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Abstract: This paper focuses on the optimal investment problem for an insurer and a reinsurer. The insurer’s and
reinsurer’s surplus processes are both approximated by a Brownian motion with drift and the insurer can purchase
proportional reinsurance from the reinsurer. In addition, both the insurer and the reinsurer are allowed to invest
in a risk-free asset and a risky asset. We first study the optimization problem of minimizing the ruin probability
for the insurer. Then according to the optimal reinsurance proportion chosen by the insurer, we study two op-
timal investment problems for the reinsurer: the problem of maximizing the exponential utility and the problem
of minimizing the ruin probability. By solving the corresponding Hamilton-Jacobi-Bellman (HJB) equations, we
derive optimal strategies for both the insurer and the reinsurer explicitly. Furthermore, we find that the reinsurer’s
optimal strategies under the two cases are equivalent for some special parameters. Finally, numerical simulations
are presented to illustrate the effects of model parameters on the optimal strategies.

Key–Words: Proportional reinsurance, Optimal investment, For a reinsurer, Hamilton-Jacobi-Bellman (HJB) equa-
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1 Introduction
As investment income has gradually become an

important way to increase the profit of insurance com-
pany, optimization problems taking both reinsurance
and investment into account with different objectives
have inspired literally hundreds of researches.

Browne [1] considered a diffusion risk model and
obtained the optimal investment strategies of expo-
nential utility maximization and ruin probability min-
imization. Hipp and Plum [2] used the compound
Poisson risk model and studied an insurer’s optimal
policy to minimize the ruin probability. Schmidli [3]
used a Brownian motion with drift to model the claim
process and obtained the optimal quota-share reinsur-
ance strategy for an insurer. Later, Yang and Zhang[4]
considered the optimal investment problem for an in-
surer with jump-diffusion risk process. Promislow
and Young[5] discussed the problem of minimizing
the ruin probability subject to both investment and
proportional reinsurance strategies for diffusion risk
model. Luo et al. [6] studied a similar optimal
reinsurance and investment problem in the case of
neither short selling nor borrowing. Bai and Guo
[7] investigated the optimal proportional reinsurance

∗corresponding author

and investment problem with multiple risky assets.
Cao and Wan [8] considered the optimal reinsurance-
investment problem of utility maximization and ob-
tained the explicit solutions for exponential and power
utility functions. Gu et al. [9] used the constant
elasticity of variance (CEV) model to study the op-
timal reinsurance and investment problem for an in-
surer. Zhao et al. [10] discussed the robust port-
folio selection problem for an insurer with exponen-
tial utility preference. Liang et al. [11, 12] de-
rived the optimal proportional reinsurance and invest-
ment strategies for exponential utility maximization
under different financial markets. Lin and Li [13] fo-
cused on an optimal reinsurance-investment problem
for an insurer with jump-diffusion risk model when
the stock’s price was governed by a CEV model. In
Gu et al. [14], the insurer was allowed to purchase
excess-of-loss reinsurance and invested in a financial
market, and optimal strategies were obtained explic-
itly. Li et al. [15] investigated the optimal time-
consistent reinsurance and investment problem under
the mean-variance criterion for an insurer. Li and Li
[16] took the state dependent risk aversion into ac-
count based on Li et al. [15] with the price process
of the risky assets satisfying geometric Brownian mo-
tion. Zhao et al. [17] considered the optimal excess-
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of-loss reinsurance and investment problem for an in-
surer with jump-diffusion risk process under the Hes-
ton model. Liang and Bayraktar [18] discussed an op-
timal reinsurance and investment problem in an unob-
servable Markov-modulated compound Poisson risk
model, where the intensity and jump size distribution
were not known but had to be inferred from the ob-
servations of claim arrivals. Besides, there are some
other interesting topics about the insurance, see Zhang
and Ma [19], Xu and Ma [20], Wang et al. [21] and
references therein.

However, most of the above researches only con-
sider the investment problem for the insurer and ig-
nore the management of the reinsurer. But the rein-
surer also faces ruin and needs to invest in a financial
market to manage his/her wealth. Thus we study the
investment problem for both the insurer and the rein-
surer. From the above literatures, we find that maxi-
mizing the expected exponential utility and minimiz-
ing the ruin probability are two common investment
objectives for the insurer. Moreover, Browne [1], Bai
and Guo [7] have shown that maximizing the expo-
nential utility and minimizing the ruin probability pro-
duce the same type of investment strategy for zero in-
terest rate. Thus we consider these two objective func-
tions for the reinsurer and examine the equality of the
reinsurer’s strategy under the two cases.

In this paper, we focus on the optimal investment
problem for both the insurer and the reinsurer when
the insurer can purchase proportional reinsurance. In
our model, the basic claim process is assumed to fol-
low a Brownian motion with drift. The insurer and
the reinsurer are allowed to invest in a risk-free as-
set and a risky asset. Furthermore, we consider the
correlation between the claim process and the risky
asset’s price. We first derive the insurer’s reinsurance-
investment strategy for minimizing the ruin probabil-
ity. Then with the optimal reinsurance proportion, we
consider two optimization problems for the reinsurer:
the problem of maximizing the expected exponential
utility of terminal wealth and the problem of minimiz-
ing the ruin probability. By solving the corresponding
Hamilton-Jacobi-Bellman (HJB) equations, we obtain
the explicit solutions and value functions for the opti-
mization problems of the reinsurer. Moreover, we il-
lustrate the equality of the reinsurer’s optimal invest-
ment strategies for the two objective functions. Fi-
nally, we provide numerical simulations to show the
effects of model parameters on the optimal strategies.

This paper proceeds as follows. In Section 2, we
present formulation of the model. Section 3 provides
the optimal proportional reinsurance and investment
problem for the insurer in the sense of minimizing the
ruin probability. In Section 4, with the optimal rein-
surance proportion obtained in Section 3, we derive

the optimal investment strategies and value functions
for the reinsurer’s optimization problems. In Section
5, numerical simulations are presented to illustrate our
results. Section 6 concludes the paper.

2 Model formulation
Suppose that the claim process C(t) is described

by
dC(t) = adt− bdW0(t), (1)

where a and b are positive constants, W0(t) is a stan-
dard Brownian motion defined on a complete proba-
bility space (Ω,F , (Ft)t≥0,P). Assume that the pre-
mium rate is c = (1 + θ)a with safety loading θ > 0.
According to equation (1), the surplus process of the
insurer is given by

dR(t) = cdt− dC(t) = aθdt+ bdW0(t).

The insurer is allowed to purchase proportional
reinsurance to reduce the underlying insurance risk
and pays reinsurance premium continuously at rate
(1 + η)ap(t), where η > θ > 0 is the safety load-
ing of the reinsurer and p(t) represents the proportion
reinsured at time t. Then the surplus process of the
insurer and the reinsurer are

dR1(t) = (θ − ηp(t))adt+ b(1− p(t))dW0(t),

dR2(t) = ηp(t)adt+ bp(t)dW0(t).

We assume that both the insurer and the reinsurer
can invest their surplus in a financial market consist-
ing of a risk-free asset with price S0(t) given by

dS0(t) = rS0(t)dt, S0(0) = 1

and a risky asset with price S(t) satisfying

dS(t) = S(t) (µdt+ σdW (t)) ,

where r is the interest rate, µ, σ denote the apprecia-
tion rate and volatility of the risky asset, respectively.
W (t) is another standard Brownian motion defined on
(Ω,F , (Ft)t≥0,P) and Cov[W0(t),W (t)] = ρ0t. As
usual, we assume that µ > r.

Let π1(t) represents the amount invested in
the risky asset by the insurer and π2(t) be the
amount invested in the risky asset by the reinsurer
at time t. For the insurer, a reinsurance-investment
strategy (p(t), π1(t)) is called admissible if it is
(Ft)−progressively measurable, satisfies 0 ≤ p(t) ≤
1 and E[

∫∞
0 (π1(t))

2dt] < ∞. For the reinsurer,
an investment strategy π2(t) is called admissible
if it is (Ft)−progressively measurable and satisfies
E[
∫∞
0 (π2(t))

2dt] <∞.
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Corresponding to an admissible strategy
(p(t), π1(t)), the wealth process X(t) of the in-
surer follows

dX(t) = [rX(t) + π1(t)(µ− r) + (θ − ηp(t))a]dt

+π1(t)σdW (t) + b(1− p(t))dW0(t).
(2)

For each π2(t), the wealth process Y (t) of the rein-
surer is

dY (t) = [rY (t) + π2(t)(µ− r) + ηp(t)a]dt

+π2(t)σdW (t) + bp(t)dW0(t).
(3)

3 Minimizing the ruin probability
for the insurer

In this section, we consider the optimal rein-
surance and investment problem for the insurer and
he/she aims to minimize the ruin probability. Let
τp,π1 = inf{t : X(t) < 0}, for diffusion risk model,
it is known that τp,π1 = inf{t : X(t) = 0} with prob-
ability 1. Denote the ruin probability, given the initial
reserve x, by

ψp,π1(x) = P(τp,π1 <∞|X(0) = x)

and the minimal ruin probability by

ψ(x) = inf
p,π1

ψp,π1(x). (4)

Our goal is to find the minimal ruin probability
ψ(x) and an optimal strategy (p∗(x), π∗1(x)) such that
ψ(x) = ψp

∗,π∗
1 (x).

The Hamilton-Jacobi-Bellman (HJB) equation
associated with the optimization problem is

min
p,π1

{
[rx+ π1(µ− r) + a(θ − pη)]ψx +

1

2

[
σ2π21

+b2(1− p)2 + 2σπ1b(1− p)ρ0
]
ψxx

}
= 0

(5)
with boundary conditions ψ(0) = 1 and ψ(∞) = 0.

The following lemma gives a trivial case of this
problem.

Lemma 1. Let ψ be defined by equation (4). Then

ψ(x) = 0, x ≥ a(η − θ)

r
(6)

and the corresponding optimal strategies of the in-
surer are

p∗(x) = 1, π∗1(x) = 0. (7)

Proof. From equation (2), we can see that for the
initial reserve x ≥ a(η−θ)

r , if p(x) = 1, π1(x) = 0,
ruin will not occur, i.e., ψp,π1(x) = 0. By equation
(4), the minimal ruin probability is

ψ(x) = 0, x ≥ a(η − θ)

r

and the corresponding optimal reinsurance-
investment strategy is

p∗(x) = 1, π∗1(x) = 0.

⊓⊔
Lemma 1 implies that we can concentrate on

the class of functions ψ(x) such that ψ(x) = 0 on[
a(η−θ)

r ,∞
)

.
Differentiating with respect to π1 in equation (5),

we obtain

π∗1 = −µ− r

σ2
· ψx
ψxx

− bρ0(1− p)

σ
. (8)

Putting equation (8) into HJB equation (5), after sim-
plification, we have

rxψx + aθψx −
(µ− r)2

2σ2
· ψ

2
x

ψxx
+min

p

{
− apηψx

−bρ0(1− p)(µ− r)

σ
ψx +

b2(1− p)2(1− ρ20)

2
ψxx

}
= 0

(9)
with ψ(0) = 1, ψ(x) = 0 for x ≥ a(η−θ)

r .
Differentiating with respect to p in equation (9)

gives the optimal reinsurance proportion

p0 = 1 +
aση − bρ0(µ− r)

b2σ(1− ρ20)
· ψx
ψxx

. (10)

Equation (10) indicates that p0(x) does not satisfy 0 ≤
p0(x) ≤ 1. If 0 ≤ p0(x) ≤ 1, then p∗(x) coincides
with p0(x). If p0(x) ≤ 0, then we set p∗(x) = 0. And
if p0(x) ≥ 1, we simply let p∗(x) be 1.

If 0 < p0(x) < 1, then p∗(x) = p0(x) and equa-
tion (9) becomes

rxψx + aθψx − aηψx −
[aση − bρ0(µ− r)]2

2b2σ2(1− ρ20)
· ψ

2
x

ψxx

−(µ− r)2

2σ2
· ψ

2
x

ψxx
= 0, 0 < x <

a(η − θ)

r
;

ψ(0) = 1, ψ(x) = 0, x ≥ a(η − θ)

r
.

(11)
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Define

M =
(µ− r)2

σ2
+

[aση − bρ0(µ− r)]2

b2σ2(1− ρ20)
(12)

for simplicity and we conjecture a solution to equation
(11) in the following form

ψ(x) = c1

{
1− rx

a(η − θ)

}M
2r

+1

, 0 < x <
a(η − θ)

r
,

(13)
where the constant c1 will be determined later. From
equation (10), the corresponding p0(x) is given by

p0(x) = 1− 2aσ2η−2bρ0σ(µ−r)(aη−aθ−rx)
a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 ,

0 < x <
a(η − θ)

r
.

(14)

We next derive the explicit expressions for ψ(x)
in the following cases.

Case 1. 2aσ2η−2bρ0σ(µ−r)
a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 > 0.

If 2aσ2η−2bρ0σ(µ−r)
a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 > 0, equation

(14) shows that p0(x) ∈ (0, 1) is equivalent to

x > β =
a(η − θ)

r

−a
2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

2arσ2η − 2brρ0σ(µ− r)
.

(15)

(1) If β ≤ 0, it is easy to show that c1 = 1 and

ψ(x) =

{
1− rx

a(η − θ)

}M
2r

+1

, 0 < x <
a(η − θ)

r
.

(16)
(2) If β > 0, then ψ(x) becomes

ψ(x) = c2

{
1− rx

a(η − θ)

}M
2r

+1

, β < x <
a(η − θ)

r
.

(17)
For 0 < x ≤ β, p0(x) ≤ 0. We turn to the case

that p∗(x) = 0 and equation (9) is transformed into

rxψx + aθψx −
bρ0(µ− r)

σ
ψx +

b2(1− ρ20)

2
ψxx

−(µ− r)2

2σ2
· ψ

2
x

ψxx
= 0.

(18)
To solve equation (18), we denote f(x) = ψx

ψxx
and

obtain

(µ− r)2

2σ2
(f(x))2 −

(
rx+ aθ − bρ0(µ− r)

σ

)
f(x)

−b
2(1− ρ20)

2
= 0.

(19)

Let

N1 = rx+ aθ − bρ0(µ− r)

σ
.

ψx < 0 and ψxx > 0 lead to f(x) < 0, thus

f(x) =
σ2N1−σ2

√
N2

1+
b2(µ−r)2(1−ρ20)

σ2

(µ−r)2
(20)

and

ψ(x) = c3+c4

∫ x

0
exp

(∫ z

0

1

f(y)
dy

)
dz, 0 < x ≤ β.

(21)
In terms of the boundary condition ψ(0) = 1, we have
c3 = 1. Since ψ(x) is continuously differentiable at
x = β, we derive

c2 =

(
1− rβ

a(η − θ)

)−M
2r
[
1− rβ

a(η − θ)

+
r

a(η − θ)

(
M

2r
+ 1

)
exp

(
−
∫ z

0

1

f2(y)
dy

)
·
∫ β

0
exp

(∫ z

0

1

f2(y)
dy

)
dz

]−1

,

c4 = − r

a(η − θ)

(
M

2r
+ 1

)
exp

(
−
∫ z

0

1

f2(y)
dy

)
[
1− rβ

a(η − θ)
+

r

a(η − θ)

(
M

2r
+ 1

)
exp

(
−
∫ z

0

1

f2(y)
dy

)∫ β

0
exp

(∫ z

0

1

f2(y)
dy

)
dz

]−1

.

(22)
Case 2. 2aσ2η−2bρ0σ(µ−r)

a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 ≤ 0.

If 2aσ2η−2bρ0σ(µ−r)
a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 ≤ 0, according

to equation (14), we find p0(x) ≥ 1. Therefore, we let
p∗(x) = 1 and equation (9) reduces to

rxψx + aθψx − aηψx −
(µ− r)2

2σ2
· ψ

2
x

ψxx
= 0,

0 < x <
a(η − θ)

r
;

ψ(0) = 1, ψ(x) = 0, x ≥ a(η − θ)

r
.

(23)
We conjecture the solution to equation (23) in the fol-
lowing way

ψ(x) = c5

{
1− rx

a(η − θ)

} (µ−r)2

2rσ2 +1

,

0 < x <
a(η − θ)

r
.

(24)

Taking the boundary condition ψ(0) = 1 into account,
we obtain c5 = 1.
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The following theorem gives the optimal strate-
gies for the insurer to minimize his/her ruin probabil-
ity.

Theorem 2. For optimization problem (4), the opti-
mal reinsurance, investment strategy and ruin proba-
bility function of the insurer are given by
(1) If 2aσ2η−2bρ0σ(µ−r)

a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 > 0 and β ≤ 0,
the optimal reinsurance and investment strategies are

p∗(x) =

1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

0 < x <
a(η − θ)

r
,

1, x ≥ a(η − θ)

r
,

π∗1(x) =



2b2(µ− r)− 2abρ0ση(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

0 < x <
a(η − θ)

r
,

0, x ≥ a(η − θ)

r
,

and the corresponding ruin probability is

ψ(x) =


{
1− rx

a(η − θ)

}M
2r

+1

, 0 < x <
a(η − θ)

r
,

0, x ≥ a(η − θ)

r
.

(2) If 2aσ2η−2bρ0σ(µ−r)
a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 > 0 and β > 0,

the optimal reinsurance and investment strategies are

p∗(x) =

0, 0 < x ≤ β,

1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

β < x <
a(η − θ)

r
,

1, x ≥ a(η − θ)

r
,

π∗1(x) =



−µ− r

σ2
f(x)− bρ0

σ
, 0 < x ≤ β,

2b2(µ− r)− 2abρ0ση(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

β < x <
a(η − θ)

r
,

0, x ≥ a(η − θ)

r
,

and the ruin probability function is

ψ(x) =



1 + c4

∫ x

0
exp

(∫ z

0

1

f(y)
dy

)
dz,

0 < x ≤ β,

c2

{
1− rx

a(η − θ)

}M
2r

+1

,

β < x <
a(η − θ)

r
,

0, x ≥ a(η − θ)

r
,

where c2, c4 and f are defined in equations (22) and
(20).
(3) If 2aσ2η−2bρ0σ(µ−r)

a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 ≤ 0, the optimal
reinsurance and investment strategies are

p∗(x) = 1, x > 0,

π∗1(x) =


2(aη − aθ − rx)

µ− r
, 0 < x <

a(η − θ)

r
,

0, x ≥ a(η − θ)

r
,

and the corresponding ruin probability is

ψ(x) =
{
1− rx

a(η − θ)

} (µ−r)2

2rσ2 +1

, 0 < x <
a(η − θ)

r
,

0, x ≥ a(η − θ)

r
.

Proof. (1) If 2aσ2η−2bρ0σ(µ−r)
a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 > 0 and

β ≤ 0, when 0 < x < a(η−θ)
r , we have 0 < p0(x) < 1

and p∗(x) = p0(x). According to equations (8), (14)
and (16), we obtain

p∗(x) = 1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

π∗1(x) = −µ− r

σ2
· ψx
ψxx

− bρ0(1− p)

σ

=
µ− r

σ2
· 2a(η − θ)

M

{
1− rx

a(η − θ)

}
−bρ0
σ

· [2aσ
2η − 2bρ0σ(µ− r)](aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

=
2b2(µ− r)− 2abρ0ση(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

ψ(x) =

{
1− rx

a(η − θ)

}M
2r

+1

.
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When x ≥ a(η−θ)
r , we have

p∗(x) = 1, π∗1(x) = 0, ψ(x) = 0

from Lemma 1.
(2) If 2aσ2η−2bρ0σ(µ−r)

a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 > 0 and β > 0,
when 0 < x < β, we derive p0(x) ≤ 0 and then
p∗(x) = 0. According to equations (8), (20), (21) and
(22), we obtain

π∗1(x) = −µ− r

σ2
· ψx
ψxx

− bρ0(1− p)

σ

= −µ− r

σ2
f(x)− bρ0

σ
,

ψ(x) = 1 + c4

∫ x

0
exp

(∫ z

0

1

f(y)
dy

)
dz.

For β < x < a(η−θ)
r , p∗(x) = p0(x). According to

equations (8), (14), (17) and (22), we have

p∗(x) = 1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

π∗1(x) = −µ− r

σ2
· ψx
ψxx

− bρ0(1− p)

σ

=
µ− r

σ2
· 2a(η − θ)

M

{
1− rx

a(η − θ)

}
−bρ0
σ

· [2aσ
2η − 2bρ0σ(µ− r)](aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

=
2b2(µ− r)− 2abρ0ση(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

ψ(x) = c2

{
1− rx

a(η − θ)

}M
2r

+1

.

When x ≥ a(η−θ)
r , we have

p∗(x) = 1, π∗1(x) = 0, ψ(x) = 0

from Lemma 1.
(3) If 2aσ2η−2bρ0σ(µ−r)

a2σ2η2−2abρ0ση(µ−r)+(µ−r)2b2 ≤ 0, when 0 <

x < a(η−θ)
r , we see p0(x) ≥ 1 and then p∗(x) = 1.

Equations (8) and (24) lead to

π∗1(x) = −µ− r

σ2
· ψx
ψxx

− bρ0(1− p)

σ

=
µ− r

σ2
· 2σ

2a(η − θ)

(µ− r)2

{
1− rx

a(η − θ)

}
=

2(aη − aθ − rx)

µ− r
,

ψ(x) =

{
1− rx

a(η − θ)

} (µ−r)2

2rσ2 +1

.

When x ≥ a(η−θ)
r , we have

p∗(x) = 1, π∗1(x) = 0, ψ(x) = 0

from Lemma 1. ⊓⊔

4 Optimal investment problems for
the reinsurer under two cases

The purpose of this section is to find the rein-
surer’s optimal investment strategy when the insurer
minimizes his/her ruin probability. We consider two
optimization problems for the reinsurer: the problem
of maximizing the expected exponential utility of ter-
minal wealth and the problem of minimizing the ruin
probability.

4.1 Maximizing the exponential utility of the
reinsurer

Suppose that the reinsurer has a utility function
U which is strictly concave and continuously differ-
entiable on (−∞,∞). For the reinsurance proportion
chosen by the insurer, the reinsurer aims to maximize
the expected utility of his/her terminal wealth, i.e.

max
π2

E[U(Y (T ))]. (25)

The corresponding Hamilton-Jacobi-Bellman (HJB)
equation is

Ht + sup
π2

{
[ry + π2(µ− r) + ap∗η]Hy +

1

2

[
σ2π22

+b2(p∗)2 + 2σπ2bp
∗ρ0
]
Hyy

}
= 0

(26)
with H(T, y) = U(y), where Ht,Hy,Hyy denote
partial derivatives of first and second orders with re-
spect to t and y.

The first order maximizing condition for the opti-
mal strategy is

π∗2 = −µ− r

σ2
· Hy

Hyy
− bp∗ρ0

σ
, (27)

where p∗ is the optimal reinsurance proportion of the
insurer. Putting equation (27) into HJB equation (26),
after simplification, we have

Ht + ryHy + aηp∗Hy −
bρ0p

∗(µ− r)

σ
Hy

+
b2(p∗)2(1− ρ20)

2
Hyy −

(µ− r)2

2σ2
·
H2
y

Hyy
= 0

(28)
with H(T, y) = U(y).
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Assume that the reinsurer has an exponential util-
ity function U(y):

U(y) = − 1

m
e−my, m > 0. (29)

According to the utility function described by equa-
tion (29), we try to find a solution to equation (28) in
the following way

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t)

(30)
with the boundary condition given by k(T ) = 1. Thus

Ht = −ry exp(r(T − t)) exp {−my exp(r(T − t))}

·k(t)− 1

m
exp {−my exp(r(T − t))} k′

(t),

Hy = exp(r(T − t)) exp {−my exp(r(T − t))} k(t),

Hyy = −m exp(2r(T − t)) exp {−my exp(r(T − t))}

·k(t).
(31)

We now derive the reinsurer’s investment strate-
gies for different reinsurance proportions.

(1) If p∗(x) = p0(x), plugging equations (14) and
(31) into equation (28) gives

k
′
(t)−

{[
amη − bmρ0(µ− r)

σ

− 2(aση − bρ0(µ− r))2(aη − aθ − rx)m

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]
· exp(r(T − t))−

[
b2m2(1− ρ20)

2
− b2m2(1− ρ20)

·(2aσ
2η − 2bσρ0(µ− r))(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

+
(2aσ2η − 2bσρ0(µ− r))2(aη − aθ − rx)2

(a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2)2

·b
2m2(1− ρ20)

2

]
exp(2r(T − t)) +

(µ− r)2

2σ2

}
k(t)

= 0.
(32)

Taking the boundary condition k(T ) = 1 into consid-
eration, the solution to equation (32) is

k(t) = exp

{[
amη

r
− bmρ0(µ− r)

rσ

− 2(aση − bρ0(µ− r))2(aη − aθ − rx)m

ra2σ2η2 − 2rabρ0ση(µ− r) + r(µ− r)2b2

]
·(1− exp(r(T − t)))−

[
b2m2(1− ρ20)

4r
− (1− ρ20)

· b
2m2(2aσ2η − 2bσρ0(µ− r))(aη − aθ − rx)

2ra2σ2η2 − 4rabρ0ση(µ− r) + 2r(µ− r)2b2

+
(2aσ2η − 2bσρ0(µ− r))2(aη − aθ − rx)2

(a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2)2

·b
2m2(1− ρ20)

4r

]
(1− exp(2r(T − t)))

+
(µ− r)2

2σ2
(t− T )

}
.

(33)
(2) If p∗(x) = 0, equation (28) becomes

Ht + ryHy −
(µ− r)2

2σ2
·
H2
y

Hyy
= 0 (34)

with H(T, y) = U(y). Introducing equation (31) into
equation (34), we obtain

k
′
(t)− (µ− r)2

2σ2
k(t) = 0. (35)

In terms of the boundary condition k(T ) = 1, the so-
lution to equation (35) is

k(t) = exp

{
(µ− r)2

2σ2
(t− T )

}
. (36)

(3) If p∗(x) = 1, equation (28) is

Ht + ryHy + aηHy −
bρ0(µ− r)

σ
Hy

+
b2(1− ρ20)

2
Hyy −

(µ− r)2

2σ2
·
H2
y

Hyy
= 0

(37)

with H(T, y) = U(y). Putting equation (31) into
equation (37) leads to

k
′
(t)−

{[
amη − bmρ0(µ− r)

σ

]
exp(r(T − t))

−b
2m2(1− ρ20)

2
exp(2r(T − t)) +

(µ− r)2

2σ2

}
k(t)

= 0.
(38)
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Taking the boundary condition k(T ) = 1 into ac-
count, we obtain the solution to equation (38) is

k(t) = exp

{[
amη

r
− bmρ0(µ− r)

rσ

]
·(1− exp(r(T − t)))− b2m2(1− ρ20)

4r

·(1− exp(2r(T − t))) +
(µ− r)2

2σ2
(t− T )

}
.

(39)
Finally, the following theorem summarizes the

above analysis.

Theorem 3. When minimizing the ruin probability of
the insurer, the optimal investment strategy and value
function of the reinsurer in the sense of maximizing
the exponential utility are given by
(1) If the optimal reinsurance proportion of the insurer
is p∗(x) = p0(x), then

π∗2(t) =
µ− r

mσ2
exp(−r(T − t))− bρ0

σ

·
[
1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]
and the value function is

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t),

where k(t) is given by equation (33).
(2) If p∗(x) = 0, we have

π∗2(t) =
µ− r

σ2m
exp(−r(T − t))

and the value function is

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t),

where k(t) is given by equation (36).
(3) If p∗(x) = 1, the reinsurer’s optimal investment
strategy is

π∗2(t) =
µ− r

σ2m
exp(−r(T − t))− bρ0

σ

and the value function is

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t),

where k(t) is given by equation (39).

Proof. (1) If p∗(x) = p0(x), according to equations
(27), (30) and (33), we get

π∗2(t) = −µ− r

σ2
· Hx

Hxx
− bp∗ρ0

σ

= −µ− r

σ2
· exp(−r(T − t))

−m
− bρ0

σ

·
[
1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]
=
µ− r

mσ2
exp(−r(T − t))− bρ0

σ

·
[
1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]
,

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t),

where k(t) is defined in equation (33).
(2) For p∗(x) = 0, from equations (27), (30) and

(36), we derive

π∗2(t) = −µ− r

σ2
· Hx

Hxx
− bp∗ρ0

σ

= −µ− r

σ2
· exp(−r(T − t))

−m

=
µ− r

σ2m
exp(−r(T − t)),

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t)

for k(t) given by equation (36).
(3) For p∗(x) = 1, we have

π∗2(t) = −µ− r

σ2
· Hx

Hxx
− bp∗ρ0

σ

= −µ− r

σ2
· exp(−r(T − t))

−m
− bρ0

σ

=
µ− r

σ2m
exp(−r(T − t))− bρ0

σ
,

H(t, y) = − 1

m
exp {−my exp(r(T − t))} k(t)

from equations (27), (30) and k(t) is given in equation
(39). ⊓⊔

4.2 Minimizing the ruin probability of the
reinsurer

In this subsection, we consider the optimal in-
vestment problem in the sense of minimizing the ruin
probability for the reinsurer. Let τπ2 = inf{t :
Y (t) < 0} be the first time when the surplus of the
reinsurance company becomes negative. Since the
risk model of the reinsurer is diffusion risk process,
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we know that τπ2 = inf{t : Y (t) = 0} with proba-
bility 1. Denote the ruin probability, given the initial
reserve of the reinsurer y, by

ϕπ2(y) = P(τπ2 <∞|Y0 = y)

and the minimal probability of ruin by

ϕ(y) = inf ϕπ2(y). (40)

Our goal is to find the minimal ruin probability ϕ(y)
and an optimal strategy π∗2(y) such that ϕ(y) =
ϕπ

∗
2 (y).

To solve the above problem, we consider the fol-
lowing HJB equation

min
π2

{
[ry + π2(µ− r) + apη]ϕy +

1

2

[
σ2π22

+b2p2 + 2σπ2bpρ0
]
ϕyy

}
= 0

(41)
with boundary conditions ϕ(0) = 1 and ϕ(∞) = 0.

Differentiating with respect to π2 in equation
(41), we obtain

π∗2 = −µ− r

σ2
· ϕy
ϕyy

− bρ0p
∗

σ
. (42)

Putting equation (42) into HJB equation (41), after
simplification, we have

ryϕy + ap∗ηϕy −
bρ0p

∗(µ− r)

σ
ϕy

+
b2(p∗)2(1− ρ20)

2
ϕyy −

(µ− r)2

2σ2
·
ϕ2y
ϕyy

= 0

(43)
with ϕ(0) = 1, ϕ(∞) = 0.

From equation (3), we find that when p∗(x) = 0,
π2(y) = 0 and y ≥ 0, the ruin of the reinsurer will not
occur. Thus we next derive the explicit expressions for
ϕ(y) in the cases that p∗(x) = p0(x) and p∗(x) = 1.

If p∗(x) = p0(x), equation (43) is transformed
into

ryϕy + aηϕy −
bρ0(µ− r)

σ
ϕy

−2(aση − bρ0(µ− r))2(aη − aθ − rx)ϕy
a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

−(µ− r)2

2σ2
·
ϕ2y
ϕyy

+
b2(1− ρ20)ϕyy

2

[
1

− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]2
= 0

with boundary conditions ϕ(0) = 1 and ϕ(∞) = 0.

Setting h1(y) =
ϕy
ϕyy

, we obtain

(µ− r)2

2σ2
(h1(y))

2 −
{
ry + aη − bρ0(µ− r)

σ

− 2(aση − bρ0(µ− r))2(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

}
h1(y)

−b
2(1− ρ20)

2

{
1

− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

}2

= 0.

Since ϕy < 0 and ϕyy > 0, we have h1(y) < 0. Let

N2(y) = ry + aη − bρ0(µ− r)

σ

− 2(aση − bρ0(µ− r))2(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2
,

we derive

h1(y) =

σ2N2(y)−σ2

√
(N2(y))2+

b2(µ−r)2(1−ρ20)

σ2 (p0)2

(µ−r)2

(44)

and

ϕ(y) = c6 + c7

∫ y

0
exp

(∫ z

0

1

h1(s)
ds

)
dz. (45)

In terms of the boundary conditions ϕ(0) = 1,
ϕ(∞) = 0, we have c6 = 1 and

c7 = − 1∫ ∞

0
exp

(∫ z

0

1

h1(s)
ds

)
dz

. (46)

If p∗(x) = 1, equation (43) becomes

ryϕy + aηϕy −
bρ0(µ− r)

σ
ϕy +

b2(1− ρ20)

2
ϕyy

−(µ− r)2

2σ2
·
ϕ2y
ϕyy

= 0

with ϕ(0) = 1 and ϕ(∞) = 0. Similarly, by setting
h2(y) =

ϕy
ϕyy

, we get

(µ− r)2

2σ2
(h2(y))

2 − (ry + aη − bρ0(µ− r)

σ
)h2(y)

−b
2(1− ρ20)

2
= 0.

Let

N3(y) = ry + aη − bρ0(µ− r)

σ
.

WSEAS TRANSACTIONS on MATHEMATICS Danping Li, Xining Rong, Hui Zhao

E-ISSN: 2224-2880 28 Volume 14, 2015



Noting that h2(y) < 0, we have

h2(y) =

σ2N3(y)− σ2

√
(N3(y))2 +

b2(µ− r)2(1− ρ20)

σ2

(µ− r)2

(47)
and

ϕ(y) = 1 + c8

∫ y

0
exp

(∫ z

0

1

h2(s)
ds

)
dz. (48)

Considering the boundary condition ϕ(∞) = 0, we
have

c8 = − 1∫ ∞

0
exp

(∫ z

0

1

h2(s)
ds

)
dz

. (49)

Concluding the above analysis, we propose the
optimal investment strategy for the reinsurer who aims
to minimize the ruin probability in the following the-
orem.

Theorem 4. Suppose both the objectives of the in-
surer and reinsurer are minimizing the ruin proba-
bility. According to different reinsurance proportions,
the optimal investment strategies and ruin probability
functions of the reinsurer are
(1) If p∗(x) = p0(x), the reinsurer’s optimal strategy
is

π∗2(y) = −µ− r

σ2
h1(y)−

bρ0
σ

·
[
1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]
,

and the ruin probability function is

ϕ(y) = 1 + c7

∫ y

0
exp

(∫ z

0

1

h1(s)
ds

)
dz,

where h1 and c7 are given by equations (44) and (46).
(2) If p∗(x) = 0, then

π∗2(y) = 0, ϕ(y) = 0.

(3) If p∗(x) = 1, we obtain

π∗2(y) = −µ− r

σ2
h2(y)−

bρ0
σ
,

and the ruin probability function is

ϕ(y) = 1 + c8

∫ y

0
exp

(∫ z

0

1

h2(s)
ds

)
dz,

where h2 and c8 are given in equations (47) and (49).

Proof. (1) For p∗(x) = p0(x), we know that

ϕ(y) = 1 + c7

∫ y

0
exp

(∫ z

0

1

h1(s)
ds

)
dz,

from the above analysis, where h1 and c7 are given by
equations (44) and (46). According to equations (42),
(44), (45) and (46), we derive

π∗2(y) = −µ− r

σ2
· ϕy
ϕyy

− bp∗ρ0
σ

= −µ− r

σ2
h1(y)−

bρ0
σ

·
[
1− 2aσ2η − 2bρ0σ(µ− r)(aη − aθ − rx)

a2σ2η2 − 2abρ0ση(µ− r) + (µ− r)2b2

]
.

(2) From equation (3), we can see that when p∗(x) =
0, the ruin of the reinsurer will not occur if π2(y) = 0
and y ≥ 0. Hence the minimal probability of ruin is
ϕ(y) = 0.
(3) If p∗(x) = 1, ϕ(y) is derived in the former part.
From equations (42), (47), (48) and (49), we obtain

π∗2(y) = −µ− r

σ2
· ϕy
ϕyy

− bp∗ρ0
σ

= −µ− r

σ2
h2(y)−

bρ0
σ
,

ϕ(y) = 1 + c8

∫ y

0
exp

(∫ z

0

1

h2(s)
ds

)
dz.

⊓⊔

4.3 The equality of the reinsurer’s optimal
strategies under the two cases

Browne [1], Bai and Guo [7] both find that with
zero interest rate, the insurer’s optimal investment
strategy that maximizes the expected exponential util-
ity also minimizes the probability of ruin. We now
examine the equality of the reinsurer’s optimal invest-
ment strategies when there is no risk-free asset.

If r = 0, for p∗(x) = p0(x), the optimal invest-
ment strategy of exponential utility maximization is

π∗2 =
µ

σ2m
− bρ0p

0

σ
(50)

and that of ruin probability minimization is

π∗2 = − µ

σ2
h1 −

bρ0p
0

σ
, (51)

where

p0 = 1− 2aσ2η − 2bρ0σµ

a2σ2η2 − 2abρ0σηµ+ µ2b2
(aη − aθ),
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h1 =
σ2N2 − σ2

√
N2

2 +
b2µ2(1− ρ20)

σ2
(p0)2

µ2
,

N2 = aη − bρ0µ

σ
− 2(aση − bρ0µ)

2(aη − aθ)

a2σ2η2 − 2abρ0σηµ+ µ2b2
.

Let m = − 1
h1

, we have that equations (50) and (51)
are equivalent.

For p∗(x) = 1,

π∗2 =
µ

σ2m
− bρ0

σ
, (52)

π∗2 = − µ

σ2
h2 −

bρ0
σ
, (53)

where

h2 =
σ2N3 − σ2

√
N2

3 +
b2µ2(1− ρ20)

σ2

µ2
,

N3 = aη − bρ0µ

σ
.

Let m = − 1
h2

, equations (52) and (53) are also equiv-
alent.

For r ̸= 0, the optimal strategy which considering
maximizing the exponential utility is related to time t,
while that of minimizing the probability of ruin is re-
lated to wealth of the reinsurer. Thus, the two strate-
gies are not equivalent for a positive interest rate.

5 Numerical simulations
In this section, we provide some numerical sim-

ulations to illustrate the sensitivities of the opti-
mal strategies with respect to the model parameters.
Throughout numerical simulations, unless otherwise
stated, the basic parameters are given by: a = 1.5,
b = 1, r = 0.3, µ = 0.5, σ = 0.3, ρ0 = −0.5,
θ = 0.8, η = 2, x = 20, y = 20, m = 1, T = 10,
t = 5.

5.1 Numerical simulations of the optimal
reinsurance proportion

Figures 1 and 2 show the effects of the insurer’s
and the reinsurer’s safety loading θ and η on the opti-
mal reinsurance proportion p∗. We see that a greater θ
yields a greater p∗ and the effect of η is opposite. This
is because that as θ increases, the insurer will earn
more profit. So he/she would like to purchase more
reinsurance. However, with the increase of η, the cost
of reinsurance will become higher and the insurer will
prefer to maintain a stable revenue by purchasing less
reinsurance.
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Figure 1: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. θ.
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Figure 2: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. η.
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Figure 3: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. ρ0 (ρ0 < 0).

Figures 3 and 4 illustrate the effect of the corre-
lation coefficient between risk process and risky as-
set’s price ρ0 on the optimal reinsurance proportion
p∗. We find that no matter ρ0 is positive or negative,
the higher ρ0 is, the smaller p∗ is. This is because
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that the influence of financial market on the risk pro-
cess rises when ρ0 increases. Thus the insurer should
purchase more reinsurance to hedge the risk.
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Figure 4: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. ρ0 (ρ0 > 0).
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Figure 5: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. r.
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Figure 6: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. µ.
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Figure 7: Sensitivity of optimal reinsurance propor-
tion p∗ w.r.t. σ.

As shown in Figure 5, the interest rate r exerts a
positive effect on the optimal reinsurance proportion
p∗. As r increases, the insurer will obtain more profit
from investment in the risk-free asset. Therefore, the
insurer has more money to purchase the reinsurance
and then p∗ increases with r. Figure 6 shows that the
optimal reinsurance strategy increases with respect to
the risky asset’s appreciation rate µ. A larger µ im-
plies more return from the investment in the risky as-
set. Thus the insurer would like to purchase more rein-
surance. In Figure 7, we see that the optimal reinsur-
ance proportion is a decreasing function of the risky
asset’s volatility σ. As σ increases, the risky asset’s
price is more volatile and then the insurer’s revenue
from investment is uncertain. Thus he/she will be con-
servative and reduce the reinsurance proportion.

5.2 Numerical simulations of the insurer’s
optimal investment strategy
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Figure 8: Sensitivity of the insurer’s optimal invest-
ment strategy π∗1 w.r.t. µ.
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Figure 9: Sensitivity of the insurer’s optimal invest-
ment strategy π∗1 w.r.t. σ.
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Figure 10: Sensitivity of the insurer’s optimal invest-
ment strategy π∗1 w.r.t. r.
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Figure 11: Sensitivity of the insurer’s optimal invest-
ment strategy π∗1 w.r.t. a.

In Figure 8, we find that the risky asset’s appreci-
ation rate µ exerts a positive effect on the insurer’s
optimal investment strategy π∗1 . The reason is that
the risky asset with a larger µ will be more attractive.

Therefore, the optimal amount invested in the risky
asset raises as µ increases. Figure 9 illustrates the ef-
fect of the risky asset’s volatility σ on π∗1 . There is a
negative relationship between π∗1 and σ. This can be
attributed to that a larger σ means more uncertainty of
the risky asset’s return. Thus the insurer will invest
less in the risky asset. As shown by Figure 10, the
insurer’s optimal investment strategy π∗1 is a decreas-
ing function of the interest rate r. When the interest
rate r increases, the risk-free asset is more attractive.
Then the insurer will invest more in the risk-free as-
set and reduce the investment in the risky asset. From
Figure 11, we find that there is a positive relationship
between the insurer’s optimal investment strategy π∗1
and the expectation of claim amount a. This can be
explained by the positive relationship between the pre-
mium rate and a. As a increases, the premium rate
(1 + θ)a increases and the insurer has enough money
to invest in the risky asset, thus π∗1 increases.
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Figure 12: Sensitivity of the insurer’s optimal invest-
ment strategy π∗1 w.r.t. ρ0 (ρ0 < 0).
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Figure 13: Sensitivity of the insurer’s optimal invest-
ment strategy π∗1 w.r.t. ρ0 (ρ0 > 0).

Figures 12 and 13 show the effect of the corre-
lation coefficient ρ0 on π∗1 . Whether ρ0 is positive
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or not, π∗1 decreases with respect to ρ0. A larger ρ0
means a stronger correlation between the risk process
and the risky asset’s price. Thus as ρ0 increases, the
insurer would like to reduce investment in the risky
asset to hedge the risk.

5.3 Numerical simulations of the reinsurer’s
optimal investment strategies under the
two cases

In this section, we consider the numerical simu-
lations of the reinsurer’s optimal investment strategies
under the two cases: maximizing the exponential util-
ity and minimizing ruin probability.
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Figure 14: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. µ in the case of maximiz-
ing the exponential utility.
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Figure 15: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. µ in the case of minimizing
the ruin probability.
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Figure 16: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. σ in the case of maximiz-
ing the exponential utility.
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Figure 17: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. σ in the case of minimizing
the ruin probability.
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Figure 18: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. r in the case of maximizing
the exponential utility.
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Figure 19: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. r in the case of minimizing
the ruin probability.
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Figure 20: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. ρ0 in the case of maximiz-
ing the exponential utility.
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Figure 21: Sensitivity of the reinsurer’s optimal in-
vestment strategy π∗2 w.r.t. ρ0 in the case of minimiz-
ing the ruin probability.

From Figures 14-21, we find that the effects of µ,
σ, r and ρ0 under the two cases are similar, apart from

the case that p∗ = 0. For the reason that in the case of
minimizing ruin probability, if p∗ = 0, the reinsurer’s
optimal investment strategy π∗2 = 0. However, in the
case of maximizing the exponential utility, we have
π∗2 > 0 when p∗ = 0.

From Figures 14 and 15, we see that if p∗ = 1
or p∗ = 0, the risky asset’s appreciation rate µ exerts
a positive effect on the reinsurer’s optimal investment
strategy π∗2 . In comparison with the case p∗ = 1 and
p∗ = 0, π∗2 stays stable as µ changes for p∗ = p0.

Figures 16 and 17 show that there is a negative re-
lationship between the reinsurer’s optimal investment
strategy π∗2 and the risky asset’s volatility σ, which is
consistent with intuition.

In Figures 18 and 19, we find that the reinsurer’s
optimal investment strategy π∗2 is a decreasing func-
tion of r when p∗ = 1 or p∗ = 0 while π∗2 increases
with r when p∗ = p0. This illustrates the intuitive ob-
servation that if p∗ = p0, p0 increases with respect to
r. Thus, the reinsurer will earn more money from the
insurer and prefer to invest more in the risky asset.

Figures 20 and 21 indicate that the higher the cor-
relation coefficient ρ0, the smaller π∗2 is. According
to Figures 9, 12 and 13, both the effects of σ and
ρ0 on the reinsurer’s optimal investment strategy are
the same as those on the insurer’s optimal investment
strategy.

6 Conclusion
In this paper, we consider the optimal investment

problem for both an insurer and a reinsurer. In our
model, the basic claim process is assumed to follow
a Brownian motion with drift and the reinsurer can
purchase proportional reinsurance from the reinsurer.
Both the insurer and the reinsurer are allowed to invest
in a risk-free asset and a risky asset. The insurer aims
to minimize his/her ruin probability and we consider
two investment objectives for the reinsurer: maximiz-
ing the expected exponential utility of terminal wealth
and minimizing the ruin probability. Explicit opti-
mal strategies are obtained via solving the correspond-
ing HJB equation. In particular, we find that optimal
investment strategies for the reinsurer under the two
cases are equivalent with zero interest rate. Finally,
numerical simulations are presented to show the ef-
fects of model parameters on the optimal strategies.
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