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Abstract: In this study, we propose a new algorithm to find exact solution of nonlinear time- fractional partial
differential equations. The new algorithm basically illustrates how two powerful algorithms, the homotopy pertur-
bation method and the Sumudu transform method can be combined and used to get exact solutions of fractional
partial differential equations. We also present four different examples to illustrate the preciseness and effectiveness

of this algorithm.
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1 Introduction

Nonlinear partial differential equations (NPDE) with
integer or fractional order have played a very impor-
tant role in various fields of science and engineer-
ing, such as mechanics, electricity, chemistry, biology,
control theory, signal processing and image process-
ing. In all these scientific fields, it is important to ob-
tain exact or approximate solutions of nonlinear frac-
tional partial differential equations (NFPDE). But in
general, there exists no method that gives an exact so-
lution for NFPDEs and most of the obtained solutions
are only approximations. Searching of exacts solu-
tions of NFPDEs in mathematical and other scientific
applications is still quite challenging and needs new
methods. Computing the exact solution of these equa-
tions is of considerable importance, because the exact
solutions can help to understand the mechanism and
complexity of phenomena that have been modeled by
NPDEs with integer or fractional order.

Numerous analytical and numerical methods have
been presented in recent years. Some of these an-
alytical methods are Fourier transform method [28],
the fractional Greens function method [27], the pop-
ular Laplace transform method [32, 33], the Sumudu
transform method [11], the Iteration method [33], the
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Mellin transform method and the method of orthogo-
nal polynomials [32].

Some numerical methods are also popular, such
us the Homotopy Perturbation Method (HPM) [12,
13, 14], the Modified Homotopy Perturbation Method
(MHPM) [20] , the Differential Transform Method
(DTM) [29], the Variational Iteration Method (VIM)
[9], the New Iterative Method (NIM) [5, 6], the Ho-
motopy Analysis Method (HAM) [1, 15], the Sumudu
decomposition method [8], the Adomian Decomposi-
tion Method (ADM) [2, 7], and the Iterative Laplace
Transform Method (ILTM)[19].

Among these methods, the HPM is a universal ap-
proach which can be used to solve FODEs and FPDEs.
on the other hand, various methods are combined with
the homotopy perturbation method, such as the Vari-
ational Homotopy Perturbation Method which is a
combination of the variational iteration method and
the homotopy perturbation method [31]. Another such
combination is the Homotopy Perturbation Transfor-
mation Method which was constructed by combining
two powerful methods; namely, the homotopy per-
turbation method and the Laplace transform method
[26]. A third such approach is the Homo-Separation
of Variables which was constructed by combining two
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well-established mathematical methods, namely, the
homotopy perturbation method and the separation of
variables method [21, 22, 23].

There are numerous integral transforms such as
the Laplace, Sumudu, Fourier, Mellin, and Hankel
to solve PDEs. Of these, the Laplace transforma-
tion and Sumudu transformation are the most widely
used. The Sumudu transformation method is one of
the most important transform methods introduced in
the early 1990s by Gamage K. Watugala. It is a pow-
erful tool for solving many kinds of PDEs in vari-
ous fields of science and engineering [30, 34]. And
also various methods are combined with the Sumudu
transformation method such as the Homotopy Analy-
sis Sumudu Transform Method (HASTM) [35] which
is a combination of the homotopy analysis method
and the Sumudu transformation method. Another ex-
ample is the Sumudu Decomposition Method (SDM)
[25], which is a combination of the Sumudu transform
method and the adomian decomposition method.

In this paper, a new approach is proposed to use
the homotopy perturbation Sumudu transform method
(HPSTM) to derive the exact solution of various
types of fractional partial differential equations. This
method is a combination of the homotopy perturbation
method and the Sumudu transform method. However,
Singh [36] used the homotopy perturbation Sumudu
transform method to obtain the exact solution of non-
linear equations which are PDEs of integer order.

The paper is structured in six sections. In section
2, we begin with an introduction to some necessary
definitions of fractional calculus theory. In section 3
we describe the basic idea of the homotopy perturba-
tion method. In section 4 we describe the homotopy
perturbation Sumudu transform method. In section 5,
we present four examples to show the efficiency of us-
ing the HPSTM to solve FPDEs and also to compare
our result with those obtained by other existing meth-
ods. Finally, relevant conclusions are drawn in section
6.

2 Basic Definitions of Fractional

Calculus

In this section, we present the basic definitions and
properties of the fractional calculus theory, which are
used further in this paper.

Definition 1 A real function f(t), t > 0, is said
to be in the space C,,0 € R, if there exists a real
number p > o such that f(t) = tPfi(t) where
fi(t) € C[0,00), and it is said to be in the space
CriffmeCy,, meN
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Definition 2 The left sided Riemann—Liouville frac-
tional integral of order o« > 0, of a function f €
Cy,, 0 > —1 isdefined as:

g p— / (- F(Qd, ()

I'(«)

where o > 0, t > 0 and I" («v) is the gamma function.

Definition3 Let f € Cj;, n € NU{0}. The left
sided Caputo fractional derivative of f in the Caputo
sense is defined by [31] as follows:

Dyf(t) =
ey Jo (E= O™ FM Q) d ¢,
n—1<a<ln,
a=n,

@)
Dyf (1)

Note that according to [1], Egs.(1) and (2) be-
come:

RN
[ -0 w0k o

fora > 0, > 0, and

Jif(x,t) =

Dtaf(x7 t) =
ey Jo (t = Q"L (,¢)d¢

forn—1<a<n.

“

Definition 4 The single parameter and the two pa-
rameters variants of the Mitting-leffler function are
denoted by E,(t) and E,, g(t), respectively, which are
relevant for their connection with fractional calculus,
and are defined as:

Ea(t)—jgor(aj_i_l),a>0,t6(c, 5
E 3 tj C
o,8(t) _j:(J m, a,>0,t¢ (6)

Some special cases of the Mitting-Leffler function are
as follows:

1. E1 (t) = €t
2. Eai(t) = Eq (t)

3, &

- gw [P Bap (at®)] = tP7" 1 By g (at®)

Other properties of the Mitting-leffler functions
can be found in [24]. These functions are generaliza-
tions of the exponential function, because, most lin-
ear differential equations of fractional order have so-
lutions that are expressed in terms of these functions.
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Definition 5 Sumudu transform over the following
set of functions,

1t
A= {f(t) ’ AM, 11,7 > 0, |f(t)] < MeT }’
if t S (_1)J X [0700)
(7
is defined by
S = — e t
(0] | rne ®)

where u € (11, T2),

Some special properties of the Sumudu transform are
as follows:

1. S[1] =

3. S [eat] = 1_1

4. Slaf (z) + Bg (x)] =aS [f (2)] +S[g (2)]

Other properties of the Sumudu transform can be
found in [3].

Definition 6 G(u) is the Sumudu transform of f(t).
And according to ref. [3] we have:

1. G(1/s)/s, is a meromorphic function, with sin-
gularities having Re (s) < v, and

2. there exists a circular region I" with radius R and
positive constants, M and k, with

S0y,

S

then the function f(t) is given by

S_l[G(s)] _ 1 [vtico StG(S) cl?

27 Jy—ico

)
= > residuse [eStiG(i/s)}

Definition 7 The Sumudu transform, S [f (t)], of the
Caputo fractional integral is defined as [11]

S[Dy 10
S[D§ f (t)] Z pre k , 30
then it can be easily understood that
n—1
S{f (z,1)] f® (z,0)
S[Dy =l J )
D f ()] = 8 20,
k=0
n—1l<a<n, (11)
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3  The Basic Idea of the Homotopy
Perturbation Method

In this section, we will briefly present the algorithm
of this method. At first, the following nonlinear dif-
ferential equation is considered:

A(u)— f(z)=0, z€Q, (12)
with the boundary conditions
B (u,0u/on) =0, zeTl, (13)

where A, B, f(z) and I' are a general differential
function operator, a boundary operator, a known an-
alytical function and the boundary of the domain €2,
respectively.

The operator A can be decomposed into a linear
operator, denoted by L, and a nonlinear operator, de-
noted by N. Therefore, Eq.(12) can be written as fol-

lows
L (u) +N(u) - f (z) =0, (14)
Now we construct a homotopy v(z,p) : Q x [0,1] —
R which satisfies:
H (v,p) = (1 —p) [L(v) — L (uo)] +
plA(w) — f(z)] =0, 0<p<1, (15
which is equivalent to
H (v,p) = L (v) — L (uo) + pL (uo) +
p[N() - f(z)]=0, 0<p<1, (16)

where v is the initial approximation of Eq.(12) that
satisfies the boundary conditions and p is an embed-
ding parameter.

When the value of p is changed from zero to unity,
we can easily see that

H (v,0) =L (v) — L(up) =0, (17)
H(v,1) =L(v) + N (v) — f (x)
=A(u) - f(z) =0, (18)

In topology, this changing process is called deforma-
tion, and Eqgs. (17) and (18) are called homotopic.

If the p-parameter is considered as small, then the
solution of Eqgs. (14) and (15) can be expressed as a
power series in p as follows

V= vg + pv1 —|—p2v2 —I—p3v3 +... (19)

The best approximation for the solution of Eq. (12) is

uw=limv=1uvg+vy+v9+v3+--- (20)
p—1
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4 The Homotopy Perturbation
Sumudu Transform Method

In order to elucidate the solution procedure of this
method, we consider a general fractional nonlinear
partial differential equation of the form:

Dfw (x,t) = Lw (2,t)+ Nw (z,t) +q (z,1), (21)

with n — 1 < a < n, and subject to the initial condi-
tion

8w (x,0)

o = w) (2,0) = £, (),

r=0,1,... (22)

where D{*w (x,t) is the Caputo fractional derivative,
q (z,t) is the source term, L is the linear operator and
N is the general nonlinear operator.

Taking the Sumudu transform (denoted through-
out this paper by S) on both sides of Eq. (21) we get

7n_17

S[DSw(, 1)) = S[Lw(z, 1) + Nw(z, t) + g (,1)],

(23)
Using the property of the Sumudu transform and the
initial conditions in Eq.(22), we have

n—1
u *Sw(z,t)] — Zu_(o‘_k)w(k) (x,0) =
k=0
S[Lw(z,t) + Nw(x,t) + ¢ (x,t)], (24)
and
n—1
Sl (2,0)] = 3w fi (@)
k=0
+ u®S[Lw(x,t) + Nw(z,t) + ¢ (z,t)], (25)

Operating with the Sumudu inverse on both sides of
Eq.(25) we get:
n—1
w(z,t) = S_l[z u fy, (z)]+
k=0
ST u®S [Law (x,t) + Nw (z,t) + ¢ (z,t)]],  (26)
Now, applying the classical perturbation tech-

nique. And assuming that the solution of Eq. (26)
is in the form

w(z, ) =Y pwn (2,1), 27)
n=0

where p € [0, 1] is the homotopy parameter.
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The nonlinear term of Eq.(26) can be decomposed
as

Nw (z,t) = Y p"Ha(w), (28)
n=0

where H; are He’s polynomials, which can be calcu-
lated with the formula [10]

Hn (UJO,'UJl,wQ, .. wn) =

s [¥ ()]

n! Opn
n=0,1,2..., (29

Substituting Egs. (27) and (28) in Eq. (26), we get
oo n—1
S prwn (2,1) =S [Z e
n=0 k=0
pSt [uO‘S [L (Zp”wn(x,t)> +
n=0

S P Ha(w) + g (x,1)
n=0

+

] , (30)

Equating the terms with identical powers of p, we can
obtain a series of equations as the follows:

n—1
P wy(a,t) =57 [Z o fi () ] ,
P k=0

Phr wy (z,t) =S7 [ulS

+ > p " Ha(w) +q(w,t)” :
n=0

By utilizing the results in Eq. (31), and substituting
them into Eq. (27) then the solution of Eq. (21) can
be expressed as a power series in p.

The best approximation for the solution of Eq.
(21) is:

w(z,t) = lim Zp"wn(a?,t)
=0

p—1

= wy+w; +wg+--- (32)

The solutions of Eq.(32) generally converge very
rapidly (see [4, 17]).

S Applications

In this section, in order to assess the applicability
and the accuracy of the fractional homotopy Sumudu
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transform method in the last section, we consider the
following four examples. In example 8, a case of the
one variable time-fractional Fokker-Plank equation is
solved. In example 9, we have generalized biological
population model. In example 10, a two-dimensional
fractional wave equation is solved and in example 11,
a systems of linear FPDEs is solved.

Example 8 Consider the linear time-fractional
Fokker-Plank equation with the initial conditions of
the form:

Dfw(z,t) = —({% (iw(w,t) - ;) w(z, t)
2
+ @wQ(x,t), (33)

where t > 0, z € R, 0 < a < 1, subject to the
initial condition

w(z,0) = 22 (34)

Taking the Sumudu transform on both sides of
Eq.(33), thus we get

S [-5@ <iw (z,t) — ‘”;) w (2, 1)

o
+ o (x,t)} . (35)

S[Dfw(z,t)] =

Using the property of the Sumudu transform and
the initial condition in Eq.(34), we have

S[w(x,t)] = 2%+

ue'S {—;; (iw(:ﬁ,t) - ;f) w(z,t)

2
+ w?(z, t)} ., (36)

0x?

Operating with the Sumudu inverse on both sides
of Eq.(36) we get

w(z,t) = 2>+

s [uas [_aax <4w(1:,t) - ”3“°> w(z,t)
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By applying the homotopy perturbation method,
and substituting Eq.(27) in Eq.(37) we have

E p"wy, (z,t) = 2+
n=0
9 [4S T
—1 « R n v
S [u S[ pe (x nEZOp wy, (z,1) 3)

2
00 52 00
X anwn (‘/L‘a t) + @ (anwn (:c, t))
n=0 n=0
(33)

Equating the terms with identical powers of p, we get

pO: wo(l‘,t) = an
0 (4 x
1. —_gljeg|_Z [ = S
p: wi(x,t)=S [u S[ 5 <xwo(x,t) 3)
82
un(e )+ 3o
Ma+1)
P wo(z,t) =S71 [UO‘S [— <w2(:ﬂ t) f)
’ x ’ 3
0%
xwg(x,t)+@w2 (;v,t)”
:xQ t2a
I'2a+1)
0 (4 x
n . —_gllyag|_ 2 (= _ =z
Pt wp(x,t) =S [u S[ o <$wn(x,t) 3)
X 1wy, ( t)+6—2 ?(z,t
wp,(z, g2 U (@
tTLOé
_ .2
-7 I'(na+1) (59)

Thus the solution of Eq.(33) is given by

o
w(z,t) = leiﬁ\qup”wn(x,t)
2 nzg 2 2 t2a
- T ar D) Y TRarn T
= 2B, (tY). (40)

If we put a — 1 in Eq.(40) or solve Eq. (33) and
(34) with a = 1, we obtain the exact solution

w(z,t) = x2e!
which is in full agreement with the result in Ref. [21,
40].
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Example 9 Consider the generalized biological pop-
ulation model of the form

(32w2(w,y,t) 02w2(x,y,t))

Ox? oy?
+w(x, Y, t)(l - rw(x, y7t)) (41)

Difw(z,y,t) =

where O < a < 1, subject to the initial condition

w(z,y,0) = eBVEE) 5y reR - (42)

Taking the Sumudu transform on both sides of
Eq.(41), thus we get

S[Dfw(z,y,t)] =S [2 (D2 + Dz) w?(z,y, 1)
+ w(z,y,t) (1 —rw(z,y,t))].

Using the property of the Sumudu transform and the
initial condition in Eq.(43), we have

uiO‘S[w(xjyjt)] - aw(x7y70)
=S|2 (Dg + D;) w?(z,y,t)
—I—w(:z:, Y, t)(l - T"LU(Q?, Y, t))] )
and
Sfu(e,y, 1)) = e(2V30) 4
u®S [2 (Di + D;) w2(:n, y, t)+
w (ZE, Y, t) (1 —rw (:Ua Y, t))] ) (43)

Operating with the Sumudu inverse on both sides of
Eq.(42) we get

w(x,y,t) = (7\/§($+y))
S [uS [2 (D2 + D) w? +w (1 —rw)]], (44)

By applying the homotopy perturbation method, and
substituting Eq.(27) in Eq.(44) we have

> pwn(z,y,t) = EVEE) 4
n=0
2
pS~H [ulS |2 D2—|—D2 <Zp wy, (x,y,t ) +

(0.9) o
<1 —r Y pwn (2,9, t)) > pMwn (x,y, t)] ]
n=0 n=0
(45)
Equating the terms with identical powers of p, we get

2V (@)

pO : wg(x,y,t) =
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ple wi(z,y,t) =
= S u"s [2(D? + D;)w% + wi (1 = rwy)]
_ M (3Ee)
MNa+1
P’ wa(w,y,t) =
=571 [u®S[2(D; + Dj)ws + wa(1 — rws)]]
::444}35;44,6<%\/;<x+y»
I'2a+1)
p" wn(x Ys ) =
[ [2(Dz + Dy)wn + wy (1 — rwn)ﬂ
__ " (Ea+)
T T(na+ 1) (46)

Thus the solution of Eq.(41) is given by

w(z,y, )—hmZp wp(z,y, 1)

n=0
@ 2a
— eaVilEty) (4 L L
g 2 2 “ e
c ( "Tatr) "Tearn ©
= e2Vi@H g, (o) 47)

If we put « — 1 in Eq.(47) or solve Eq. (41) and (42)
with @ = 1, we obtain the exact solution

w(z,y, 1) = e(3VEET) ot — o3V/FE++
which is in full agreement with the result in Ref. [1].

Example 10 Consider the two-dimensional frac-
tional wave equation of the form

0*w (z,y,t)  0*w(z,y,t)
Da -9 IR » Y
¢ W (.CU, Y, t) < o912 + 8y2 > )

(48)
where 1 < a < 2,—00 < x,y < 00, subject to the
initial condition

ow(x,y,0)
ot

Taking the Sumudu transform on both sides of
Eq.(48), thus we get

S[Dfw(x,y,t)]

w(z,y,0) = sin(z) sin(y), =0. (49

=S[2 (D?C + DZ) w]
and

u Sw(z,y,t)] — (v

_o 0w (z,9,0)
1&6):wwggw]

Using the property of the Sumudu transform and the
initial condition in Eq.(49), we have

w(x,y,0)+

S[w(x,y,t)] = sin(x) sin (y) +
uS [2 (D2 + D)) w]. (50)
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Operating with the Sumudu inverse on both sides of
Eq.(50) we get

w (x,y,t) = sin (x) sin (y) +

ST [u*S [2 (D2 + D3) w]]. (51)

By applying the homotopy perturbation method, and
substituting Eq.(27) in Eq.(51) we have

Zp"wn (z,y,t) = sin (z) sin (y) +

St [uasl (D2 + D3) (Zp wn (2,1, 1) >”

(52)

Equating the terms with identical powers of p, we get

P’ wo(w,y,t) = sin(z gslﬂ( Y),

p' w(w,y,t) = msm(x) sin(y),
2a

p? o(x,y,t) = F(;la—i—l) sin(xt) sin(y),

P wp(z,y,t) = mgm(x) sin(y).

(33)

Thus the solution of Eq.(48) is given by

e = iy >0
= sin(z)sin(y)x

412 42t2oz
1— e
< Tla+l)  T@a+l) >
)

= sin(z)sin (y)nz:% I (na+1)

= sin(z)sin (y) By (—4t%)

(54

If we put @« — 2 in Eq.(44) or solve Eq. (38) and (39)
with o« = 2, we obtain the exact solution

o : o (-D)"(20)"
w (z,y,t) = sin (z) sin (y) nz:;] T2n+1)
= sin () sin (y) cos(2t)

which is in full agreement with the result in Ref. [16,
38].

Example 11 Consider the following system of linear
FPDEs

Dfw — =0
Dﬁw vx—i-v—i-w_ , (55)
U —wy +v+w =0,
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where 0 < «, B < 1, subject to the initial condition

w (x,0) =sinh (z) , v (z,0) =cosh (z), (56)

Taking the Sumudu transform on both sides of
Eq.(55), thus we get

{S[D?w]ZS[vz—v—wL

S [DSv] = S [we — v — ], 57

Using the property of the Sumudu transform and the
initial condition in Eq.(56), we have
u *Sw (z,t)] — u~%w (x,0)
u S (z,t)] —u Y (z,0)

=S[vy —v—w],
=S[w, —v—w],

and
{U_O‘S [w(z,t)] = v ¥sinh () + Sv, — v —w],
u*Sv(x,t)] = u=*cosh (z) + S[wy —v — w],

(58)
Operating with the Sumudu inverse on both sides of
Eq.(58) we get

{w (x,t) = sinh (2) + S~ [u®S[v, — v
v (z,t) = cosh (x) + S™1 [u®S [w

- w]] ’

z —U— w]] )
(39)

By applying the homotopy perturbation method, and

substituting Eq.(27) in Eq.(59) we have

Zp”wn (x,t) = sinh (x) +

n=0

ps! !u“S [51 (Z v <x,t>> -
n=0
n=0 n=0

and

Z q"vp (x,t) = cosh (z) +

n=0

pS~! [uaS [581: (;p”wn (a:,t)) -
Z q"vp (z,t) — Zp"wn (z, t)” . (60)
n=0 n=0

Equating the terms with identical powers of p, we get

0 wo(x,t) = sinh(x)
p vo(z,t) = cosh(x)
. w(z,t) = cosh(x)r(afl)
p . B
vi(z,t) = Slnh(x)r(ﬁ_H)

Volume 13, 2014



WSEAS TRANSACTIONS on MATHEMATICS

—t*+8 cosh(xz)
T'(a+p+1)
2 cosh(z)
2. I'(2a+1
D ( t) _ —toth S(inh(],‘))
L) = "T(a+B+1)
28 sinh(x)
T(23+1)

to+F sinh(z)
T(a+B+1)

wo(x,t) =

to+8 cosh(z)
T(o+B+1)

(61)
Thus the solution of Eq.(55) is given by

. toth
sinh(x) <1+F(a+ﬂ+1)+”')

t* toth
— cosh(z) <F(a 7)) " Tat s+
t2a
TT@a+1) )

to+h
cosh(z) (1 + + - >

Fa+B+1)
) B tori-ﬁ
~ sinh(z) ( Tla+B+1)
29

ENCEET) 62)

w(z,t)

v(z,t)

t
TE+1)
+)

Setting « = [ in Egs. (62), we reproduce the solution
of [18] as follows:

w(z,t) = sinh( ><1+t1;(2;211) ;a>
— cosh(x) (F(aJrl) T(3a+1) + >
v(z,t) = cosh(x) <1+p(250-l|- 1) >
- (r(ﬂtin ! r(?il) T >

If we put @ — 1 in Eq.(63) or solve Eq. (55) and
(56) with @« = 8 = 1, we obtain the exact solution

_ 2
w(z,t) = sinh(z) <1 ottt
t3 5
— cosh(z) <t + = 3l + = =] +- >
= sinh(z —t)
2
v(z,t) = cosh(x) (1 + = + Pt )

— sinh(z

)<t+++>

which is in full agreement with the result in Ref. [19].

cosh(z — ¢ (64)
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6 Conclusion

Recently, a new transform technique known as
Sumudu transform has been introduced by Watugala
[37]. This transform technique has a great potential
of applicability to solve FPDEs. In addition, the Chi-
nese mathematician Ji-Huan He [12, 14] introduced
the homotopy perturbation method. This method was
a powerful tool to solve various kinds of nonlinear
problems.

In this paper, we have introduced a combination
of the homotopy perturbation method and the Sumudu
transform method for time fractional problems. This
combination builds a strong method called the HPST
method. This method has been successfully applied
to one- and two-dimensional fractional equations and
also for systems of more than two linear and nonlin-
ear partial differential equations. The HPSTM is an
analytical method and runs by using the initial con-
ditions only. Thus, it can be used to solve equations
with fractional and integer order with respect to time.
An important advantage of the new approach is its low
computational load.
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