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Abstract: Let G be a group. Let m(G) be the set of prime divisor of |G|. Let GK(G) denote the graph with
vertex set 7(G) such that two primes p and ¢ in 7(G) are joined by an edge if G has an element of order p - q.
We use s(G) to denote the number of connected components of the prime graph GK(G). Let N(G) be the set
of nonidentity orders of conjugacy classes of elements in G. Some authors have proved that the groups A,, where
n =p,p+ 1,p+ 2 with s(G) > 2, are characterized by N(G). Then if s(G) = 1, we know that Liu and Yang
proved that alternating groups A, 3 are characterized by N (G). As the development of this topics, we will prove
that if G is a finite group with trivial center and N (G) = N (Ap+4) with p + i composite and 1 < i < 4, then G is
isomorphic to Ay, 4.
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1 Introduction Ahanjideh and Xu et al. proved the following re-

) . ) sult (see [2, 4, 1, 3] and [29]).
All groups under considerations are finite and

simple groups mean nonabelian simple groups. Let Theorem 2. Let G be one of the following groups:
N(G) := {n : G has a conjugacy class of size n}. Ln(q), Dn(q), Bn, Cn, 2Dn(q) and E7(q) with triv-
Regarding N (G), J.G.Thompson in 1987 put forward ial center. Then G is characterized by N (Q).

the following well-known conjecture. ) .
Alavi and Daneshkhah got the following (see [5]).
Thompson’s Conjecture (see [24, Question 12.38]).

If L is a finite simple non-Abelian group, G is a finite Theorem 3. Let G be the alternating groups Ay, with
group with trivial center, and N(G) = N(L), then n = p,p+ 1,p + 2 with trivial center. Then G is
G=L. characterized by N (G).

It is well-known that there is a strong relation be-
tween the structure of a group and the sizes of its con-
jugacy classes and there exist many results studying
the structure of a group under some arithmetical con-
ditions on its conjugacy class sizes (see [21, 22]).

So is there a group with connected prime graph
for which Thompson’s conjecture would be true? Up
to now, we have the following (see [11], [20], [23],
[26] and [28])

Let m(G) denote the set of all prime divisors of Theorem 4. Let G be the alternating groups Ao,
|G|. Let GK(G) be the graph with vertex set 7(G) Ave, Aga, Agg or A,is with trivial center. Then G
such that two primes p and ¢ in 7(G) are joined by are characterized by N(G).
an edge if G has an element of order p - g. We use
s(@G) to denote the number of connected components We know that, in Api4, s(Apta) = 1and 2 ~
of the prime graph GK(G). A classification of all p,3 ~ p. Recently, Yang and Liu prove that Thomp-
finite simple groups with disconnected prime graph son’s conjecture is true for Ag7 (see [30]). As the de-
was obtained in [16, 27]. Based on these results, Chen velopment of this topics, we will prove that Thomp-
proved the following result (see [6, 7]). son’s conjecture is valid for the alternating groups

Apyy of degree p + 4 with p + ¢ composite and
Theorem 1. Let G be a finite group with Z(G) = 1. 1<i<4.
If M is a nonabelian simple group such that N(G) = We introduce some notations used to the proof
N(M) and s(M) > 2, then G is isomorphic to M. of the main theorem. For a group, let Z(G) be its
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center. For any 1 # z € G, let 2 denote the con-
jugacy classes in G containing = and C(z) denote
the centralizer of  in G. Let G be a group and p
a prime. Then denote by G, the Sylow p-subgroup
of G. Let Aut(G) and Out(G) denote the automor-
phism and outer-automorphism group of G, respec-
tively. Let w(G) denote the set of element order of
(. The other notations are standard (see [9], for in-
stance).

2 Preliminary Results

Lemma 5. [26, Lemma 1.2] [4, Lemma 2.3] Let
z,y € G, (|z],|y|) = 1, and xy = yx. Then

(1) Ca(zy) = Ca(x) N Ca(y);
(2) |z divides |(zy)“
(3) If 2| = [(ay)® (x) < Co(y).

Lemma 6. [26, Lemma 3] If P and H are finite
groups with trivial centers, and N(P) = N(H), then
m(P)=m(H).

Lemma 7. [26, Lemma 4] Suppose that G is a finite
group with trivial center and p is a prime from 7(Q)
such that p* does not divide |x©| for all x in G. Then
a Sylow p-subgroup of G is elementary abelian.

Lemma 8. [26, Lemma 5]Let K be a normal sub-
group of G, and G = G/ K.

(1) IfT is the image of an element x of G in G. Then
|z divides |xC|.

(2) If (J, |K|) = 1, then Cx(z) = Ca(x) K/K.

(3) Ify € K, then |y | divides |y©|.

Let exp(n,r) denote the nonnegative integer a
such that 7% | n but 72t { n.

Lemma9. [19] Let A, 4 be the alternating group of
degree p + 4, where p is a prime. Then the following
hold.

(1) exp(|Apta],2) =

o0
Z[p+4] — 1. In particular,
exp(|Aptal,2) <p —i—

3.

o0

(2) exp(|Apyal,7) Z[p+4] for each r €
—1

1=
w(Ap+a)\{2}. Furthermore, exp(|Apyal,7) <
p+4, where 3 < r € m(Apt4a). In particular, if

r> (22 r)=1

2], then exp(| Ap.a,
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Let .S, be the symmetric group of degree n. As-
sume that the cycle has c¢; 1-cycles, c2 2-cycles, and so
on, up to ¢, k-cycles, where 1c; +2co+- - -+ ke, = n.
Then the number of conjugacy class in .S, is

k k

z= n‘(H i Hci!)fl.

i=1 i=1

ey

Let A, be the alternating group of degree n.

Lemma 10. [13] Let x € A,,. Then for the size of the
conjugacy class ° of x in A, we have:

(1) If for all even i, c; = 0 and for all odd i, i €
{0,1}, then

(2) In all other cases, |xC| = z.

In particular, |x

Lemma 11. [17, Lemma 1] If n > 6 is a natural
number, then there are at least s(n) prime numbers p;
such that ”TH < p; < n. Here

e s(n) =06forn > 48;

e s(n) =5ford2 <n <A4T;
o s(n) =4for38 <n <4l1;
e s(n)=3for18 <n < 37;
e s(n)=2for14 <n <17;
e s(n)=1for6 <n<13.

In particular, for every natural number n > 6, there
exists a prime p such that ”H <p<n-—1, and
for every natural number n > 3, there exists an odd
prime number p such thatn —p < p < n.

Lemma 12. [12, Lemma 8] Let ¢ > 1 be an integer,
m be a nature number, and p be an odd prime. If p
divides ¢ — 1, then (¢™ — 1), = my, - (¢ — 1),

Lemma 13. [18] Let G be a finite non-abelian simple
group and p is the largest prime divisor of |G| with
PlIG. Then p t |Out(G)|.

Lemma 14. [3]]Let a,b and n be positive integers
such that (a,b) = 1. Then there exists a prime p with
the following properties:

e pdivides a™ — b",
e p does not divide a* — b* for all k < n,

with the following exceptions: a = 2,b = 1; n = 6
anda+b=2F:n=2.
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Lemma 15. [10][14] With the exceptions of the rela-

tions (239)? — 2(13)* = —1 and (3)°> — 2(11)%2 = 1
every solution of the equation
m—2¢" = +1; p,q prime; m,n > 1,

has exponents m = n = 2; i. e., it comes from a unit
1 1

p — q.22 of the quadratic field QQ(22) for which the

coefficients p and q are primes.

Remark 16. If b = 1, the prime p is called the Zsig-
mondy prime. If p is a Zsigmnody of a" — 1, then
Fermat’s little theorem shows that n | p — 1. Put
Zn(a) = {p : p is a Zigmondy prime of a™ — 1}. If
r € Zp(a)andr | a™ — 1, then n | m.

Let L be a nonabelian simple group and let O de-
note the order of the outer-automorphism group of L.

Lemma 17. [15] Let L be a nonabelian simple group.
Then the orders and their outer-automorphism of L
are as listed in Tables 1, 2 and 3.

3 Main theorem and its proof

In this section, we shall give the main theorem
and its proof.

Theorem 18. Let G be a finite group with trivial cen-
ter and N(G) = N(Apt4) with p + i composite and
1 <4 < 4. Then G is isomorphic to Ay, 4.

Proof: We know that if k& = 3, the groups A, 3 are

characterized by N (G) (see [23]). Then in the follow-

ing we only consider when p > 23 and let L = A, 4.
We divide the proof into the following lemmas.

Lemma 19. The following hold.

(1) If2#r < [#], then we can write p+4 = kr+
mwith 0 < m < r and conjugacy class sizes of
r-elements of L are 0 (p+4)! o7 Jor possible i

with 1 < i <k = [E£4],

then conjugacy class sizes of r-element of L are

(pJ(fAtLT))!!.T, g’;g, where p + 4 = 2r + k and
0<k<r.

(2) If r = 2, then we can write p + 4 = 2k + m
with 0 < m < 1 and conjugacy class sizes of

2-elements of L are % for possible

iwith1 <i< k=[5,
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(3) If r > [#}, then we can writep +4 = r +m
with 0 < m < r and conjugacy class size of

r-elements of L is %.
In particular, if r = p, then the conjugacy class
(p+4)

size of p-elements of L is iy

(4) The following numbers from N (G) are maximal-
ity with respect to divisibility.
(4.1) p+4 if2-r+m = p+ 4 withm odd;
(4.2) One of the following holds: (p+4). ifp+4 =

2:3-p
P4 ?’L‘l) ifp+4 =r+mwith6 <m
even.

(r+4)!.
2:3-p "’
(p42) (p§3) (p+4)

(5) p/-numbers in N(L)\{1} are (P%j;)!’.

(@+4)! . (p+1)(p+2)(p+3)(p+4) .
22.2.p 22.2 ’

Proof: From equation 1 and Lemma 10, we get the
desired results. O

Lemma 20. Let G be a finite group with trivial center
and N(G) = N(L). Then |L| | |G| and 7(G) =
m(L).

Proof: Since |2“||Cq ()| = |G|, every member form
N(G) divides the order of G and |L| | |G|. So by
Lemmas 6, we have that 7(G) = m(L). O

Lemma 21. Suppose that G is a finite group with triv-
ial center and N(G) = N(L). Then the following
hold.

(1) There exist different primes r1,72,p from w(L)
such that r1,r2,p > (252 2). In particular, the Sy-
low r-subgroup S ofG is a cyclic group of order
r where r € {ri,r2,p}. There does not exist an
element of order vy - ro, 1 - por T2 - .

(2) Foralln € N(G), if nis divisible at most by r?,
then the Sylow r-subgroup S of G is of order r°.

Proof: (1) By Lemma 11, there exist different prime
numbers r1,79,p from 7(G) such that ri,7r9,p >
(254

By Lemmas 19 and 20, it is easy to see that the
primes 71, 7o, p are prime divisors of |G| and 7%, r3, p?
do not divide |z| for all z € G. On the other hand,
by Lemma 7 we have that S is elementary abelian.

Let |S| > p?. Consider an element y of G with

yC = EEif 20+ m = p + dwith m < r by
Lemma 19.

We consider two cases: p | |y| and p 1 |y|.
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Table 1: The simple classical groups

Yong Yang, Shitian Liu

L Lie; rank L d [0) |L]|
Ln(q) Ani(q) | (mg—1) | 2df,itn>3; | 2¢"" DRI, (¢" — 1)
n—1 df,ifn =2
Un(q) ZAn—1(a) | (nyg+1) | 2df,itn>3 | 3"~ D727, (¢" — (-1)7)
[n/2] df,ifn =2
PSpam(q) | Cm() 2.q-1) [d.m>3 [ g™ 12, (* - 1)
m 2f,ifm=2
Qam11(9) | Bm(q) 2 2f LTI, (6% - 1)
q odd m
PQY (@) | Dm(q) (4,qm —1) | 2df,ifm #4 | Lgm(m=D@" DI (@ -1
m >3 m 6df,if m =4
POy, (a) | 2Dm(a) | (4qm+1) | 2df Lqmm=D@ DL (g2 - 1)
m > 2 m—1
Table 2: The simple exceptional groups
L L d [9) IL]|
Ga(q) 2 |1 Lifp#3 | (@ -1D(¢®-1)
2f,ifp=3
Fu(q) 4|1 @p)f @ (q - D" =D - -1
EG(‘I) 6 (37‘1 - 1) 2df %q l—L;e{27576,879,12}(qI - 1)
E7(q) 7| (29-1) | df %q [Licf2.6.81012,14.18, (¢ — 1)
Es(q) 8 1 f q' Hze{2,8,12,14,18,20,24,30}(ql -1
’Ba(q),q=2"FT 11 |1 f Ui (q +1(g—1)
2Ga(q),q=3""TT |1 |1 f C (@ +1)(g—1)
ZFy(g,q=22"FT |2 |1 f q 2(q + D" D+ D(g—1)
3D4(q) 2 |1 3f 2@+ + D - -1
2Fs(q) 4 | 3,q+1) | 2df 1430 [Licg2,5,6,80,121(¢" — (=1)")
Table 3: The simple sporadic groups
L d o IL]|
M1 1 1 [ 2%.32.5-11
Mo 2 2 [ 26.3%.5.11
Moo 1212 [27-32.5.7-11
Moz 1 1 [27.32.5.7-11-23
Moy 1 1 [ 20.3%3.5.7.11-23
J1 1 1 [25.3.5-7-11-19
Jo 2 [ 2 [27.33.52.7
J3 3 2 [ 27-35.5.-17-19
J4 1 1 T.33.5.7-113-23-29-31-37-43
HS 2 2 [ 29.32.53.7.11
Suz 6 |2 [213.37.52.7.11-13
McL 3 2 [ 27.35.5%.7.11
Ru 2 1 [ 21%.3%.5%.7.13-29
He(Fr) 1 |2 [29.35.52.73.17
Ly 1 1 [ 28.37.56.7.11-31-37-67
ON 3 2 [ 29.3%7.5.73.11-19-31
Coy 2 1 [ 2°1.39.5%2.72.11-13-23
Coz 1 1 [ 218.36.5%.7.11.23
Cos 1 1 [ 210.37.5%.7.11.23
Flioo 6 2 [ 2T7.39.52.7.11-13
Fias 1 1 [ 218.3183.52.7.11-13-17-23
Fil, 3 |2 [221.316.52.75.11-13-17-23-29
HN(Fs) | 1 |2 | 21%.3%5.55.7.11-19
Th(F3) 1 1| 2%.30.5%.72.13.19- 31
BM(F) [ 2 |1 [ 2*.313.55.72.11-13.17-19-23-31 - 47
M(F1) 1 1 | 2%6.320.59.76.112.13%.17-19-23-29-31-41-47-59- 71
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Case 1. p 1 |y|.

Let x be an element of C(y) having order p.
Then Ca(zy) = Co(z) N Caly), [29] | [(xy)°]
and |y| | |(xy)¥| by Lemma 5. Since S is abelian,
S < Cg(z). Hence, p { |2%|. It follows that ||

equals to (’Z!r,;l,)!; %E?Q (217;24_;!; (p+1)(p+§%(_g+3)(p+4);
w, by Lemma 19.
If |2¢] = (’:[;1))!, (’2’221 or (2";;;!, then obvi-

ously, there is no number from N (G) such that |27 |
| ()] and [y | [(2y)“].
Therefore || equals to 575

w. In the following, we will consider the
following two subcases.

(p+1) (p+2) (p+3) (p+4)

, or

Subcase 1: [2C| = —(p+2)(p§3)(p+4).

If m = 3, then obviously, r | w.
Therefore M | |(zy)¥|, a contradiction since
1G] | [(zy)€], |¥€] | |(xy)F| and the maximality
of [y¢] = &)L,

If m > 5is odd or m =
(P+2)(P-§3)(P+4)‘ Thus |(zy)€| =

1, then r ¢
|y | since the max-
imality of |y“| and so by Lemma 5, Cg(y) < Cq(z).
On the other hand, p 1 |z| and p|||C¢(z)|. Since |S| >
p?, then p | [z¥]. Tt follows from Lemma 1.2 of [6],
that there is a p-element w such that 1 # w € Cg(z),

Ce(wz) < Cg(z) and p | \&Gwa):l)l -
tion.

Subcase 2: [2°| =

1, a contradic-

(p+1) (p42) (p+3) (p+4)
22.2

If m = 1or3,thenr | w. Therefore
| | (2y)€).

If m > 5 is odd, then r ¢t p+1)(P+2)(p+3)(p+4)
On the other hand obviously, p 1 |z| and p|| |Ca(z)].
Since |S| > p?, then p | |2%|. Thus by Lemma 1.2 of
[6], we also get a contradiction as “Subcase 1.

Case 2. p | |y|.

Let |y| = p - t. Since S is elementary abelian, the
numbers p and t are coprime. Let u = yP,v = 3.
Then y = wv, Cg(uwv) = Cg(u) N Cg(v). There-
fore, [vC] | |y¢] = ZH0 if 2 +m = p+

m-r
4 and 1<m<r.

On the other hand, the element v of G is of or-
der p. Since the Sylow p-subgroup of G is elemen-
tary abelian, then p { [v¥|. It follows that |vC|

4)! 4)! 4)! 1 2 3 4
equals to GFDY; UL (4!, (D042 (43 t),
A, by | emma 19.

10 1461 cquas 0 5 or B2
\UG\ ! \yG, a contradiction.  Hence \UG\ =
DR o 1,0 = AR e

consider the following two subcases.
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G| = (p+2)(p+3)(p+4)
(p+2) (p+3) (p+4)
r | 3 .

),

a contradiction since |2 | |(x
(p+4)!

G
. |_2mr2
1 or m > 5 is odd, then r ¢

Obviously p|||Ca(v)| and p t |v].
Since |S| > p?, then p | [v¥|. Tt follows from
Lemma 1.2 of [6], that there is a p-element w such

that 1 # w € Cg(v), Cg(wv) < Cg(w) and

G
p | ||g§((:}uv))\| = ‘%Uc) L = 1(since wv = vw, then

by Lemma 5, |v (wv)G| — |wG|)‘
Subcase 2: [v¢| = (p+1)(P+§%(_g+3)(p+4).
If m e ]_’ 3,

(p+1)(p+§g§12;+3)(p+4). But r 1

diction since |2¢| | |(zy)%], [y©] | |(1:y)G| and the
maximality of [y*| = %.

If m > 5 is odd, then similarly we can rule out as
“Subcase 1”.

Therefore the Sylow p-subgroup of G is of order

Subcase 1: |v 3
It m = 3 then obviously,
But r T

|?JG\ | |(:By)G| and the maximality of |y
If m =
w‘

mr2’

then obviously, ro

p+4
r2

a contra-

.
Similarly we can prove the other two cases.
There does not exist an element of order 1

rL-porrg-p.

(2) Without loss of generality, we assume that n

is divisible at most by 72,

Assume that |S| > r3. Consider an element = of

G such that

© T2,

(p+4)!
2:3-p

(p+4)!
2m(m—2)p’

ifr+4=p+4
€| = ifr+m=p+4

with 6 < m even

by Lemma 19.

Let 7 { |z|. Then there is an element y of G
of order 7. By Lemma 5 we have that Cg(zy) =
Ca(x) N Coly), 129 | |(zy)C], and [y | |(zy)C].

If y is an r-central element, then S < C¢(y) and

|| is an r’-number and hence, |y“| equals to one

of the numbers which lie in between 24 +4> to (2p +4%

where 2 - 7 +m = p + 4 with m ogél It follows
that % € N(G), a contradiction since there is
no number from N (G) such that |2%| | |(zy)®| and
|y | |(zy)€| and the maximality of |2|.

If y is a noncentral r-element, then we choose an
G| (we choose a
maximal number |z¥| from N(G)). By hypothesis,
r | |Ca(z)| and obviously, r 1 |z|. Then by Lemma
1.2 of [6], there is an r-element w such that 1 # w €
Ca(2), Ca(wz) < Cg(w), and

;) Gl _ (e

ICa(wz)| |w]

)“|
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On the other hand, we also have z € Cg(w). Since
wz = zw, then |(wz)%] = [2¢] and so Cg(z) <
Cg(w). Therefore z € Cg(z) < Cg(w). It fol-
lows that |Cg(2)| = |Ca(wz)| since the maximality

C
of [z9|, and we get | |‘(J§(§5z))|

Let 7 | |z|, then we write |z| = rt. If S is ele-
mentary abelian, then (r,¢) = 1. Set

= 1, a contradiction.

v:xt.

u=2xa",
Then x = wv, Cg(z) = Cg(u) N Cg(v). Hence
[0 | 2% and |uC| | |z€|. Since S is abelian and v

is an element of order r, then [v| equals to one of

. | |
the numbers that lie in between ;f:.?é to (QPT:LL g where

2r +m = p+ 4. It follows that |(uv)| = [v¥| and so
7 [ [S] | [v¢] and hence, 7 1 [C(v)| = [Ca(uv)| =
|C(z)| contradicting the fact that z is an r-element.
Therefore S is non-abelian. So we chose an el-
ement z of order p such that r2 | [2“| (we only
consider the element |2C| which is the maximality
with respect to divisibility from N(G)). By hypoth-
esis, 7 | |Cg(z)| and obviously, r t |z|. Then
by Lemma 1.2 of [6], there is a r-element w such
that w € Cg(z), Ca(wz) < Cg(z) and we get
r [Ca(w)| _ [(wz)9] _
[Ca (wz)] [w€]
For the other case, we similarly can prove as the

case “|S| = r?”.

The Lemma is proved. g

1, a contradiction.

Lemma 22. Suppose that G is a finite group with triv-
ial center and N(G) = N(L). Let m = {2,3}. Then
Oy +/(G) = Ox(G). In particular, G is insoluble.

Proof: Let K = O,(G), G = G/K and denote by T
and by H the images of an element 2 and a subgroup
H of G in G, respectively. Assume that the result
is not true, then there is a prime r € 7(L)\n with
0,(G) # 1. N -

Let r € {ri,r,p} with O,(G) # 1. Then G
contains a Hall {r - s}-subgroup of order r - s with
s € {ry,r2,p} — {r}. However, Hall {r, s}-subgroup
must be cyclic contradicting Lemma 21.

Let P be a Sylow r-subgroup of G where r €
7(L)\{r1,r2,p}. If O,(G) # 1,then A = Z(0,(G))
is a nontrivial normal subgroup of G. Let T be an
element of order p in G. So we have that %] is a

divisor of (13;;;4))!’ (nglp)!, (21;24524.;!’ (p+1)(p+§%§g+3)(p+4)
or P2 @+3)(p+4)
3 .

By coprime action lemma, A = C4(T) x [A,T].

In the following, we consider two cases “r < [#]

and r > [‘%“4]”.
or > [%] and » # r1,79,p. In this case, by
Lemma 21, we have that the Sylow r-subgroup
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of G is of order r. Hence there is a Hall {r, p}-
subgroup H. Since H must be cyclic, then there
is an element of order r - p, a contradiction by the
proof of Lemma 21.

o r < [PH]andr #2,3. I 2r +m = p + 4, then
the index of C'4(7) in A is at most 2. By Lemma
14, there exists a least divisor m of ¢(p) such that
p divides " — 1, and the subgroup [A,7] < T >
must be abelian. It follows that [A,Z] = 1, and
A = C4(T). Let P be a Sylow p-subgroup of G.
If 7 is a nontrivial element of Z(P) N A, then the
order of Cz(7) is a multiple of p. By Lemma 8,
y lies in the center of a Sylow p-subgroup of G.

This contradicts Lemma 19. Thus O,.(G) = 1.

It follows that O,.(G) = 1 forr € {5,7, ..., p}.
Therefore O »/(G) = Ox(G). In particular, G is
insoluble. O

Lemma 23. There is a normal series 1 < K < H <
G suchthat H/ K = Ap, 3.

(p+4)!

Proof: By Lemmas 20 and 21, |G| = **5

By Lemma 22, we have that H/K < G <
Aut(H/K),where M : H/K = S1xSgx -+ xSk is
a direct product of non-abelian simple groups S, S2,
-++, Sk. Since G cannot contain a Hall {r1,72,p}-
subgroup, numbers r1, r2, and p divide the order of
exactly one of these groups that is listed as Lemma 17,
and so we assume that they divide S;. Since S; < G,
we let G* and M* denote the factor groups G/ S and
M/ S, respectively. If & > 1. Then a Sylow 2-
subgroup of G* is a non-trivial and its center Z has
a nontrivial intersection with A/ *. Consider a nontriv-
ial element y of 7' = S5 X - - - X S}, such that its image
in G lies in Z. Since y centralizes S, it lies in the
center of a Sylow 2-subgroup of G and centralizes an
element of order p, a contradiction. Thus M = S5,
and G is almost simple. Therefore

H/K <G < Aut(H/K).

Obviously, r1,79,p | |H/K| (in fact, if r1,79,p |
|G/H|, then r1,7r9,p | |G/H| | |Out(H/K)|, a con-
tradiction from Lemma 17; if r1,7,p | |K]|, then
there is an element of order r - p with r € {ry,r2}
contradicting Lemma 21). In the following, we always
assume that r € 7(G) = w(L). In the following, we
consider S7 which is listed as in Tables 1, 2 and 3.

Casel. H/K = A, withn > 6.

Thenn = p,p+1,--- ,p+ k withp + 2,p +
4,--- composite and p + k + 1 prime. If £ > 5, then
@+R)! | () + 3)1, a contradiction. Therefore H/K is

2
isomorphic to A, A,11, Apt2, Aprs or Apya.

Volume 14, 2015



WSEAS TRANSACTIONS on MATHEMATICS

Let  be an element of order p in H. Then |z'7|
is p/-number since |H|, = p. Let H/K = A,,

Since ]A | | (p+ 4)!, then 3 | |K|. We have
|| = ) . On the other hand, |2¢| = p+3) e
K| | p+1)(p+231('p+3)(p+4)

follows that |z . and so there
is an element of r - p or of order v’ - p with 5 < 7/ <
r < pand r and 7’ divide one of the prime divisor
of the numbers p + 1, p + 2, p + 3 and p + 4, which
contradicts Lemma 21.

Similarly, we can rule out these cases “H/K =
Ap+1, H/K = Ap+2 and H/K = Ap+3”.

Therefore H/K = Ay, 4.

Case 2. H/K is not isomorphic to a sporadic
simple group according to Table 3.

Case 3. H/K is isomorphic to a simple group of
Lie type.

Letg =r'/".

1. S = B,(q) withn > 2.

In this situation, by hypothesis, 7(G) =
{2,3,5,7,--- ,p} and so
Lt Tl D o+ 4.

i=1

It follows that p | gorp | [T, (¢* —1). If p | ¢,
then ¢ is a power of p. Since |G,| = p by hy-
pothesis, this is impossible as n > 2. Therefore
p | TT8 (g% — 1). It follows that p | th — 1 for
somel <t< nasplsprlme Ifp| ¢> — 1, then
p | ¢* —1and hence p | ¢*" — 1. Since |G| =

then p 1 ¢*"~2 — 1. Then without loss of gener—
ality, we assume thatp = ¢" —lorp =q" + 1
and hence, 2 | ¢ by Lemma 14. By Fermat’s lit-
tle theorem, 2n < p — 1 and so, n? < 2n + 5.
It follows that n = 2, 3 and order considerations
rule out this case.

2. S = Dy,(q) withn > 4.
Therefore we have that mq"(ml)(qn —

DI (¢ — 1) | (p+ 4)!. Since the Sylow
p-subgroup of G is of order p, p 1 ¢ as otherwise,
q = p and thus n = 1, a contradiction. It follows
that p | ¢" — 1 or p | ¢** — 1 for some integer
1<t<n-1.1fp|q¢*—1, then by Remark 16,
n|p—Tlandson+5 < p+4. By Lemma 9,
n(n+1) < n+3
2 2n— 2

and hence, n = 1, a contradiction.
Ifp|q — 1, then similarly, 2n — 2 < p — 1

and so w < 2”2—+3 But the equation has no
solution in N since n > 4.

3. 522 A,(q) withn > 2.
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In this situation, mq%”(nﬂ) 1 (¢ =
(—1)"*1) | (p+4)!. Since the Sylow p-subgroup
of GG is of order p and n > 2, we obtain that
p| ¢ttt — (=1)! for some integer 1 < t < n.

Let n be odd. Then p | ¢"*1 4 1. If ¢ is odd, then

20"t + 1. If p = T *+1 then by Lemma 15,
we have a contradiction. Hence 2n 4+ 2 < p — 1.
By Lemma 9, "("QH) < 2("J;l)%and son = 3.
Order consideration and Lemma 13 imply that it
is impossible. Hence ¢ is even. Similarly we can
rule out.

Let n be even. Then p | ¢" ! —1. If ¢ is odd, then
by Lemma 12, n+1 | p—1 and hence, by Lemma
9, w < %’6. So n = 2, order consideration
rules out. So ¢ is even. Similarly we have n+4 <
p+2 and @ < ”T*G. Therefore n = 2. Order
consideration and Lemma 13 rule out this case.

. S = Eg(q).

Therefore we have that q120( 30— 1) (g

1)((120 1)(q"® — 1)( - 1)(¢" - 1)(¢® -
1)(q | (p+ 4L It follows that p |
7' (¢* - 1)(q24 1)((120 1)(q"® = 1)(¢"* -
D(¢"* —1)(¢® = 1)(¢* — 1). Hencepl b1,

where t € {14, 18,20, 24, 30}.

Lett = 14. If ¢ is odd, then by Lemma 11, there
is a prime r > p, a contradiction. Hence p |
¢>° — 1 and by Remark 16,30 +5 < p+ 4. It
follows from Lemmas 12 and 9, that 24 - (¢ —
1)% < 235~ 1 and so ¢ = 3, 5, order consideration
rules out. If g is even, then similarly we have that
q120 | 2351 3 contradiction. Similarly, we can
exclude that H/ K = Fs(q), E7(q) and F4(q).

. S = Ga(g).

Then we have ¢%(¢® — 1)(¢> — 1) | (p+4)!. Tt
follows that p | ¢® —1orp | > —1.Ifp | ¢> —1,
then p | ¢%— 1. Hence we only consider p | ¢%—1
and 6 | p — 1. If ¢ is odd, then by Lemma 9, 6 <
6+5 , a contradiction. Hence ¢ is even. Similarly,

6+4

we have 6 < , a contradiction.

. S22 Fg(q).

It is easy to see that (&qﬂrl)q?’G(q12 - 1)(¢° +

D(¢®—1)(g®*—1)(¢° +1)(¢>—1) | p!. Tt follows
that p | ¢* — 1 with t = 12,8, or p | ¢* + 1 with
k=9,5.

Let t = 12. If ¢ is odd, then 2 | ¢ — 1 and
2 | ¢ + 1. It follows from Lemma 9, that | S| =
27 (¢g—1)3- (¢ +1)3 and exp(]S],2) > 15. On
the other hand, 12 < p — 1 by Remark 16. By
Lemma 9, 15 < exp(]S],2) < 16 and so g = 3.

Volume 14, 2015



10.

WSEAS TRANSACTIONS on MATHEMATICS

Order consideration rules out. If ¢ is even, then
by Lemma9, 12 < p—1 and hence 36 < 12+4,a
contradiction. Similarly we can rule out “t = 8”.

Lett = 9. If g is odd, then similarly we have that
exp(|S],2) > 15. On the other hand, 12 < p—1.
Thus we also have ¢ = 3 and so p = 703. Order
consideration rule out. If ¢ is even, 36 < 12 + 4,
a contradiction. Similarly, we can rule “¢ = 5”.

S 222 By(q) with ¢ = 22mF1,

It follows that ¢*(¢* +1)(¢ — 1) | (p+4)!. Thus
pl¢®+1lorp|qg—1. Letp| ¢*+ 1. Wecan
assume that p = ¢ + 1 and hence, m = 0. By
[9, pp. xv], S & 5 : 4 is soluble, a contradiction.

It is easy to rule out when p | ¢ — 1. Similarly
S 9://2 (22m+1)

S 222 Gy(q), ¢ = 32" withn > 1.

We see that ¢ (¢3+1)(¢—1) | (p+4)!. It follows
thatp | ¢>+1orp| q—l If p| ¢®+ 1, then we

can assume that p = £ Zl and so, 6n + 3 | L= +9

It follows that n = 1 and p = 73. We can rule
out this case by order consideration. If p | ¢ — 1
and 7 | g, then there exists a Frobenius group
of r - p with a Kernel of order r and a comple-
ment of order p respectively, and so there is an
element of order r - p, which contradicts the fact

that deg(p) = 1.

S 23 Dy(q).

We have that ¢'2(¢® +¢* +1)(¢® — 1)(¢®> — 1) |
(p + 4)!. In this case, since G has a Sylow p-
subgroup of order p, then p | @ +q¢t+1,or
q|q®—1.1fp| ¢®+q*+1, then by Remark 16,
12 | p—1. If ¢ is odd, then 12 | 6, a contradiction.

Ifp| q®—1,then 6 | p— 1 and similarly, we also
can rule out.

Similarly we can rule out this case “p | ¢> — 1.
S = A,(q) withn > 1.

It is easy to get that
eI (@ = 1) | (0 + 4

It follows that p | [[iL,(¢"™' — 1) and so

p| ¢t — 1 for some integer t = n,n — 1.

Lett =n—1.Thenp | ¢"—1landson <p—1.
If ¢ is odd, then by Lemma 12 |S|2 = (¢ — 1)§ -
[11(i + 1) and hence exp(|S|,2) > 2. By
Lemma 9, we conclude that 37” <n+4andn <
6. Order consideration can rule out this case. If ¢
is even, then similarly, exp(|S|,2) > M and
hence, ”(";1) < n + 4. Thus we get that n < 3,
order consideration rules out.
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Let ¢ = n. Then similarly we can rule out as
“t=n-—1"

This completes the proof of the lemma. g

Lemma24. G= A, 4.

Proof: By Lemma 23,

Ap+4 < G < Aut(Ap+4) = Sp+4.

If G = S, 4, then there exists an element Z of G with

|
70— 4!
4p

which contradicts Lemma 19.

So G = Api4. Then we define the normal series
1 < K < G into the chief ones. We prove that K = 1.
By Lemma 22, 7(K) C {2,3}.

If K is a 2-group. In this case, let |Z| = p. Then
p+4), &
T | ’»’CG|-
By Lemma 19,
rel 4)!
6] =2 = 2D
6p

Then z centralizes K and hence K < Cg(z). It fol-

lows that there is an element y of order 2 - p hav-
ing |yC¢| = (p+4)!

5p It follows from Lemma 5 that,
|z

If K is a 3-group. Then similarly as the case “K
be a 2-group”, we have that |z¢| = |Z| is maximal
in N(G) and C¢(z) is abelian. So by Lemma 1.12 of
[11], K < Z(G) =

Therefore K = 1 and G = A, 4. This completes
the proof of the Lemma O

The main theorem is proved.

4 Some applications

Y. Chen and G. Chen in [8] proved that the group
A1 can be characterized by its order and two special
conjugacy classes sizes. Then obviously, we also have
the following result.

Corollary 25. Let G be a finite group with trivial
center. Assume that N(G) = N(Apt4) and |G| =
‘Ap+4|. Then G = Ap+4.

We know that the alternating groups A,, with n =
10, 16, 22, 26, are characterized by N(G). Then by
[6, 7, 14, 20, 30] and our main theorem, we have the
following.
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Corollary 26. Let G be a finite group with trivial
center. Assume that N(G) = N(A,) with n =
p,p+1,p+2,p+3,p+4 Then G = A,

Shi gave the following conjecture.

Conjecture [25] Let G be a group and H a finite sim-
ple group. Then G = H if and only if (a) w(G) =
w(H) and (b) |G| = |H|.

Then we have the following corollary.

Corollary 27. Let G is a group and p > 5 is a prime.
Then G =2 A, wheren=p,p+1,p+2,p+3,p+4
if and only if w(G) = w(A,) and |G| = |Ay|.
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