- -,
F,,_1) and B = RFMLRcircfr(My,My,- - -, M,_1),
where {F]’}()Sjgnfl and {Mj}ogjgnfl denote Fer-
mat sequence and Mersenne sequence respectively,
then the spectral norm of Hadamard product of A and
B is valid the inequality

|A o Blly < 4(F, +n — 2)(M, —n).

Proof: Since ||A o Blj2 < ||A||2]|Bl]|2, the proof is

trivial by Theorem 6 and Theorem 9. O

Corollary 15 Supposed that A =
RFMLRcircfr(Fo,Fy,---,Fp_1) and B =
RFMLRcircfr(Mg, My, - - -, M,,_1), where
{Fj}Ogjgn—l and {Mj}Ogjgn—l denote Fermat
sequence and Mersenne sequence respectively, then
the Frobenius norm of Kronecker product of A and B
is

14® Bllr = /(o1 + a2+ as) (81 + B2 + ),

where

ap=24(2n — 1)(F2_, + F,,_1) — 32(F2_, + F,,_2),
az =2(14 — 6n)(Fp—1Fy, + 6F,_1),
ag = 6(20 — 12n)F,,_1 — 3(9n? — 33n + 136),
B =24(2n — 1)(M7_; — My-1)
+2(8 — 3n)(3M2_, — 2M,,_1M,,_»),
B2 =36(n —4)M;,—1 — 32(M%72 - M, 2),

Bs = 3(3n? + 21n + 16).

Proof: Since ||[A ® Bl||r = ||A||r|B||F, the proof is
trivial by Theorem 5 and Theorem 8. O

Corollary 16 Ler B = RFMLRcircfr(Mg, M,

-+ ,M,,_1) and C = RFMLRcircfr(Go,Gy, -+,
Gn-1), where {M}o<j<n—1 and {Gj}o<j<n-1 de-
note Mersenne sequence and Gaussian Fibonac-
ci number respectively, then the spectral norm of
Hadamard product of B and C' is valid the inequal-

ity
1B oClla < 4(M, — n)(Gns1 — G).

Proof: Since ||B o Cll2 < || B||2]|C||2, the proof is

trivial by Theorem 9 and Theorem 12. O

Corollary 17 Supposed that B =
RFMLRcircfr(Mg, My, -+, M,,_1) and C =
RFMLRcircfr(Go, G1, - -+, Gp—1), where
{M;}o<j<n—1 and {G;}o<j<n—1 denote Mersenne

Volume 15, 2016



WSEAS TRANSACTIONS on MATHEMATICS

sequence and Gaussian Fibonacci number respec-
tively, then the Frobenius norm of Kronecker product
of B and C'is

I1B@ Clle = \/ 281+ B2 + ) x

\/2(2’71 +793 —v4) + (2n = T)y2 + 75,

where

By =2402n—1)(M2_, — M,,_1)
+2(8 — 3n)(3M2_, — 2M,,_1M,,_»5),
B2 =36(n —4)M,,_1 — 32(M2_, — M,,_2),
B3 = 3(3n? + 21n + 16),

Y1 = GnGn—17
Y2 = GnGr—2,
V3 = Gn—2Gn—3a

y4 = (n—1)GoGpn-1,
and
v5 = [(4 —n)(=1)" = 3]Go
+[2(n — 3)(—1)" — 1]G1 — nGs.

Proof: Since ||B ® C||r = ||B||r||C||F, the proof is
trivial by Theorem 8 and Theorem 11. O

Corollary 18 Ler A = RFMLRcircfr(Fo, Fq, - - -,
F,_1) and C = RFMLRcircfr(Go,G1,- -+, Gp—1),
where {F;}o<j<n—1 and {G;}o<j<n—1 denote Fer-
mat sequence and Gaussian Fibonacci number re-
spectively, then the spectral norm of Hadamard prod-
uct of A and C'is valid the inequality

|40 Clla < 4(Fy + 1 — 2)(Grst — Gy).

Proof: Since ||A o Cll2 < [|A]|2]|C]|2, the proof is

trivial by Theorem 6 and Theorem 12. O
Corollary 19 Supposed that A =
RFMLRcircfr(Fo,Fy,---,Fp—1) and C =

RFMLRcircfr(Go, G1, -+, Gn-1), where
{Fj}OSan—l and {Gj}(]gjgn—l denote Fermat se-
quence and Gaussian Fibonacci number respectively,

then the Frobenius norm of Kronecker product of A
and C'is

1
||A®C||F= \/18((114—042—!-0[3)

\/2(271 +93 —v4) + (2n = T)y2 + 75,

where

a; =24(2n — 1)(F2_, + F,1)
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_32(F372 + FTZ—2>7
g = 2(14 — 6n)(Fn_1Fn + 6Fn_1),
az = 6(20 — 12n)F,,_1 — 3(9n? — 33n + 136),

Y1 = GnGn—la
Y2 = GnGn—Za
Y3 = anQan?n

Y= (n—1)GoGpn-1,
and
v5 = [(4 = n)(=1)" = 3]Go
+2(n —3)(=1)" — 1]G1 — nGj.

Proof: Since |[A ® C||r = |A||r||C||F, the proof is
trivial by Theorem 5 and Theorem 11. O
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