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Abstract: — In the present work we consider the problem of the kernel estimation of the distribution
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1 Introduction

The problem of nonparametrically estimating of
the distribution function and the quantiles of this dis-
tributions at quantal response, when the data are ob-
served with an error, has attracted a great deal of in-
terest [1]-[7]. One of many methods of nonparametric
estimation is the kernel method [8]-[16]. Pros of the
kernel method: easy to compute and always work.
Basically estimations of one-dimensional distribution
function a random variables were studied. It was sup-
posed also that measurements are made without er-
rors. In the present work we make both theoretical
and computer research of estimations of multivariate
estimators of the distribution function at quantal re-
sponse and in case when measurements are made
with an error having normal distribution. Also we
offer the procedure of reduction of a measurement
error.

2 Problem Formulation

Let (U, W),(U,W,),.. (U, ,W,) be indepen-
dent, identically distributed (iid.) random (d+1)-
vectors where {U.},1<i<n, is d-vectors with
bounded continuous density f(x), W, =1(X; <U,)
is the indicator of an event (X, <U,), d-vectors X,
has distribution function Q(x)=P(X < x) and conti-
nuous density q(x)>0. The problem is to estimate
the distribution function Q(x) from the sample

U®={U, W), 1<i<n}.
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Usually as an estimate of Q(x) nonparametric es-

timators are used.
Inacase d =1 kernel estimators

Qu(¥) =5, (0 /,,(x) (1)
are applied, where S.n(x):iZWij‘lL(uj,
! nh < h
j=12 and the kernel L(x) is nonnegative even
function, and [L(x)dx=1. We have F,(x)=0 if
S, (x)=0.As h we take h=n""°,

S.S.Yang [13] proposed as regression function
Q(x)=EW |U =x) the statistic Q,(x) of the form
. 1.&, (Hn=F,(X) \,m
X)=— L —  nv 7 W y 2
Q-3 ER e, @
where Fn(x)zn‘lzinzll(ui <X) is the empirical dis-
tribution function random variable (r.v.) U , identical-
ly distributed with rv's U,U,,.,U. Let

UP<..<U®<..<U™ be order statistics, and W\
pared with U® is called concomitant of the i-th order

statistics in the sample & ™.
Let k=k(n) be a sequence of positive integers,

and p = p, be the Euclidean distance between x and

its k-th nearest neighbor. The nearest neighbor esti-
mate is

Qu () =T, () /Ty, (%), @)

1 Gy u, — X
where T (X) =— Wi‘lL('—j :
: np zl P
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Let's notice that the estimate (2) is also a nearest
neighbor estimate, but now neighbors are defined in
terms of distance based on the empirical distribution
function.

The estimate Qn(x) has variance
ot =@QM)A-QM)[LI / f (x)(A+0(/ (nh))  (see,
[16]), where | L ||2 = j L2(x)dx , therefore, if the densi-

ty f(x)=0, then this case is better to use the esti-
mate (2).
Consider an estimate of Q(x) given by

3 _TZn(X)
Q,(x) = T (0" 4)
where
13 U,—x 13 ~
TZn(X)and J_Z;le-( P ]—njzl:Wij(Uj X),

1 U —x 18
T,(X)= L( ! ):— LU . -x),
1 npd; p n; AN

p = p,(x) is the Euclidean distance between x and
kth nearest neighbor of x among the U;'s, L(x) is
a bounded integrable weight function with
IL(u)du =1, k=Kk(n) is a sequence of positive in-
teger such that k — o0, k/n—0 as n— .
However the real data which we observe have
measurement errors [3], [17]. Data measured with
errors occur frequently in many scientific fields. Ig-
noring measurement error can bring forth biased es-
timates and lead to erroneous conclusions to various
degrees in a data analysis. We will assume that the
data measurements are made with an error, which is a
random variable with a known or an unknown conti-
nuous distribution function G(x) and density g(X).

In other words, instead of the data (U,,W,),1<i<n,
(direct data) we observe (Y,,W,),1<i<n, where
Y. =U. +¢, W, =I1(X;<U,) (indirect data). How
can limit distributions of estimator Qn(x) change? In

this paper we consider also the limit distributions of
the estimators

Q.(x) =
where

T (=2 X WL, (Y, =X, Ty (0= L, (Y, ).

T,,(x)
Tln (X) ,

©)

3 Preliminary Results
3.1. Asymptotic Normality of Linear Func-
tions of Concomitants of Order Statistics
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At the beginning we will quote results of work
[8]. Let (X/,Y,)" be a R""-valued time-series
process on the probability space (Q,A,P). Let
Y® <. <Y® <..<Y™ be the order statistics; and
X" paired with Y is called the concomitant of the
i-th order statistics in the sample {X[,Y V3" .

In [8] it is prove the \/ﬁ -asymptotic normality,
under fairly mild regularity conditionals sush as

A(F,) =%iJ (i/n)b(X1 Yy =

= [ IR (b Y AF(xy) ()
and ’

G0, (@)if) = SN W

XK[Fn(Yn(a);s/m—l»} 0

where J(-) is a bounded smooth score function and
b(x,y) is some R-valued known function of
(x",y)" e R", F, () is the empirical distribution
function; K(-) is a kernel (weight) function;
Y =9(Z @)+ X, B+, Z;" and X, are ran-
dom covariate vectors; g(-) represents an unknown,
possibly non-differentiable, function; & denote i.i.d.
mean-zero  random  errors;  Y.(a)=Za,

W (B)=X."B; and X[(B) = (VS LW(B)) de-
notes a vector of the concomitant of the order statis-
tics Y¥ (&) in the sample {(Y,",\W,(5),Y,()),...,
(Yo W (B).Yeu(@), (Yia Wea (B), Yea (@),
(Yn*’Wn (ﬂ)!Yn (0{))}

Stute [22] shows that in the i.i.d. case, the asymp-
totic behavior of §(y; ) is the same as that of

§'(y:8) = ﬁza (s/ (N-D)Y, T -WIT}, (8)

where
J.(s/(n=2))=h'*K({(F(y)-s/(n=1)/h).

Let T be a measure-preserving, | denote the
Borel algebra of invariant sets A€ A such that

T 'A=A. Let the quantity ||A||p is the L, -norm of
A, ie {E[AI'TF"; |Al,, is the L,-norm of A

condotional on / , i.e. {E[JA|" |1 T}P.
Let
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m,(y;1)=E(OX Y)Y =y.1),

m,(y) =E(B(X,Y)[Y =y).
The following regularity conditions are introduced
in [8].
C1 Moment Bounds:
For a given integer, p >1,

maxq]| b(X,, Y|, [ DO YD)y F <
C2 Conditional Moments:

@ [mp(y;! )”p*| <o, where m{(-;1) is the
first derivative of m,(-;1 ).

(b)
lim,_,, Jsup, IP(Y, < y|F)-F(yll [| . =0,

where p* and q" are such integers that

1/ p"+1/q" =1+(p-1)/ p.
C3 Conditional Joint Moments:

(a)

”mb (Yt; FYO) —m, (Yt; I )||2,FYO

<o
p/(p-1).1

B 3| EGXYIb(X, Vo) [Fyl )
=my (Y 1My (Yor 1) oy, <0

Theorem 1 [8]. Suppose that Assumptions C1,C2,
and C3 hold. Then

(AR~ A(F)) > N(O,07 (1),
where o (1 )=EW,? |1 )=EW,|1).

3.2. Distribution of k-Nearest Neighbour Dis-
tances

Let us first consider the probability density p(x)
of the distance p between x and the kth nearest
neighbor x. Let S, ={z:|z—x|<r}, G(r)=P(S,),
and

G'(r) =I§im%[fsw f(t)dt—Lr f(t)dt} =
zjux—tu:r f()da(t), ©)

where P is the probability measure with density f ,

and o is the surface area of the sphere | x—t|=r,

d/2,.d
Tr

=———, f,=d-c,.
“ @i LT
Thus the density of p is

" G nE-G(n)G(r). (10)

P ()= i !
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The joint density of the kth nearest neighbor h, the
k-1 observations Y,,Y,,...,Y,, falling within the

sphere about x whose radius is determined by x
and h, and the remaining (n—k) observations

V,V,,..,.V, . falling outside this sphere, is given as
following. Consider the joint density of X,,..., X .
There are n choices possible for h. Given that h is
chosen, there are (Ej) possible choices for the k —1

observations falling within the sphere (and this de-
termines the n—k falling outside the sphere). The
joint density of Y,,Y,,....Y,,, V,,V,,...,.V, . and h is
then (see, [15],[19])
P(Y1 Yarees YiaiVas Vo

=n(£-i){1j f(y,-)&(y,-,s,)}x

x{"H (W), (§r>°)} f, @

eV hlr) =

where
lif ze A,

o(z,A) = _
0 otherwise,
(S,)¢ is the complement of S_. This implies that the
conditional distribution of the the YJ. 's, V,'s and h
given p=ris
p(yl’yZ""'yk—l;Vl’VZ
k-1 f . n—k
=H( (y,)]H[ f(v,) j () (1)
i\ G(r) Jia\1-G(r) )G'(r)

so that the Y;'s, V,'s and h are conditionally inde-

eV hlr) =

pendent given p =r with respective marginal densi-
ties
f(y.
(yJ)’ f(vl) ,and w,
G(r) 1-G(n) G'(r)
{y:|x=y|<r}, {v:|x-v|>r} {h:|x-h|=r}
where the conditional density of h given p is to be

integrated with respect to the surface measure on the
sphere of radius r about X .

We are interested in computing moments of various
functions of p. It is clear from what has been stated

above that p has the same distribution as G (&),
where & is the kth order statistic from an i.i.d. uni-
form (0,1) sample of size n. If we just assume f is
bounded and continuous we have
G(r)=J‘Br f(u)ydu=c, f(x)rd+
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+f (F)=F0)du=c, (x)r +o(r)

as r 0.
Then t =G(r) it follows that when f(x)>0

-1 A A t " Ald
GL) =r _(Cdf(x)] +o(t™). (13)

In addition, from Theorem 1 [17] we have

G(){f()}_

Vil [z 1
‘{chof(x)} {cof(x)} Fole) 69

under conditions
JIVF L dy <on, [Lyyay =1,
[yiL(y)dy =[yiy;L(y)dy =0, |,
nyL(y)dy>0 forany i.

4 Main Results
4.1. Direct Data

Let's consider a difference Qn(x) -Q(X).
We have (see [16])

7,(X)=
_ T O (X) =T (X)) | (T (X) = Q(X) f (X)) . (15)
T, (X) £(X) f(x)

If we show that T, (x)— f (X) —> 0 and

T,,(xX) —Q(x) f (x) —p> 0, then from Slutsky's theorem

(see [18], p.388, Theorem A.102), owing to bounded-
ness of Q(x)f(x) and using that f(x)>c,>0 we
obtain the convergence z,(x) in probability to zero

p
as n—ow: 7,(x) >0 for every fixed x. Besides,

from this relation we receive the limiting distribution
of 7,(x).
Let's consider the characteristic function ¢, (&) of
the statistic T,,(x) . Let
1 (6) = E(exp(i6T,,(x)))
From (3) we derive

00(0) = [(11(0.1)) "2 (0.1) (w3 (6.1)) " p, (1),

(16)
where
- ) 4
van@n=[ . e [ QUL (y- X)Je()
(17)
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_ ) f®
val@n)=| e ( Q)L (t x)] Tk
(18)

_ fv) 4
va(00)=] . exp ( QW)L (v~ x)j ™

(19)
By (5), the first term is equals

1 i0
v, (0, r)=m u<rexp(F Lr(u)j f(x—ur)du. (20)

Lemma 1 [16] Forevery ¢ eR* and n>0,
Z(' {Wﬂ M} (21)
(n+1)! n!
Now, in virtue of the condition (4) on the kernel
L(x), using the fact that L(x)<M,, f(x)<M,, ap-
plying the results of the Lemma 1, we conclude that

Iu«(EXp(iFe L (x- “)j‘l‘%(iHLr(X— u)) -

_%(iHLr(x— u))zj f(u)du |<

1
S
6n° Julr

9] j‘ " L(u) f (x—ur)du <

6 3r2p
|0F MM, _|6F MM 6, F2(x) 22

6n°r? 6nk2
Hence,

L«[exp(%e L (x— u)j —1—%(i9Lr (x—u))-

—z—iz(ieL,(X—u))zjf(U)dU=0(k‘3)- (23)

|6 (L, (x—u))’ f(u)du=

Further,
f(x +1)

fire EXp( L(t)] S0

|¢9| f(x+ur) 1
I\ Julet HW=en G'(r) du _O(n)’ (24)

thus y,,(6,r) >1 as n—> .
Similarly,

J.u>r(exp (g L (x= U)j 1=

—%(i@Lr(x— u))j f(u)dul<

6° 2
SFJ‘HUHN(Lr(u—x)) f(u)du =

dt<
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02 6*°MSM

=52 g (L) F(x-undu< =322 =

:9 Ml M,c, f(x) :o(ij:o(lj. (25)
2nk nk n

For further we use the results of works [15] under

the conditions of Theorem 1
k 2/d
T P(f)(x)( j '

E(T,(x)) =
c, f(X) KV 1
= IulL(u)d20+o((H) T]’ (26)

where P(f)(x)= Zjuiujl_(u)du D,D, f (x),

f(X)+

H(x)=(D,D; f (x)) — Hessian matrix,

D(T,, (X)) :%Z(X) [ Lz(u)du+o(%j, (27)

a, = (I ((d+2)/2)"1(2x),
and, accordingly,

1 fV) 4
I\ Jvlpr Lv- N G()
ZWJ L2(u)du+0(%]. (28)

Therefore uniformly in 6 €[-T,T], where T is a real
number

J'exp(ié'n‘lLr (u-x)) f(u)du=
=1+i0f (x)k ™ — (11 2)0%, F2(x)| L[ k™ +
+o(k™),(n—>e); L :jLz(u)du . (29)
Decompose Ing,, (t) in a series on exponents

i poigl 00O T OL]
Kk 2 K

term and use the fact that for any real «,

to the second

IN(L+ier) —ia < “72 (see [15]). (30)

0° ¢, T2 ()| L’
2 k '

Let a:@% and g =
Then

In(L+ia—B)=In(1-5)+In [1+1'_Lﬂ] -

=_ﬁ+_ﬂ+o( ?)=-B+ia+0(k?), (31)
since
p*=0(k?),

Hence

2 _ -2 1
Ty <a _O(k ),as |ﬂ|<2.
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|In(1+ia—B)—ia+p|=0(k?). (32)
Therefore, as n — oo,
In(Lei6f (oK~ @126, 1200 L[k ?) -
~(i0f Ok - @ 267, 0 L[k ) =

=0(k?)=o(k™), (33)
since a function f(x) for a fixed x is bounded, and

||L||2 <o, @e[-T,T], then o(1) converges uniformly
to zero.

Since b, p,(b,r+b,,), where b, b, —appropriate
normalizing multipliers, converges uniformly on any
bounded interval (-C,C), C >0to the density of the
limit distribution (see [20]), and, given that the prob-
ability of hitting b (p—b,) into intervals
(-0,—C],[C, ) tend to zero (see [18)), and the
function exp(in (k= (11 2)6%, T2 ()| L[ k’l)
is bounded, we have that

E(exp(itvk (T, (x) - f (x)))) >
N exp(—(l/ 2)6%, F2(x)| L ||2) (34)

as n—oo. Now from convergence of characteristic
functions follows, that

(T, (0~ £(x) 5 N©.c, 2L ),
Whence also follows that
T, ()~ f(x) 50 (35)
We now show that
VK (T, (0 -Q0) () >
— N(0,¢,Q%(x) 2(x)|| L[)- (36)
Let
©,,(0) = E(exp(idT,, (X))) =

= E{exp(ienlz I(X; <UL, (U, - x))D.
j=1
Passing on first to the conditional expectation pro-

vided U, and then arguing as above with respect to

the characteristic function of the statistics T, (x), we
obtain the following representation
k-1 n—
20 = [(2(0.1)) 20(6,1)(25,(6,1))"™ p, (r)r,
(37)
where

) 108
aon=] o0 LK, y-x |t
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(39)
i0 f(t

A @)= (I—Q(t)Kr(t— )j ot @

R @n=, ex ( QW)K, (v~ x)] G (40)

Repeating the above arguments, but for functions

2,(0,1), 25, (0,7), 25, (0,1) and ¢,,(0) , we find
that

KT, (0-QE f (X)) > N(O.6,Q%(0) (0] K |).(41)

Thus we have the following result.

Theorem 2. Let the density be bounded and there
is a third continuous bounded partial derivatives
£(x) and Q(x) , [|Ju] L(uw)du <o, [ul(udu=0.

Then

@) VK (T, 00~ () 5> N (L), @2)
(i) VK (T,0(0 - QU0 (x)) >
- N(0,c, F2()Q*(X)|LI). (43)

The following theorem establishes the asymptotic
normality of the estimator Ifn(x) of the distribution
function Q(x).

Theorem 3. Let the conditions of Theorem 1 hold.
Then

K (6,00-Q00) > N©.QU)(1-QU)[LI. (44)
Proof. LetT,=T,(Xx), T,=T,,(X),
Qf =QfF (x) =Q(x) f(x), T =1(x).
We have [9]:

T_z_ﬂ:Tz_Qf Qf( f)
T, f f f2

+Op[(Tz—fo)2(T1—f)J+ {Qf(fa )J_

Arguing as in [20] with respect to the statistics
T,,(x) and T,,(x), it can be shown that with proba-
bility 1

lim sup Vo[ -E(H)], —k ()<, (45)
Mo chn 1\/max (In(¥/h),Inlnn)
_ Jnh|T,-E(Qf)|.

lim
"””C'”” hJ\/max (In(¥/h),In1nn)

where for sufficiently largen,

=k,(C) <. (46)
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T, -Qf Qf Inn

2_F |- —f <C,—. (47

[Tl j f f2( )w bk (47)

Thus,

K[ 2op | T2 Q) S0 e
T, f f o

Further,

D(T, ~Q1)+ §2-D(T,~ 1)~

{Eo) s
2?f00v( -7, Qf))( (':‘;”J]:

- Lom)+ @ p)-

—2? Cov(T,,T, )(1 +0 (":( ”D (49)
as n—oo.
Consider the expectation E(T,-T,).
We have
=) -8 23, (0025w, 00 -
:—E(ZW( . )2+
2L, (U )WL, (U, _X)j' (50)
i#]

By virtue of independent and identically distributed
pairs, we conclude that

E(T, -T2)=%E(W1(LP(U1 - x))2)+

n-1
"‘TE(Wle(Ul_X))E(Lp(UZ_X)):
=% E(1(U, > X)L (U, =x)|U; =u) f (u)du+

+”T_1 E(1(X; <UL, (U, = x)|U; =u) f (u)dux

xj L, (u=x) f (u)du. (51)

Making the replacement z = (u—x)r™
E(T,-T,) = (nr')™ [ L (u=x)Q(ar + %) x
xf(zr+x)dz+(r**)*@-n")x
x([L(2)Q
x(jL(z) f(zr + x)dz),
(nr“)‘lj L*(u—x)Q(zr + x) f (zr + x)dz =

, we have

(zr + x) f (zr + x) dz) x
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=kQ(x) F2(X)||L[ +o(k™). (52)
From the conditions on the kernel L(x)and the
conditions on the functions Q(x), f(x), we have

fL(z)Q(zr+ x) f (zr + x)dz =Q(x) f (x) +0o(k™).(53)

Thus,
E(T,-T,) = Q(x) f2 ()L k™ +,
Cov(T,,T,) = Q(x) f 2(x) L[ k™ +O(k?).
So0,as n > w0,
D(Q, (X) - Q(x)) =Q(x)A-Q(x)||L| k™ (L+0(D)). (55)
Hence we conclude that
VK(Q, () -Q(x)) ~ 6 € N(0,Q0) (1-Q0)|L[). (56)
4.2. Indirect Data

Let Y™ ={(Y,,U,,W),i=1,.,n} be a sequence of
tree-dimensional i.i.d. random vectors with probabili-
ty density function q(y,u) of the pair (Y,,U,) respect
to Lebegue measure and

©

p(y) = | f(y,u)du, f(uly)="f(uy)/p(y).

—0

Let

R(y)= [ Q(U) f (u]y)du =",
(y) j Q) f(uly)du ="

my) = [ Q) f(y.u)dy,

o* () =L [ Qua-Quy f iy

Consider the statistics

oty = LSk [N =F(y) )
Q; =0/ = ;K[ h jvvn (57)
and
PN YR I . H/n=F(y) \ 0
Qn _Qn (y)_ nh;K( h jWn ' (58)

where Fn(y)=EZI(Yi <y) is the empirical distri-
N5z

bution function of Y-observations Yy,
F(y)=P(Y <y) and W is i-th concomitants of
order statistics Y.".

Theorem 4. Let {(W,,Y;),1<i<n}be a random sam-

ple of size n — that is, a sequence of the independent
identically distributed two-dimensional random vec-
tors, where W, =1(X, <U,). Suppose the following

conditions satisfied: the conditional density f(u|y)

E-ISSN: 2224-2880 690

Mikhail Tikhov, Maxim Ivkin

has boundared continuous derivatives to third order
inclusive with respectto y at (x,y).

Then
* _ d
IQM-RY) * - N,
U(y) n—o
Proof. Let's notice that Q; and Q;" are asymptotical-
ly equivalent in mean square. To see this, write
E‘K(l/n—Fn(y)j_K(lln—F(y)J
h n n
<Ch? IR (y)-F)l. (60)
The law of the iterated logarithm imply that with
probability one (7) converges to zero uniformly in i

as n—oo. Hence, we may consider Q," rather than

Q. Let v=F(y,),Y, = F(v). We apply theorem 2.
Therefore

ﬂzﬂn:%jf T K(%}X

—00 —00

x(1(X <Y)|Y =y,U=u) f(y,u)dydu =

Z%f J K(%jF(U)f(UIy)p(y)dydw

—00 —00

(59)

<

Z%j T K(FTV)F(U) f(ulF () dtdu =
- “f’“ T K(z)F(u) f (u| F™*(v+zh))dzdu.

For sufficiently large n we will have

u= T ]i K(z)F(u) f (u|F™*(v+zh))dzdu. (61)

If the function g(u|F™(v+zh)) is continuous

function at each point z. Then we will have the fol-
lowing

rl]ijrl/u: TQ(u)f(u |[F'(v+zh) =

— [ QW f(ulyy)=R(Yy). ©2)

Furthermore,

0?5 [ [ (FOn g - FOIF)x

—00 —00

xK(yl_ij(yzh_vde(yl)dF(yz)+

h
+T T KZ(%}?(U)O—Q(U)) f (y,u)dydu. (63)

—00 —00

For the first summand we have (as n — o)

= [ (FOAy) - FOOF() %

—00 —00
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XK(ylh—Vj K(yzh_vjdli(yl)dF(yz) =0(h).(64)

Reasoning as in the previous case we will receive
1% F(y)-v
J o [ k(PO owia-cw sy -

~@ [ QA-QM) tuly,)du. (69)

From here
Jnh (@ () —R(Y))

a(y)

Let's notice that for finite-sample performance

of the distribution function it is better to use new
Yang-type estimator of the form

3, (x) = Zn: K (i/n_hﬁ()()jwn[i] Zn: K ('/n_h':n(x)j (67)

which an asymptotically equivalent to an estimator
Q-

4.3. Indirect Quantiles

ih FeN(1). (66)

When d =1, i.e. when Y is real-valued, the func-
tion Q, has an inverse or quantile function
Q'(A) =inf{yeR:Q;(y)> 1}, 0<A<Ll

This is scheduled for estimating the A quantile
Q'(4) of Q(-). In this subsection we derive the
limit distribution of

6, (2) =(nh)"(Q (1) -Q™(4)), 0< 2 <1 (68)
fixed.

Forsuchan A, write y, =Q'(1).

Theorem 5. Under the assumptions of the theo-
rem 4, if q(y,)=Q'(y)>0 at y=y, and q(y,u)
is continuous we have

¢, (1) = N(0,5?) in distribution,
where

(69)

of =A@-2| L[ 1 @(y,))
Proof. For proof see [22].

(70)

5 Reduction of a measurement error

Let the dose U is measured with an error, i.e.
Y =U +¢&, where U,g are independent random va-

riables and £ e R has normal distribution with d-
dimensional mean vector 0 and a known d xd co-
variance matrix X, and the random vector U has
unknown density g(u) >0. The regression curve of
U with respect to Y it can be written in form

u(x)=EU |Y =x)=m, (71)
q(x)
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where

r(x):jug(u)x

1 1 :
XW| exp[—g(u -X) Z,(u— x)jdu, (72)

a(x) = [ g(u)x

1 1 .
XW | exp(—z(u -X) Z,(u— X)jdu. (73)

Differentiating q(x) with respect to x yields
(see [23])

Vo (X) =2, xq(x) +Zg () , (74)
where the symbol V(x) denote the 1xd matrix
of first-order partial derivatives of the transfor-
mation from x to q(x).

Let the random vector Y has normal distribu-
tion with d-dimensional unknown mean vector a
and a known d xd covariance matrix . Then

V. (X
i) I g =z ix-a) (75
q(x q(x
from where
Va(x) 4 4
3, — L x=(2-3,)2x-2,Z%a. (76)
q(x

Since a and X are unknown, we will estimate
them on sample vy,,v,,...,y, with the help of the
following the statistics

S
y—ﬁiz:;,yi

(1)
and
E=S=23 (- D~

The regression estimation in this case will be
equal

(78)

G.(X)=(S-Z,)S'x+Z,Sy. (79)
If instead of x we will substitute observable
value y;, then the corrected value of a vector U,

we calculate the corrected value of a vector U,
using the formula
Oi = On(yi) =(S _Zo)s_lyi + 208_17- (80)

6 Numerical properties

In this section we report the results of a simula-
tion study illustrating the theoretical results and
finite-sample behavior of the estimators of popu-
lation features considered in Sections 2-5. We
consider

For the error distribution, we consider the nor-
mal distribution N(0,0.23%) . For each combina-

tion of the target and error distributions, we con-
sider two different sample sizes, n =100 and
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n =200 . In the simulation study for this section
we choose the kernel

K(x):%(l—x2)2|(|x|s1). (81)

We consider the case when the initial data does
not include measurement error and also the case
when a measurement error is superimposed on
the initial data.

Case 1. Initial data without imposing a mea-
surement error

1+

¥ 0.3+

Fig. 1. Empirical distribution function and esti-
mation of the initial data, n =100

1 -

¥ 034

Fig. 2. Empirical distribution function and esti-
mation of the initial data, n = 200.

Case 2. The initial data with the imposition of a
measurement error

1+

¥y 034

-0.54

Mikhail Tikhov, Maxim Ivkin

Fig. 3. Empirical distribution function and esti-
mation according to the superimposed measure-
ment error, n =100

1

¥ 0354

—ps5
Fig. 4. Empirical distribution function and esti-
mation according to the superimposed measure-
ment error, n = 200

Case 3. The data overlay measurable error after
conversion

1+

¥y 034

-0.5-
Fig. 5. Empirical distribution function and esti-
mation according to the superimposed measure-
ment error after conversion, n =100

1 9

-0.5 -
Fig. 6. Empirical distribution function and esti-
mation according to the superimposed measure-
ment error after conversion, n = 200

By construction, in the application package MatLab
graphs easy to see that applying the error estimate of
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the distribution function does not match the empirical
distribution function. But after converting the data
with the superimposed measurement error estimation
function distribution shows good results as seen from
the Fig. 5 and Fig. 6.

7 Conclusion

In the case where the response is binary, one way to
describe is to build a logistic regression, which as-
sumes knowledge of the distribution close to her.

Another method is the nonparametric estimation
method - kernel estimation.

It is usually assumed that the variables are meas-
ured without error. If the variables are measured with
errors (convolution model), proceed as follows: build
the kernel using the direct and inverse Fourier trans-
form, which would compensate the measurement er-
ror. Our approach is based on the fact that we first
reduce the measurement error, and then evaluate the
new data measurement function.

The results of numerical simulations show the suc-
cess of this approach.
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