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1 Introduction

All groups considered in this paper are finite. If G is
a group, then & denotes the conjugacy class contain-
ing . Following Baer [1], we call Indg(z) = |2¢| =
|G : Cg(x)], the index of x in G(in some other papers,
Indg(z) = |2%] = |G : Cg(x)| is called conjugacy
class size or length of z in G, for example, [2],[3]).
We say that a group element has primary or biprimary
order respectively if its order is divisible by at most
one or two primes. The rest of our notation and termi-
nology are standard. The reader may refer to ref.[4].
There is a strong relation between the structure of
a group and the sizes of its conjugacy classes and there
exist many results studying the structure of a group
under some arithmetical conditions on its conjugacy
class sizes. In [1], R. Baer proves that a group GG
is solvable if its elements of prime power order have
also prime power index. N. It6 shows in [5] that if
the sizes of the conjugacy classes of a group G are
{1,m}, then G is nilpotent, m = p® for some prime
pand G = P x A, with P a Sylow p-subgroup of G
and A C Z(G). Later in [6], Li Shirong proves that
if the finite group G has exactly two conjugacy class
lengths of elements of prime power order of GG, then
G is solvable. Recently, A.Beltran and M.J.Felipe in
[7] show that suppose that the class size of every el-
ement of prime power order of GG is 1 or m. Then GG
is nilpotent. More precisely, m = p™ for some prime
p, and G = P x A with A abelian and P a p-group.
There exist other deeper results. For instance, in [8],
Ito shows that if the conjugacy class sizes of G are
{1,n,m}, then G is solvable. Kong in [9] proves that
let G be a group. Assume that the set of conjugacy
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class sizes of all elements of primary and biprimary
orders of G is exactly {1, p%, ¢°, p®q"}, where p and ¢
are two distinct primes and a and b are positive inte-
gers, then G is nilpotent. Recently, Kong and Guo in
[10] prove that let G be a group and assume that the
conjugacy classes sizes of primary and biprimary or-
ders of G are exactly {1, p*, n, p®n} with (p,n) = 1,
where p is a prime and a and n are positive integers. If
there is a p-element in G whose index is precisely p?,
then G is nilpotent and n = ¢° for some prime ¢ # p.
In [11], Kong further proves that let G be a group and
let G* be the set of elements of primary, biprimary
and triprimary orders of (. Suppose that the conju-
gacy class sizes of elements of G* are {1, p®, n, p*n}
with (p,n) = 1 and a > 0. Then G is nilpotent and
n = q° for some prime q.

In this paper, we go on studying the nilpotency
of a group under some arithmetical conditions on its
conjugacy class sizes and will replace conditions for
all conjugacy classes by conditions referring to only
some conjugacy classes to determine completely the
structure of G. We put our emphasis on conjugacy
class sizes of p’-elements of primary or biprimary or-
ders of G to analyze a new case of groups having
four conjugacy class sizes of p’-elements of primary
and biprimary orders of G and generalize Theorem A
in [11] and Theorem A in [12] and obtain arithmeti-
cal conditions on the p-regular conjugacy class sizes
which guarantee the nilpotency of the p-complements.
Our main result is the following: Let G be a finite p-
solvable group and let G* be the set of p’-elements of
primary and biprimary orders of G. Suppose that the
conjugacy class sizes of G* are {1, m, p®, mp®} with
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(m,p) = 1, then the p-complements of G are nilpo-
tent and m = ¢® for some prime ¢ distinct from p.

We believe that this could probably be a starting
point for a proof of a more general result, that is, to
show the nilpotency of the p-complements of a group
when the set of its p-regular conjugacy class sizes is
{1,m,n, mn} where m and n are arbitrary coprime
numbers.

2 Basic definitions and preliminary
results

In this section, we state the necessary results for the
proof of our main theorem.

Lemma 1 [13, Theorem 5] Let G be a finite group
and p a prime divisor of |G|. Then there is in G no
p’' —element of primary order whose index is divisible
by p if and only if G = P x H, where P is a Sylow
p-subgroup of G and H has order prime to p.

Lemma 2 [9, Lemma 5] Let G be a group. A prime
p does not divide any conjugacy class length of any
element of prime power order of G if and only if G
has a central Sylow p-subgroup.

We will make use of Thompson’s A x B Lemma.

Lemma 3 [14] Let AB be a finite group represented
as a group of automorphisms of a p-group G with
[A,B] =1 = [A,Cg(B)], B a p-group and A =
OP(A). Then [A,G] = 1.

Lemma 4 Let G be a w-separable group, where w is
a non-empty subset of 7(G). Then

(a) let © € G such that |x%| a w-number, then
S Ow,n’(G)-

(b) the conjugacy class size of any w'-element of
primary order in G is a w-number if and only if G has
Abelian Hall 7'-subgroups. Moreover, 1/ (G) < 1.

Proof: (a) Part (a) is Theorem C of [15].

(b) In this case the converse direction is easy and
so it is sufficient to prove the direct sense.

We argue by induction on |G|. First suppose
that O,(G) # 1. Since the hypothesis is inher-
ited by quotient groups, by induction G/O(G) has
an abelian Hall 7’-subgroup H/Or(G). Further,
the Schur-Zassenhaus theorem gives that O, (G) has
a m-complement H; in H. Consequently, H; =
H/O-(G) is an abelian 7’-subgroup of G, and we are
done.

Hence, we may assume that O/ (G) # 1 since G
is m-separable. Moreover, for any 7’-element =z € G
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of primary order, there exists a Hall 7’-subgroup K3
of G and an element g € G such that 29 € K{ <
Ca(z). Then

z € Cq(KY) < Ca(Ox(Q@)) < O (G),

which implies that G has an abelian normal Hall 7’-
subgroup, as required.

The second assertion follows immediately by ap-
plying Lemma 4 (a).

Lemma 5 Let G be a finite p-solvable group and m =
{p, q} with q and p two primes. Suppose that the sizes
of the conjugacy classes of G* are w-numbers. Then
G is solvable, it has abelian T-complements and every
p-complement of G has a normal Sylow q-subgroup.

Proof: We argue by induction on |G|. We will prove
first that G is solvable. Assume that OP(G) < G.
As the hypothesis is inherited by normal subgroups,
it follows by induction that OP(G) is solvable and
hence G is solvable too. Thus, we may suppose that
O” (@) < G and use bars to work in G = G/O¥ (G).
Notice that for any Z € G, we may assume that =
is a p/-element of primary order and as || divides
|2%| and |2©] is a w-number, it follows that [ZC| is
a g-number. Hence, by applying Lemma 2, we ob-
tain that G is nilpotent. As O (G) is solvable by
induction, we conclude that GG is solvable too. We
show now that every p-complement of G has a nor-
mal Sylow ¢-subgroup. If y is a 7’-element of G, then
in particular we can assume that y is a p’-element of
primary order so by hypothesis |y| is a 7-number.
By Lemma 4(b), we have that G has abelian Hall 7'~
subgroups and [,/(G) < 1. Let T be a w-complement
of G, so O(G)T < G. Suppose first that O, (G)=1,
so T = On(QG). If x is a g-element of G, by hypoth-
esis |2¥| is a 7-number, whence T' C Cg(x). There-
fore, x € Cq(T) C T, whence ¢ does not divide
|G| and the thesis of the theorem is trivially true. Ac-
cordingly, we will assume that O,(G) > 1. If H is
any p-complement of (&, by induction we have that
HO,(G)/O:(G) = H/H()Oz(G) has a normal
Sylow g-subgroup. As H () Ox(G) is a g-subgroup
of H, we conclude that H has a normal Sylow ¢-
subgroup too, as wanted. O

In the next result, we show that the p-
complements of GG are indeed nilpotent when we add
to the hypotheses of the above theorem the existence
of some g-element in G whose index is the highest
power of ¢ dividing the sizes of classes of G*.

Lemma 6 Let G be a finite p-solvable group and m =

{p, q} with q and p two distinct primes. Suppose that
the sizes of classes of G* are m-numbers. Let q° be the
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highest power of the prime q which divides the sizes
of classes of G*. Suppose that there exists some q-
element x € G such that |x%| = ¢°. Then G has
nilpotent p-complements.

Proof: By Lemma 5 we know that (5 is solvable. Let
@ be a Sylow g-subgroup of G with z € . Since
G = QCg(x), then K = (29|g € G) = (299 € Q)
is a normal g-subgroup of G.
Let T be a w-complement of G with T' C C; ().
For any y € T of primary order, we have Cg(xy) =
Ca(x) N Cg(y) € Cg(x) and then the hypotheses
imply that |C(z) : Cg(z) N Cg(y)| is a p-number.
Therefore, Cx(z) = Ck(x) N Ck(y) € Ck(y)
and by applying Lemma 3, we obtain Cx(y) = K.
If we write Z = Cg(K), we have just proved that
T C Z 4G, with |G : Z] a m-number. Thus, if y is
any 7’-element of primary order of Z, then |y#| is a
m-number, so Lemma 4(b) implies that Z has abelian
Hall 7’-subgroups and I,/(Z) < 1. Thus, we can
write R = Oy (Z) = Ox(Z)T with T abelian.
Now, let P; be a Sylow p-subgroup of O, (Z).
By Frattini’s argument, we can write R =
Ox(Z)Ng(P1). Moreover, without loss of generality
we may suppose that 7' C NR(P;). Now, for any y €
T of primary order, since ' C Z C Cg(x), we have
Ca(zy) = Calz) N Cq(y) and [Cg(x) = Colay)|
is a p-number by hypothesis. As R C Cg(x) then
|R : Cgr(y)| is a p-number too, whence there exists
some Q1 € Syly(R) such that @Q; C Cr(y). Hence,
for any y € T of primary order we have y € Cp(Q1)
for some Q1 C Cgr(y). Now, if g € TPy, then
g € Crp (Q1)P; for some @1 C Cg(y). Since
R =P Q,T, then
TP € | Crp(@)P

geT Py

= U Crr(@)P),

geT Py

which forces TP, = Crp, (Q1)P1. As T is a p-
complement of TP, there exists some g € TP
-1

such that 79 C Crp, (Q1). Thus, T x QY isap-
complement of R.

Now, choose a p-complement H of G such that

-1

T x @ C H. Since R <G, we have that H N R
is a p-complement of R, so H N R =T x Qﬁ’_l g
H. Therefore, ' < H. By applying Lemma 5, we
conclude that H is nilpotent. O

Lemma 7 Let G be a p-solvable group whose conju-
gacy class sizes of G* are {1,p™,---, % ¢°, p“1¢°, -
-, p°s qb}, where q is prime distinct from p and c; >
0,b,a; > 0 for all i. Then the p-complements of G
are nilpotent.
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Proof: By Lemma 5 we know that G is solvable. If
b = 0, we use Lemma 4(b) with 7 = {p} to obtain
that G has abelian p-complements, so we may sup-
pose that b > 0.

If there exists some g-element of index ¢°, then
Lemma 6 applies and the p-complements of G are
nilpotent, so the Lemma is proved. Suppose now
that there exists some g-element x € (G such that
|z%| = p°ig® for some i with ¢; > 0 and let T be a
{p, q}-complement of GG, which is abelian by Lemma
4(b), and such that T C Cg(z). Let Q1T be a p-
complement of C(x), where Q1 € Syl,(Ce(z)) and
r € Q1. Now, if y € T of primary order then
Ca(zy) = Cg(z) N Cg(y) and notice that the hy-
potheses of the Lemma imply that |C(z) : Cq(xy)|
must be a p-power. On the other hand, T C Cg(zy)
since 7' is abelian, and consequently, there exists some
g € Cg(x) such that TQY is a p-complement of
Ca(zy). Now, if we take a p-complement H of G
such that TQ‘E’ C H, we can certainly write H = TQ),
for some @ € Syly(G), with Q) C Q. As Qf C
Cq(zy) C Co(z) and QF € Syl,(CG(z)), it follows
that Cgo(zy) = Cg(x) and thus Cg(xz) C Co(y).
Furthermore, by Lemma 5, we know that Q < H. No-
tice that x € () and then we can apply Lemma 3
to conclude that Cg(y) = @, for all y € T. Then
H = () x T, and since T is abelian, we deduce that
H is nilpotent and this case is finished too.

As a result, we may assume that every g-element
of GG is central in G or has p-power index. Choose y €
G* such that [y%| = ¢® and write y = y,y,/, Where
1q and y, are the g-part and g-part of y respectively,
they are elements of primary orders. Since C(y) C
Cq(yq), it follows that y, must be central in G and
thus, by replacing y by y,/, we may assume that y is a
{p, q}'-element. Let H = QT be a p-complement of
G, where @) € Syly(G) and T is a {p, ¢ }-complement
of Gwithy € T. As G = QC¢(y), then

L=(ygeG)=(ylg e Q) C H.

As L is normal in G, we deduce that L. C Cg(z)
forany € Q. Then @Q C Cg(L) C Cg(y), and this
is a contradiction. O

Lemma 8 [9, Theorem 16] Let G be a group. As-
sume that the set of conjugacy class sizes of all el-
ements of primary and biprimary orders of G is ex-
actly {1,p%, ¢, p*q®}, where p and q are two distinct
primes and a and b are positive integers, then G is
nilpotent.

Lemma 9 Let G be a p-solvable group whose conju-

gacy class sizes of G* are {1,7%,¢" r%q"}, where q
and r are primes (distinct from or equal to p) and a
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and b positive integers. Then the p-complements of G
are nilpotent.

Proof When r # p # ¢ we apply Lemma 1 and 8
and obtain that any p-complement of G is nilpotent.
Otherwise, we apply Lemma 7. O

Lemma 10 Let G be a finite p-solvable group and
let 1 = {p,q}. Suppose that the size of any conju-
gacy class of '-elements of primary orders is a p-
number. Then G is solvable, the w-complements of G
are abelian and each p-complement of G has a normal
(abelian) q-complement.

Proof: We show first that G is solvable by induc-
tion on |G|. If OP(G) < G, then as the hypotheses
are inherited by normal subgroups, it clearly follows
that G is solvable. Therefore, we will assume that
OP(G) = G and hence, OP (G) < G. Notice that
if O” (@)=1, then G is a p/-group and the hypothe-
ses imply that every ¢'-element of primary order of G
is central, so G is trivially solvable. We can assume
then that O” (@) > 1 and write G = G/O” (G). It
is easy to see that the hypotheses are inherited by fac-
tor groups and we will prove it for G. LetT € G a
m’-element and factor x = x,z, where z, and T
are the m-part and 7’-part of x respectively, they are
elements of primary orders. Then T = T,/, so x can
be assumed without loss to be a 7’-element of primary

order. As || divides |2, we obtain that the class
size of any 7’-element of primary order of G is also a
p-number, as wanted. By applying the inductive hy-
pothesis to O (G) and G, we conclude that G is solv-
able as wanted.

The fact that the m-complements of G are abelian
follows just by applying Lemma 4(b).

We prove now by induction on |G| that each
p-complement of G, say H, has a normal g-
complement. Let N = Oy (G) and suppose first that
N = 1. Since the index of any 7’-element of primary
order y € G is a p-number, then O, (G) € Cg(y) and
soy € Cq(Oq4(G)) C O4(G), which is a contradic-
tion. Therefore, in this case there are no 7’-elements
in G, that is, G is a {p, ¢}-group and the conclusion
of the Lemma is trivial. Hence, we will assume that
N > 1 and apply the inductive hypothesis to G/N so
as to obtain that HN/N =~ H/H N N has a normal
g-complement. As H N N is a ¢/-subgroup, it follows
that A also has a normal g-complement. O

Lemma 11 [7, Corollary B] Let G be a finite group
and suppose that the class size of every element of
prime power order of G is 1 or m. Then G is nilpo-
tent. More precisely, m = p™ for some prime p, and
G = P x Awith A abelian and P a p-group.
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3 Main results

Theorem 12 Let G be a finite p-solvable group and
let G* be the set of p'-elements of primary and bipri-
mary orders of G. Suppose that the conjugacy class
sizes of G* are {1, m, p®, mp®} with (m,p) = 1, then
the p-complements of G are nilpotent and m = q° for
some prime q distinct from p.

Proof: We will show that m is a power of some prime
q # p and then the result will be proved by Lemma 9.
First, we show that two p’-elements of primary orders
of index p® and m centralize each other.

Step 1. If w is a p’-element of primary order of index
m and y is a p'-element of primary order of index p*,
then w € Cg(y).

Let H be a p-complement of G with w € H. No-
tice that G = Cg(w)H and that there exists some
g € H such that w9 € H9 C Cg(y). Also, as w and
y have coprime index, we have G = Cg(w)Cq(y),
so we can assume that g € Cg(w). Thus, w = w9 €
HI C Ca(y).

There exist p’-elements of index p® by hypothesis,
so by considering the primary decomposition of such
elements, there must exist certain g-elements of index
p“ for some prime q. For any such a prime ¢ we prove
the following properties (Steps 2-4).

Step 2. For any p-complement H of G, it holds that
every q'-element of primary order of H has index 1 or
min H.

Since the centralizer of any g-element of index
p® contains some p-complement of GG, by conjugacy
we may certainly choose some g-element, say y, of
index p® such that H C Cg(y). Now, let z be any
¢'-element of primary order of H which centralizes y
and then C(zy) = Cg(z) N Ca(y) € Ce(y). Thus,
2 has necessarily index 1 or m in C(y). Asmisap’-
number, it follows that C(y) = H(Ca(z) N Ca(y))
and we conclude that |H : Cp(z)| = 1 or m as re-
quired.

Step 3. If z is a q-element of index p*m, then
Ca(z) = Q.P, x T,, where Q, and P, are q-
and p-subgroups respectively and T, is an abelian
{p, q} -subgroup. Furthermore, if z lies in some p-
complement H of G, then we can assume that T, is
not central in H.

By the maximality of the index of z we notice that
any {p, ¢}'-element of primary order ¢t € C¢(2) satis-
fies Cq(2t) = Ci(2),s0 Ca(z) € Cq(t) and accord-
ingly C(#) can be written as described in the state-
ment. We remark that this part of the step is also true
without the assumption of existence of g-elements of
index p® that we are doing.
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For the second part, we take some p-complement
H of G with z € H and we will prove that if T, is
central in H, then the theorem is proved. Suppose that
T, C Z(H), and consequently, T, = Z(H ), and

my = |Glipqy /12 (H)lq (1)

We distinguish three cases. Assume first that H pos-
sesses a ¢'-element of primary order of index m in
G, say w, and take a g-element y € H of index p®.
We know by Step 1 that y € Cg(w), so Ca(wy) =
Ca(w) N Cga(y) and certainly wy has index p®m. On
the other hand, (I) implies that Z(H), is a {p, ¢}-
complement of C(wy). But as w € Cg(wy), then
w € Z(H) and this contradicts the fact that w has
index m. Therefore, this case cannot happen. As-
sume now that there exists in H a ¢’-element of pri-
mary order of index p®m. Again (I) shows that Z(H)
is a {p, ¢}-complement of C;(w), and as in the above
paragraph, this leads to a contradiction.

Finally, we can assume that any ¢’-element of pri-
mary order w € H has index p®. This means that
the class size of any {p, ¢}'-element of primary order
of G is a p-number, so by applying Lemma 10, we
have that G is solvable and the {p, ¢}-complements
are abelian. Let s be any prime distinct from p and ¢
and let S € Syl,(G) with S C H. If S C Z(H), itis
trivial that s does not divide m. If S ¢ Z(H), then
we take w € S — Z(H) and by Step 2, w has index
min H. As S is abelian, we have S C Ci(w), so in
particular, s does not divide m either. Therefore, m is
a g-power and the theorem is proved.

Step 4. If z is a g-element of index p®m, lying in some
p-complement H of G, then |H : Cy(z)| = m and
there exists some elementt € T, N H — Z(H), where
T, is the subgroup defined in Step 3.

We show first that |[H : Cy(z)] = m. Write
Ca(z) = Q.P, € T, as in Step 3, with T, non-
central in H and choose a non-central {p, ¢}'-element
w € T,. This can be assumed of primary order, say
for instance an r-element for a prime r # p,q. We
will distinguish three cases depending on the index of
win G.

Assume first that w has index p®. In this case,
Step 2 asserts that any r’-element of H, in particular
z, has index m in H.

Suppose now that w has index m. Observe that
any r’-element of primary order of Cg(w) has in-
dex 1 or p® in Cg(w), so by Lemma 10, the {p,r}-
complements of Cg(w) are abelian. On the other
hand, as 7T, is abelian and w € T, we have C(z) C
Ca(w), so in particular, @), is abelian. We have just
shown that any p-complement of C(z) is abelian.
Moreover, as |Cg(w) : Cg(z)| = p® then the p-
complements of Cg(z) are also p-complements of
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Cg(w). On the other hand, the fact that HCq(w) =
G implies that C'y(w) is an (abelian) p-complement
of Cg(w). Then Cy(w) C Cg(z) and hence,
Cr(w) = Cph(z). Since by Step 2, w has index 1
or m in H, we conclude that z has the same index.
But we notice that z cannot be central in H since it
has index p®m in G. So this case is finished too.

Finally, assume that w has index p*m. As T,
is abelian, then Cg(z) C Cg(w) and by orders,
Ca(z) = Cg(w). Taking into account the decom-
position of Cz(z) and of Cz(w) given in Step 3 (w is
an r-element), we get

Ca(z) = Co(w) = Q. x Po x T;

with the same notation given there. On the other hand,
we can take a g-element y € H of index p* in G
such that y € Z(H). Since w has index p®m we
have Cg(wy) = Cg(w) N Cq(y) = Cg(w), that
is, Cg(w) C Cg(y) and |Ca(y) @ Ca(w)| = m.
This forces C¢(y) = HCq(w) and accordingly, |H :
Cr(w)| = m. Therefore, z also has index m in H, as
we wanted to prove.

We prove now the second part of the step. By the
first part we have my = |H|y/|Cr(2)|y, but if we
consider the decomposition of Cg(z) = Q. P, x Ty,
we also obtain my = |Gypqy|/|T:]. Thus, |T3| =
ICu(2)ly. YT, N H C Z(H), then T. N H C
Z(H)y € Cr(z)y. But, on the other hand, Cy(z)y
is clearly contained in the Hall {p, ¢}’ -subgroup of
Ca(z), that is, in T,. We deduce that Cy(2)y = T.
and this forces T, to be central in H, which is a con-
tradiction by Step 3.

It is clear that in G there exist elements of prime
orders of index m. From now on we will fix one of
these elements x, an r-element, with r # p, and will
choose a p-complement of G, say H, such thatx € H.
Since G = HCg(z), then Cg(z) is a p-complement
of C(x) and by applying Lemma 10 to Cg(x), we
can write Cg(x) = T,R;, with R, an r-subgroup
and T}, an abelian {p, r}'-subgroup which is normal
in Cy(z). We know by Step 1 that any p’-element
of prime order of index p® commutes with any p’-
element of prime order of index m, so in particular,
every p'-element of prime order of index p® of H be-
longs to Cz(z). Now, in the two following steps we
prove two properties related to C'r7 ().

Step 5. We may assume that T, is not central in G.
We assume that 7, C Z(G) and work to get
a contradiction. We know that every r’-element of
prime order in H of index 1 or p® centralizes x,
and consequently, lies in T,. Thus, there are not 7'-
elements of prime orders in H of index p®, whence
there cannot exist such elements in G. Accordingly,
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there must exist some r-element y of index p®, which
can be assumed to lie in Z(H ) by conjugacy.

By Step 2, any r’-element of prime order of H
has index 1 or m in H. Notice that if any r’-element
of prime order of H lies in Z(H), then H = R X
Z(H),, which is nilpotent and m would be a power
of r. In this case the theorem is proved, so we can
assume the existence of some 7’-element of prime or-
dery € H — Z(H) of index m in H. Then we have
my = |H|/|Cr(y)|,». But moreover, the structure
of C(z) provides the equality m,» = |H|,//|T;|. As
T, = (Z(G) N H),, this yields

Te| = 12(G) N Hlw = |Cr(y)l

and consequently, (Z(G) N H),s is an r-complement
of C(y). This contradicts the fact that y is non-
central in C (y).

Step 6. IfT, has an element of index m or p®m, then
Cy () is abelian.

Suppose first that there is an element w € T, of
index m. By considering the primary decomposition
of w we can assume without loss that w is a g-element
for some prime ¢ # p, r, since C(w) must be equal
to the centralizer of some primary component of w.
Notice that each {p, ¢}’-element of prime order of
Ca(w) has index 1 or p® in Cg(w), and that C'y (w)
is a p-complement of C(w). So by applying Lemma
10, we can write C'y(w) = QT Where @y, is a g-
subgroup and Ty, an abelian {p, ¢}'-subgroup which
is normal in C'y(w). We also notice that |Cy(w)| =
|C'r ()], as both subgroups have index p®m in G. We
will prove that in fact both centralizers are equal. As
w € T,, we have that T, C Cpg(w). On the other
hand, x lies in some Sylow r-subgroup of C'gy (w), say
Ry, which is abelian, so R,, C Cp(x). Therefore,
T.R, C Cy(x)and T, Ry, € Cy(w). By order con-
siderations, we conclude Cy(w) = Cg(x) = Ty Ryp.
But we know that R,, is abelian and normal in C'y (w),
so Cp(z) = T, x Ry, whence Cp(x) is abelian.

Suppose now that there is an element of prime or-
der w € T, of index p®m. Notice that any r-element
z € Cg(w) satisfies Cg(zw) = Ca(w) N Cq(z) =
Ca(w) by the maximality of the index of w. This
means that z is central in Cg(w), so we can write
Ca(w) = TPy x Ry, with P, a p-subgroup, T,
a {p,r} -subgroup and R, an abelian r-subgroup.
Moreover, as T, is abelian, then T, C Cg(w), so T,
centralizes R,,. On the other hand, x € CG(w), so
x € Ry, and R, C Cp(z). By order considerations
R, is a Sylow r-subgroup of C';7(x), whence we con-
clude that Cy(z) = Ry x T, and Cy(z) is abelian
too.

For the rest of the proof we are going to define and
work with certain subgroup L, for any prime ¢ # p, r.
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When these subgroups are central for all ¢ we will
define and work with a subgroup associated to 7.

Step 7. For any prime q # p,r, let
Ly = (y|yis ag—element in H with [y“| = 1 or p®).

Then L is an abelian normal q-subgroup of H.
Suppose that Ly C Z(G) for all ¢ # p,r. Then
we define

L, = (ylyis an r—element in H with |y“| = 1 or p®).

and it is a non-central abelian normal r-subgroup of
H. Furthermore, in this case C'yy(x) is abelian.

For any prime g # p, r, we know that C'7(x) has
an abelian normal Sylow g-subgroup (). Likewise, we
know by Step 1 that

{yly is a g—element in H with |y%| = 1 or p®}
C Cg(x).

As a consequence, L, C () and thus, L, is an abelian
g-subgroup of H. The fact that L, < H is trivial.

Suppose now that L, C Z(G) for all ¢ # p,r.
This implies that there are no g-elements of index p®
for all such primes and hence, there must be an 7-
element in G (and in H) of index p®. In particular,
L, ¢ Z(G). On the other hand, by applying Step 5,
we deduce that in T}, there must be elements of pri-
mary orders of index m or p®m, so by Step 6, C'7(x)
is abelian. But by Step 1, we have

{yly is an r—element in H with |y“| = 1 or p*}

so L, is contained in the Sylow r-subgroup of C'r ().
Therefore, L, is an abelian r-subgroup of H which is
trivially normal in H.

Step 8. Every g-element of H centralizes L for any
prime q # p,r. If Ly C Z(G) for any q # p,r, then
any r-element of H centralizes L,.

Let s be any prime distinct from p and let z be
an s-element of H. We will prove that z € M =
Cy(Ls) (we remark that when s = r then we are
assuming that L, C Z(G) for all ¢ # p, 7).

If z has index p®, then by definition z € Lg, so
trivially z € M. If z has index m, we know by Step
1 that z centralizes any element of primary order of
index p®, so z also lies in M.

Thus, we only have to show that if z has index
p®m, then it lies in M too. By Step 3, we write
Ca(z) = S.P. x T, with the notation given there
and T, abelian. Also, by Step 4, there exists some ele-
ment of primary order t € T,NH — Z(H ), so we have
Ca(z) C Cg(t). In particular Cr, (z) C Cr,(t), and
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by applying Lemma 3, we conclude that ¢ € M. Now
we distinguish three cases for the index of ¢ in G. If
t has index p*m, then C(t) = Cg(2), so z lies triv-
ially in M. If ¢ has index p?, as t is non-central in H
then by Step 2 (notice that there are s-elements of in-
dex p®), we get |[H : C'y(t)| = m. On the other hand,
by Step 4, we have |H : Cpy(z)| = m, and since
Cp(z) C Cg(t) we obtain by order considerations
that Cgr(z) = Cp(t). It follows that z € M. Finally,
suppose that ¢ has index m. There is no loss if we as-
sume that ¢ is an [-element, for some prime [ # s, p,
since we can replace ¢ by some of its components in
the primary decomposition, with the same index m.
By applying Lemma 10 to C(t), we get that C (1)
has abelian {p, [}-complements, so C'(t), which is
a p-complement of C(t), has an abelian normal s-
complement, say T;. Then z € Ty and T} C Cp(z).
Therefore, |Cr(t) : Cg(z)| is an [-number. As L
is a normal s-subgroup of C(t), we conclude that
Ly C Cy(2).

Step 9.We can assume that for any prime q # p,r,
we have Ly C Z(H). If Ly C Z(G) for all prime
q#p,r then L, C Z(H).

Let s be a prime distinct from p. Notice that
Ly C Cg(z) by Step 1. We will consider the fol-
lowing cases:

(a) s = r. In this case notice that we are assum-
ing by definition of L, in Step 7 that L, C Z(G) for
all prime ¢ # p,r. Also in this case, as T, is non-
central by Step 5 and there are no {p, r}’-elements of
primary orders of index p®, then 7, has elements of
primary orders of index m or p®m and by Step 6 we
have that C'y () is abelian.

(b) s # p,r. We will distinguish two possibili-

ties:
(1) there are no r-elements of index p®; and
(2) there are r-elements of index p®.

In cases (a) and (b)(1) we will see that if w € H
of primary order, then w € Cy(Ls), so Ly C Z(H).
In case (b)(2) we have by Step 2 that every r’-element
of primary order of H has index 1 or m in H. We
will prove that if w € H of primary order, then w €
RICy(Ls) with g € C(x). Once this is proved, we
have

H = U RgCH(Ls)a
geH

which forces that H = R, Cp(Ls) and |H : Cgr(Ls)|
is an r-number. Lety € L, — Z(H ), then C (L) C
Cy(y) € H and |H : Cg(y)| = m. Thus m is a r-
power and the theorem would be proved. Therefore,
Ly C Z(H) as we want to prove.

Now we prove the properties stated in the above
paragraph. Let w € H and consider the {s,s'}-
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decomposition of w. By Step 8 we know that the s-
part of w lies in C'y(Lg), so we can assume without
loss of generality w is an s’-element of primary order.
If w has index m, then w € Cr(Ls) by Step 1. So we
will study the cases in which w has index p® or mp®.

Suppose first that w is an element of primary or-
der and w has index p®. Using Step 1 again we get
w € Cpg(x). In case (a) we know that C'y(x) is
abelian and L, C Cpg(z), so clearly w € Cg(L,).
In case (b), we have s # r and thus, Ly C T,. We
consider the {r,r’'}-decomposition of w = w,w,,
where w, and w,s are elements of primary orders, so
wy € T, by Step 1. Since T}, is abelian, we obtain
wyr € Cgr(Ls). In case (b)(1), w, is central in G, so
w € Cg(Lg). In case (b)(2), as w, € Cg(z) =
T, R, then w, € R%, for some g € Cy(x). So
w € RICy (Ls).

Suppose now that w has index p®m and consider
the primary decomposition of w, that is, w = wyw,-
for some prime 7. If w,, has index p® or m then, by
the above paragraphs, we have w,» € Cp(Ls). On
the other hand, if w, has index m, then w, € Cg(Ls)
by Step 1 and w € C(Ls). If w, has index p® then,
again by the above paragraph, we deduce in cases (a)
and (b)(1) that w, € C (L) and, in case (b)(2), we
obtain w, € R4Cy(Ls), so w € R.Cy(Ls), for
some g € Cy(Ls). Thus, we can assume that either
w,- or w,s, for some prime 7/, has index p®m in G. We
will prove that w € Cp(Ls) in all cases (a), (b)(1)
and (b)(2).

Let us consider w; (with [ either equal to ' or
r) such that [w{| = p®m. Notice that [ # s and
Ca(w) = Cg(w;). Suppose that Ly ¢ Z(H) and
takey € Ls— Z(H). As y has index p®, by conjugacy
we can assume without loss that H C Cg(y). Then
w centralizes y and Cg(wy) = Cg(w) N Ca(y) =
Ca(w) = Cg(w) € Cg(y). Since Cg(y) =
HCq(wy), it follows that Cr (wy;) is a p-complement
of Cg(wy). On the other hand, arguing in a similar
way as in the first part of Step 3, we get Cg(w;) =
Ly, Py, % Ay, with L, an [-group, P,, a p-group
and A, an abelian {p,[}'-group, whence y € A,,.
As Ly, x Ay, is also a p-complement of C(w;), then
we can assume up to conjugacy that C'gr(w;) = Ly, X
Ay, © H. Thus my = |Glo/| Ay, |s < |Gls/|Z(H)s.
If [Auls = |Z(H)|,, then |Gl,/[Z(H)|, = ms.
Moreover, as Ly C Cg(z), then |G|, /|Ls| > ms.
Since Z(H)s; C Ls, we obtain Ly = Z(H)s, which
contradicts our assumption. So we can assume that
there are s-elements in A, which are not central in
H. We distinguish the following three cases.

Suppose first that there is an s-element z € A,
of index p®m. Then Cg(z) = Cg(w;) = Cg(w).
By Step 7, we have that = € Cp(Ls) and then
Ly C Cg(z) = Cg(w). In this case, we obtain
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w € Cg(Ls).

Suppose now that there is an s-element z € A,
of index m. As z,y € Ay, then Cg(w;) = Cg(w) C
Ca(y) N Ca(z) = Cglyz) and thus, Ca(yz) =
Ca(w). Again by Step 7, Ls C Cg(z) = Cgy(w),
sow € Cy(Ls).

Finally, assume that every s-element of A,, has
index p®, and consequently, that all of them belong
to Ls. Then |Ay,|s < |Ls|, so ms < |G|s/|Ls| <
|G|, /|Aw,|s = ms. Therefore, Ly C A,,. As Ay,
is abelian, we conclude that w; € A, C Cg(Ls),
whence Ls C Cy(w;) = Cg(w) and w € Cg(Ly) as
we wanted to prove.

We remark that whenever there exists some s-
element of index m in G for some prime s # p, then
Step 9 also holds for s, just by arguing with s instead
of r as we have made it in Steps 5-9.

Step 10.(Conclusion).

We know that there are p’-elements of primary or-
ders of index p®, so there is some prime s # p such
that Ly ¢ Z(G). By Step 9, we have L, C Z(H).
Notice that if s = r, then we are also assuming that
L, C Z(Q) for all prime ¢ # p,r. We claim first that
any s-element w € H has index 1 or m in H. We
distinguish three possibilities according to the index
of win G. If w has index p®, then w € Ls C Z(H).
If w has index m, then HC¢(w) = G and it clearly
follows that w has index m in H. Finally, if w has
index p*m in G, then by Step 4, w has index m in H,
and the claim is proved.

On the other hand, by Step 2, we also have that
any s’-element of primary order of H has index 1 or
m in H. The rest of the proof consists of showing that
any element of primary order of A has index 1 or m
too. Then, by applying Lemma 11, we get that H is
nilpotent and m is a prime power, so the proof of the
theorem will be finished.

Letus take any z € H in G* and factor z = 252y,
where z; and zy are elements of primary orders. If
one of these factors is central in H, then z would have
the same index in H as the other factor, and conse-
quently, z would have index 1 or m in H. Therefore,
we will assume that both zs and 2z, are not central in
H. We distinguish three cases for the index of z in
G. If z has index p® in G, then as C(2) C Ca(zs)
and since z; cannot be central in G, it follows that
Ca(z) = Cg(zs), whence z has the same index in
H as z, that is, m. If z has index m in G, since
HCq(z) = G, we easily deduce that z has index m
in H too. Thus, we will suppose that z has index p®m
in G.

We have the following possibilities for the index
of zs in G. If z, has index p®, then it would be central
in H by Step 9, but we are assuming that it is not
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so. If z5 has index p®m in G, we certainly have that
Ca(#) = Cg(zs) and then z has the same index in H
as z;. We will assume then that z, has index m in G.

On the other hand, we analyze the index of zy
in G. Suppose first that zy has index p®. If we let
2y = 2 for some prime q; # r,s, it is clear that
24, has index p® or 1, whence if ¢; # r, then by
Step 9, z,, € Z(H). Hence, z, = zy is central in
H, so all s’-elements are central in H, contradicting
our assumption. Therefore, we can assume that there
is some ¢ such that ¢; = r and that zy = z,y with
y € Z(H) and y of primary order. As r # s and z
has index m, by the remark above this step, we know
that Step 9 holds for s, that is, any s’-element of index
p® is central in H. In particular, z, € Z(H) and con-
sequently, zy € Z(H) too, which is a contradiction.

Suppose now that zy has index p*m. Then
Ca(zs) = Cg(2), so z has index 1 or m in H.

Finally, let us assume that zy has index m and
consider again the primary decomposition, we can as-
sume zy = z;. It follows that C(z5) = Cg(z;) for
some prime [ # p,r. Then

Ca(2) = Ca(zs) N Ca(zs)
= CG(ZS) N CG(ZZ) = CG(Zle)

and accordingly we can assume that z = 252z;, know-
ing that both factors have index m in G. Now, by ap-
plying Lemma 10, we have that C(zs) has abelian
{p, s}-complements, so we can write Cpy(zs) =
1151, where S7 is an s-subgroup and 73 an abelian
{p, s}'-subgroup, with z; € Tj. Notice that T C
Crr(#). Arguing in the same way with C(z;), it has
abelian {p, [}-complements, so in particular we may
write C'(z;) = T5S2, where T is a {p, s}-subgroup
and S5 is an abelian s-subgroup, with z; € S3. No-
tice that So C Cp(zs) = T2S2. Also, up to con-
jugacy and by order considerations we can assume
that So = 51, so CH(ZS) = 5117 C CH(Zl). As
both subgroups have the same order, we conclude that
Cr(zs) = Cr(z;). Therefore,

CH(Z) = CH(ZS) N CH(ZI) = CH(ZI) = CH(ZS),
whence 2 has index m in H, as we wanted to prove.

Now the proof of the theorem is finished.

Remark 13 In Theorem 12, we only use p'-elements
of primary and biprimary orders of G to guarantee
the nilpotency of the p-complements, it can be seen a
complete extension of Theorem A in [12].

4 Conclusion and an application

The results explained in the previous sections show
that the method that we replace conditions for all con-

Volume 14, 2015



WSEAS TRANSACTIONS on MATHEMATICS

jugacy classes by conditions referring to only some
of the classes in order to investigate the structure of
a finite group is very useful. Results of this type
are interesting since they can be used to simplify the
proofs of new or known properties related to conju-
gacy classes. Recently, Kang in [17] and [18] char-
acterized the structure of a finite group by using this
method. In addition, according to the parallel prop-
erty of conjugacy class sizes and character degrees in
[19] and [20], we may consider using the character de-
grees to characterize the structure of finite groups. As
an application, we can investigate the structure of a fi-
nite group when its character degrees of G are exactly
{1, m, p® mp*}, where m is an integer not divisible
by p.
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