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Abstract: In this paper we study the local solution, global solution and the Blow-up of the solution for a generalized
damped Boussinesq equation. By employing various methods such as the energy method, the Fourier transform
method, contraction mapping principle and the concavity method, we proved the existence of local and global
solutions under certain conditions. Finally, we gave three the conditions about the Blow-up of the solution.
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1 Introduction

In this paper, we consider the following Cauchy prob-
lem of the Boussinesq equation with double damped
term:

(A% — A 4 ug + [aA? — A + p*u
+[—bA + cJuy

= BAf(u), (z,t) € Rx[0,00) (1
with initial datum
u(z,0) = up(z), u(z,0) =wui(x), t>0 (2)

where the coefficients satisfy the following conditions

242p> —bec>0, 4p>—c®>>0;a,b,¢c > 0;
B,p € R, 4(a+1+p?) —b* > 0;

and f(s) is a given nonlinear function, and A denotes
the Laplace operator in R.

It is well known that Boussinesq equation can be
written in two basic forms

3)

2
Ut + QUzrrr — Ugy = /B(U ):ca:

and
4

Equation (3) was derived by Boussinesq in 1872
to describe shallow-water waves. And it also arises
in a large range of physical phenomena including the
propagation of ion-sound waves in a uniform isotropic
plasma and nonlinear lattice waves. Moreover, this
type of equation governs the dynamics of the inhar-
monic lattice in Fermi-Pasta-Ulam (FPU) problem.

Uty — QUggtt — Ugax = 5(“2)11
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Eq. (4) is an important model that describes the
propagation of long waves on shallow water like the
other Boussinesq equations (with #yz,,, instead of
Uggtt)). In the case a > 0 Eq. (3) is called the good
Boussinesq equation, while this equation with o < 0
received the name of the bad Boussinesq equation.

There is a considerable mathematical interest in
the Boussinesq equations which have been studied
from various aspects, see, [2-6],[8-15],[17-18].

Zhijian Yang and Xia Wang [10] studied the
blowup of solutions to the initial boundary value prob-
lem for the bad Boussinesq-type equation:

)

Uttt — Ugy — bu:ca:acx = U(u):caz

where 0 < x < 1,¢,b > 0.

Ruying Xue [11] had considered the local and
global existence of solutions for a generalized Boussi-
nesq equation:

Ut — Ugy + Uzzze + (uk+1)xa: =0 5 k>4

(6)

with initial data in some homogenous Besov-type
space.

Necat Polat, Dogan Kaya [18] considered the
existence, both locally and globally in time, and
the blow-up of solutions for the Cauchy problem of
the generalized damped multidimensional Boussinesq
equation:

wy — Au — Aug + A%u — kAuy = Af(u)
(z,1) € R" x (0,00), k > 0 %

In[12],R.Z. Xu, Y. C. Liu and B. W. Liu inves-
tigated the Cauchy problem for a class of multidimen-
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sional Boussinesq equation:
Ut — Au + Azu + A2Utt = Af(u) (8)

where f(u) = £a|ul? or a|ulP~u, a > 0.

Moreover, some results on the local existence,
global existence and finite-time blow-up of the solu-
tion were obtained.

Throughout this paper, we use the following no-
tations:

H#(R) denotes s-order Sobolev space on R with
norm:

1l = (T = 02)2 fll2 = I(L + €)% Fl 2

where s is a real number. I is unitary operator and
0y = 8% denotes the derivative with respect to x.

Let F'[u] denote the Fourier transform of u de-
fined by

+o00 )
ey (x, t)dx;

Flu) = a(.6) = |

—00

and we denote its inverse transform by F 1.

2 Existence and uniqueness of local
solution

Taking the Fourier transform with respect to x on Egs.
(1) and (2) lead to the following ordinary differential
equation with parameter ¢ € R.

(1 + 52 + §4)att(§7 t) + (b§2 + C)at<£7 t)
Hagt + € 1 pPyu(e,t) = —BEXF(E,) 9)

u(€,0) =1o(£), w(&,0)=u(g). (10)
The corresponding characteristic equation is
L+ NN (087 +e)A+(ag " +67+p") = 0 (11)

Then the roots A1 2 of (11) are

— _—&+c)
A= areren 0%
= (b&%+0c) .
A2 = grrerren — Y%

where, d¢ = y and

VT
2(1+€2+¢1

I = 4a€8 + 4(a + 1)€° + (4a + 4 + 4p* — b))t
+(4 4 4p* — 2bc) €2 + 4p* — 2.
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The solution of (9) with (10) is

- ezt — \geMt
u(é,t) = ﬁuo(ﬁ)

e)\lt et

SAPN
MR

tope o
- [ sreran ) x
6)\1(1‘/77') _ e)\Q(th)

)‘1 - )\2

Thus the solution of problem (1) with (2) also can be
rewritten as

u(z,t) = g(t)up(x) + g(t)ui(zx) (12)

+ /tg(t — 7)1 — 924 93) "N (BO2) f(x, T)dT
0

dr.

g(tyur(z) = FHJ(E ) (€)),

g(t —7)(I = 03 + 83) "1 (BO) (@, )

= FUJ(Et— )1+ +EH7HBER) F (€, 1)]
be2 e

eMt_egrat  — ot tsin et
J(61) = 5o = e =

A >\1t_)\ Aot
(€ 1) = Rrinea

be24c

_beye e
—e 2<1+52+54)t[cos55_|_ (b€ +C)Sln6£t}

2(1+E24€5)5,

We can easily get that J1(&,t) and J(&,t) are uni-
formly bounded function on R x [0, 4+00).

Lemma 1 Assume that
flx) € H* (L™, g(x) € L?,
then the following inequality holds
If(@)g(@)]lL2 < Cllg(@)|| 2 (13)

where C'is a positive constant.

Proof: Using the Holder inequality, we can get the
result easily. g

Lemma?2 For any T' > 0, s € R, suppose that
up(x),ur(z) € H* and f(z,1) € LN(0,T]; H*),
then the Cauchy problem (1) and (2) have a unique
solution u € C*([0,T); H*) and the following esti-
mate holds

[u@, )| s + [lue (2, )]s < Cllluo(@) | ms

t
MMMW+AW@ﬂmM
(14)
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Proof: Let u(z,t) € C1([0,T]; H®) be a solution of
the Cauchy problem (1) and (2). Employing (12), we
have the estimate

— 116 un(z) + g(t)u (2)+

/ g(t—)(I—02+0%) 1 (802) f (. 1)dr
0

< 3(@)uo(@) 1z + g (tyur (@)l e +

t
|| /O gt—7)(I—02+0%) ™ (802) f (. 7) | 11
(15)

[u(z, )] s

Hs

=hLh+1+ I3

According to the lemma 1, we can estimate three parts
in (15) as follows

1= |9 uo ()| s
= (14 &) 2J1(&, t)Uo (9|2

~

< O+ )30 (©)| 2
£ = 0@l
S+ )3 I(E () 12
< Ol + ) ia )
< Cllus (2) (17)
I =
/0 lo(t =) ~02 +08) (B0 f €, |
Ct1ee: [ e o BT
—10+€)3 [ e t-nga e Dl
t/\
< O||(1+€2)3 / Fle, )il
0
t o
<c / 11+ )3 F(E, )| adr
0
t
C T sdT 8
< /0 e (18)

From (16) to (18), we can conclude

< C ||U()

[

Differentiating (12) with respect to ¢, we get

ur(2,) = Gi(t)uo(w) + ge(z)ua ()

T / %gﬁ—ﬂ<I—8§+6§>‘1(ﬁa§)f(:c,T>dT
O (20)

(@)l ms + [lui(z) || s
(19)

lu(z, ) s

||H5d7—]
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Then,

()
= laOule) + @) + [ Fat-7)

(I -8+ 1(BO2) f(x,7)dr]| g
< |ge(t)uo (@)l zs + 1ge(t)ua ()|l s +

“/at”

(I—-02+03)"H(BO2) f (x, 7)dr] s

2h

For three parts in (21), using the same method similar
to estimate (16), (17) and (18), we can get that

@) < Cluo(@les 22)
Jou(®yus (@)= < Cllur(@)gs. (29
RS S

I [ Gratt=mi-t+2)
(39216, ) -
t
< [ fG.n)ledr o9
0

Therefore, we have estimate

[ue ()| s < Cllluo(@) || s + llua (@)l s

+ [ 1@ lpsdr 03)
Combining (19) and (25), we derive
lu(@, )| s + [Jue(z, )| s
< Cflluo(@) || s+ llua (@)
1 IR R

Since H* and L'([0.T]; H®) are complete spaces, tak-
ing subsequences

{u ()}, {u] (@)}, C H®

and
{7 (2, 0)}32, € LY([0,T); H*)

such that when j — oo we have
lug(z) = uo(2)||ms — 0,
lug(z) — w1 (2) || = — 0,

/Hf]xt
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Let {u(z,t)}32, € C'([0,T]; H*) be a solu-
tion to the Cauchy problem (1) and (2), determined by
the initial value function {up(x)}52, and {uj(x)}32,,
and functions { f7(x,?)}32,.

Define the function space as

u € C1([0,T); H®); denote
u(z,0) = uo(z),

X(T)=<u
’ ug(x,0) = uy(x)

with the norm

lullx(r) = max (ulz, )| ms + l[ue(z, 1) m+)

ax
0<t<T

Clearly, for any 7' > 0, X (7) is Banach space.
For the smooth function u’ (z, t), we have

1?2, )= + Iluaf (0, )| 2=

< Ollluf(@) | ms + | ()| s

t
4 /0 1 @, )| o]
Since

[ (2,8) = u* (1) | x(ry
_ j ok .
= max {||v’(2,) —u(2,) |1
g (@, 8) = g (@, ) | e}
< Clllup(x) — ug (@)l + [luf () — uf (@) | s

- /0 1/ (@) — (@, )| edr]
(j’k: 1’2...)

{w/ (x, t)}32, is the basic sequence of X(7) and
hence it converges to function w(z,t) € X(T).
Therefore, u(x, t) is a solution of Cauchy Problem (1)
and (2), and u(z, t) is belong to C*([0, T]; H*).

The proof of the uniqueness of solution is the
same as the first part of the proof of Theorem 6. O

Now, we are going to prove the existence and the
uniqueness of the local solution for problem (1) and
(2) by the contraction mapping principle.

Let ||ug(x)|| gs + ||u1(z)||gs = M. Define the
set:

Y(M,T)={ue X(T) | lullx) <20M}
Obviously, Y (M, T)is a nonempty bounded closed
convex subset of X (7") for any M,T > 0. For any

w(z,t) € Y(T), let S map w to the unique solution
to (1) and (2).
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Lemma 3 (see[8].) Suppose that s > 0, f € C*(k =
[5]+1), £(0) = 0, u € H*AL. If][u
then we have

Lo®) < M,

1f ()l s < R (M) |[ul| s

where ki (M) is a constant dependent on M

Lemma 4 (see, [8]) Suppose that s > 0, f €
Ck(k = [s] +1). Ifu,v € H*N L™, |jul
Ml”UHLoo < Mjy, then

Lo <

1f(w) = f(0)l|zs < ka(M)|lu — v #s

where ko (M) is a constant dependent on M.

Lemma 5 Suppose s > 0, up(x),u1(x) € H%, f €
CB*Y and f(0) = 0, then S is strictly contractive
mapping from Y (M, T) into itself for T sufficiently
small relative to M.

Proof: Let w(z,t) € Y(M,T). Using of (14) and
Lemma 4, we have

[w(z, t) s + llus (2, 8)]| s
< Clluo(@) ms + [lua ()]s

t
e /0 1 (w(, 7)) e
< CM + C max ky(M)||w(z,t)|| gsT
0<t<T

< CM + Chy(My) [|w(a, 8) || x ()T
< OM + Cky(M1)2CMT.

Taking
1

TS ———M—
o 2k1(M1)CM

27

then ||u(x,t)||gs + ||ue(x, t)||gs < 2CM, S maps
Y(M,T)into Y (M, T).

We are going to prove that S:Y(7') — Y (7)) is
strictly contractive.

Forany T' > 0, wy(z,t), wa(z,t) € Y(T), i.e.,

ui(z,t) = Swi(z,t), uz(x,t) = Swa(z,t).

Set
U(:E,t) = ul(x7t) - "U,Q(l’,t),

w(z,t) = wi(z,t) — wa(x,t).
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Then
|w(z, )]l as + lu(, )] s

< C’/O | f(Sw1(x,7) — Swa(z,T))|| gsdT
< c/o 1f (wn (0, £) — wa, £) | e

t
SCAHﬂM%ﬂHmW
< s
< Ck1(M1)OI£taSXT lw(z,t)||gsT
< Cky (M) ||w(z, t)|| x(7)T

Taking

1
P —
1= 36k (0 29

we have

1
Jull x 1y < §|’w($,t)HX(T)

Hence, S : Y(T') — Y (T) is strictly contractive. [

Theorem 6 Suppose s > 1, ug,uy € H?, f € ClI+1
and f(0) = 0. Then problem (1) and (2) admit a
unique local solution u(x,t) defined on a maximal
time interval [0, T°) with u(x,t) € C1([0,T°); H®).
Moreover, if

sup ut@, Ollgs + llue(z, )l[5e < oo (29)

0<t<
then T? = cc.

Proof: By the lemma 5, we can chose a T >0
appropriately such that S has a unique fixed point
u(x,t) € Y(M,T), which is a strong solution of
problem(1) and (2). And itis easy to prove the unique-
ness of solution which belongs to X () for each 7.
Now, let [0,7°) be the maximal time interval of
existence for u € X (T°). We want to show that, if

sup ([lu(z, ¢)[| s + [lue(2,t)]| #s) < 00
0<t<T0

is satisfied, then 70 = .
Suppose that

sup ([[u(z, t)|[gs + [lue(z, )| 5s) < o0
0<t<T0

holds and T° < oco. For each T' € [0, 7).
we consider the follow Cauchy problem

Vit — Av — A’Utt + AQUtt + CLAQ’U

—bAv; + cvp + pPv = BAF (V) (30)
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’U(JZ‘,O) = u(x,T),vt(x,O) = ut(xaT) (31)
By
sup ([lu(z,t)|[ s + [|ue(z, t)||ms) < o0
0<t<TO
we have

sup ([lu(z, t)[las + [lue(z, )] me) < K
0<t<T0

where K is a positive constant independent of T €
[0,7°). From Lemma 3 and the contraction map-
ping principle we see that there exists a constant 77 €
(0,7°) such that for each 7' € [0,7°), the problem
(30) and (31) has a unique solution v(z,t) € X (11).
In particular, (1) and (2) reveal T} that can be selected
independently of T e [0, TY). Take T=T1°— % and
define

te0,T]
te [T, 70+ 1

~ u(z, t),

“:{U@J—ﬂ,

then @(x,t) is a solution to equations (1) and (2) on
interval [0, 7° + Z1], and by the uniqueness, (z,?)
extends u(x,t), which violates the maximalist of
[0, T7). Therefore, if (29) holds, then

T° =

Theorem 6 is proved. O

3 Existence and uniqueness of global

solution
Lemma 7 Suppose that f(u) € C, F(u) =
Io f(s)ds,ug € HY, ul,(—A)_%ul € L? and

F(ug) € LY. Then for the solution u(x,t) to prob-
lem (1) and (2), we have the energy identity

E=(

lutz|72 + allualZz + p*[I(-A

125 /+oo
%Aue

Proof: Multiplying the equation (1) by (—A) 1w,
and integrating the product with respect to z, we get

_1
—A) 72 s + [l Fe + (w72 +
_1 9
)" 2ul|7e

w)dz + 2b/ lur|Zadr +

A)zu,|[32dr = E(0) (32)

(utt — Au — AUtt + AQUtt + CLAQU
—bAug + cuy + p*u — BAf(u), (—A) " tug) = 0
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Ut + U+ uy — Augy — alAu 4 buyg
w4+ p*((=A) " u+ Bf(u),ur) =0

((=a)~
Fe(—A)"t

(=) g, ug) + (, ug) + (e, )
—(Aug,up) — a(Au,ug) + bluyg, ug)
+e((=A) ug, ug) + p*((—A) " u, uy)
+6(f(u),ur) =0

and

1
S ) FlBa o a2 +

Hluta |72 + allualZ2 + p?|I(

oy /+oo

+ef(-A

1
—A)"zu7,
w)da] + bl|u7
)_§Ut||L2 =0
So

_1
A) 2|72 + gz + lluelZ2

E=|(-
Fllue |22 + allual3z + p2lI(-A

128 /+oo

2 / (-
0
where

E®0) = ||(
+all(—A) " ug| 2z + P2 (—

+oo
+25/ F(up)dz

and (.,

A)~2ulf?
w)dz + 2@/ s |2adr

A) " zu,|2.dr = E(0)

1
—A) 2wy |2 + uo]|Ze + [Jun |2

1
A) 2|72

.) denotes the inner product of L? space.

Theorem 8 Suppose s > %, ug,u1 € H®, f € Clsi+l

and T° > 0 is a maximal time of the solution of the
problem (1) and (2). Then T° < oo if and only if

lim sup [Ju(t)||pe = o0 (33)

t—T0

Proof: If (33) set up, by the Sobolev imbedding The-
orem, we have,
)] = o0

lim sup [[|u(-, t)||ms + [Jue(-,t

t—T0

then 7° < oo.
On the other hand, we prove that 7° = oo when

sup ||lu(t)||pee < o0.

t€[0,79)
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Since
(Ol + el )| s
< Cffluoll s + llua |l =
t
+ [ 16 ar),
clearly,
Jul,t) + (- )] 1

< Cllluollgs + llutll gs

t
+ /0 1£Co )l edr] < oo

So lim sup,_,7o ||u(-,t) + we (-, )| s < o0.
By the Sobolev imbedding Theorem, we get

lim ||u(-,t)|| e < 00
T Ju-, 0]

Therefore, T° = . O

Theorem 9 Suppose s > %,uo,ul € H* F(uy) €
LY, f(u) € CBHL F(u) > 0 or f'(u) is bounded
below, then there is a unique global solution u €
CY([0,T); H*) to problem (1) and (2).
Proof: If F'(u) > 0, then
1

By = [[(=A)"2url[72 + ull 7z + [luell7

Fall(=8) "2 ullfs +p*(~8)2ulf < E(0)
If f'(u) is bounded below, i.e., there is a constant Ay

such that f'(u) > Ay for any u € R.
set fo(u) = f(u) — kou, kg = min{ Ay, 0}, then

fo(0) = 0, fo(u) = f'(u) — ko > 0
So fo(u)isa monotonically increasing function. And

we have Fy(u) = [ fo(s)ds > 0.
Explomng (32) and we notice that

F(u) = /Ou f(s)ds = /0 [fo(s) + kos]ds
= FQ(U) + % 2
Then

_1
I(=2)"Zuel[ 72 + llull> + lullZ

1
+all(—=8)"2ul 72 +p*I(—
+0o0
—1—25/ Fo(u)dx

t
— B(0) —2b/ lu|2adr
0

2 [ I

t
< B0) =2 [ s fadr = Sl

A)"7ul2

1
A)~2ur|[Fadr — Bhollulgs
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We have
“+00
E + 25/ Fo(u)d$
—0o0
t
0) — 2 /0 e 2adr — BollullZ:
t
< BO) =2 [ furlfadr ~ Bholjuol:
0
t
T /O (B2 |ul2. + llur|22)dr
< E(0) — Bkolluoll72 + (2b+ B%K3) -

t
/0 (lulZs + [furl|22)dr

By the Gronwall inequality

[l + [luell 72

< (E(0) — Bko|luo[|72) exp[(2b + 5k5) T
Thus, for any t € [0,7°), ||u(z,t)|| g1 is Uniformly
bounded, by the Sobolev imbedding Theorem, we

have
||u(z,t)|| Lo < 00, Vt € [O,TO).

Therefore, the problem (1),(2)have a unique global so-
lution u(z,t) ,which is belong to C1([0, T]; H®). O
4 Blow-up of solution

Lemma 10 Suppose that a positive twice differen-
tiable function H (t) satisfies ont > 0 the inequality

H(t)H" (t) — (1+e)(H (1))
> oM H()H' (t) — Ma(H(t))?

where e > 0 and My, Ms > 0 are constants.

If HO0) > 0 and H (0) > —vy2e 'H(0),and
M + My > 0 ,then H(t) tends to infinity, as ¢ —
t1 < 1o,

£y = 1 71H(0) eH (0)
2,/M? + eMg Y90 H(0) + eH'(0)
where v1 2 = — M) F \/M? + eMs.
If H(0) > 0and H (0) > 0,and M; = M = 0,
then H(t) —» coast — t; <ty = eg%).

Theorem 11 Assume that k > 0, f(u) € C,ug €
HY, uy, (~A) 2ug,(-A)"2uy € L% F(u) =
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Iy f(s)ds, F(ug) € L' and there exists a constant
o > 0 such that

uf(u) < (o +k+2)F(u) + 22 Vu e R

20
then the solution u(x,t) of problem (1) and (2) blow
up in finite time if one of the following conditions is
valid:
(i): E(0) <0
(ii): E(0) = 0 and
((=A) " Zug, (—=A) " Zug)+ (ug, ur) + (tog, w1z) > 0
(iii): E(0) > 0 and
((—A)"2ug, (~A) " Zuy) + (ug, ur) + (uor, uiy)
2 k
&E(O) .

24+«
VIl

Proof: Let

H(t) = [|(=

+7(t + tg)?

_1
A)"2up|| 72 + lluoll 2 gy + luozlZ:

_1
A) 2l + ulfe + lluel 7

where v and t( are nonnegative constants to be speci-
fied later.

H'(t) = 2((~A) " Zu, (~A) 2uy)
+2(w, ug) + 2(ug, ugy) + 27y(t + o)
Using the Schwartz inequality,
’ _1
(H (t))* = 4H()[||(—A) "2 w75
HlluelF2 + luatll 72 + 7]
7" _1
H () = 2l(=A) 2ug|7> + 2[luell7

2|72 + 2(u, (=A)Huy
+utt — Autt) + 2’Y

We get from (1) that
(—A) Muy + ug — Auy
= —Bf(u) —p*(-A)"u

—c(—A)_lut — buy + aAu — u.

Then, we have
" 1
H(t) = 2] (—A) " 2ugl|72 + 2[|uell7 +

2lurelF2 — 2% (=A) 272 — 2lull}
—allug|[72 — 2e(u, (=) up) — 2b(u, ur)

—28 /Z uf (u)dz
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By the Schwartz inequality

2c(u, (—A)tug) < eflul|F2 +
1(=A) " ug]|72] (34)
2b(u, ug) < bfJull7 + g7 ] (35)

From that, we get

” « /

H(OH (t) - 1+ )(H (t))?

> HOH' (t) — (4+ o) HO)[|I(—

w72 + llueall72 + ]
HO{H" (t) — (4+ )l (-

el 3> + llueall7> + 1}

1
A) 72wy +

1
A) 2wy +

Taking k¥ = max{a, b, c, 1}, since
_1
E = [[(=A) 2w 72 + [lull72 + [l
A) =2l

u)dx + b/ [ur||32dr +

+ute |22 + allug||2s + p2(—A

wy /

c /0 I(~A)ur|2.dr = E(0)

we have
_1
KE(0) < K| (—A) el + [[ull2
el 2] + Flllugel2e + a2
—+o00
2= A) FulZ 428 [ Fluyda
t
b / e 227 +
0
t 1
¢ / 1(=A) 3y |Zadr] (36)
0

We get from (34) and (35) that

2¢(u, (—A) " Luy) + 2b(u, uy)
< R[2fjull?a + | (—2) 2wl F + e 2]

From the above inequality and (36), we get

7 _1
H (1) > 2[|(=A) 72w 72 + 2||us 72
_1
+2l a2 — 20°[1(—A) 2 ul7 -

+oo
—allug|2: — 28 / wf (u)dz

2
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_1
—k2[julZe + 1(=2) "2 url| 72 + fluelZ2]

_1
> 2[[(=A) 2wl 72 + 2lluel| 72 + 2llueal|7

—2p*||(=A)~ 2UIIL2—2HUIIL2 luz |72

_25/ w)dz — kE(0) + k[||ugg |32

_1
Hlualz2 + 0 (~A) "2 ul 7
t +oo
+b/ \u7|]%gd7+2ﬁ/ F(u)dz
0 —o0o

re [

Therefore, we have

A) 3 u,||2,dr]

" _1
H () = (4 + Q) [|(=A) " T2 + [lue 72
Hluel 72 + ]
1
> 2|[(=A) "2 w72 + 2luel 72 + 2|2

—2p°||(—A

og /+oo

Hlua 72 + P (-4

+2B/+oo
+c/ (=

—(4+a)[ll(-
+”UtxHL2 +1]
1
> (=2 =) [[(=A) 2 w72 + (=2 — @) ue 72
(k=2 a)lluel3a + (~26% + ko)
_1
I(=2)"2ulF> — 2lull> + (k —

—(4+a)y— 25/+OO

o8 /+oo
Te /0 -

We also know that

_1
) 2ullze = 2llullz: — aflue|z.

w)dz — kE(0) + k[|[us||72
A)”2ulgs
d:n—i—b/ s |2 dr

A) " Zug|22dr]

1
A) 2wy Fo + [luell7»

a)luzll7

w)dz — kE(0)

u)dx + b/ [ur||22dr

A) " zu, |2, dr) 37)

_1
(=2 = )[(=A)2ull72 + (=2 — @) w7
(k=2 = a)lu |72 + (=2p* + kp®) -
_1
1(=2)"2ulZ2 = 2ljull72 + (k — @) lue 72
1
> (=2 = )[[(=A) " 272 + [Juel|72
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_1
HlutallFz + P2 (=A) 2 ull72 + ul7:

+allug|[Z2] + oflulz.

0) — Qﬂ/ F(u)dx
t t -

b / lur|2dr — c / T
0 0

+alulZ.

>(-2—a)[FE

)z u,||22dr]

From (37),we have

"

H (t) - (4 + [l (=
ez |72 + 7]

_1
A) "zl 72 + w72 +

+o0o
2 (2-a)BO) =28 | Flu)de

b / e |Zdr — c / -

+alullf: = (4+ @)

_26/4-00
+h[28 / T
/ (-

(—2—a—k)E(0) —

2uTH%QdT}

u)dx — kE(0)

t
w)dz + b/ s 2o
0

INRETR

(4+ o)y +

/ {262+ a) + 28K F () — 28uf(u)}de

t
allulZs + /0 (b2 + @) + kbl ur |2

ke + e(2 + Q)] (—A) " Zu |2 }dr

> (<2~ a— k)E(0) - (4 a)y + /{[25

(2 + ) + 28k F (u) — 2Buf(u) + au?}dz.

Notice that

H(OH' () - (1+ D) (H (1)
> —[(24+a+k)E(0)
+(4+ a)y|H(1). (38)

If E(0) < 0, taking v = — 22+~ £(0) > 0, then

(H (8)? = 0

HOH' (1) - (1+ 5 >

1+

We may now choose tg so large that H' (0) > 0.
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From Lemma 10 we know

4H(0)
~am(0) =

If £(0) < 0, taking v = 0, then we get from (38)

" (0% ’
HOH (t) = (1+ ) (H (£)* >0
Also H'(0) > 0 by assumption (ii). Thus, we obtain
from Lemma 10 that H (¢) becomes infinite at a time

T7 at most equal to Th = sg,((og) < 00

If £(0) > 0, then taking v = 0, inequality (38)
becomes

H(t)H”<t>—< + H ()
—(24+a+k)E(0)H(t)

= (H(t))™"
w () = —0(H () H ()

(39

,where 0 = % then

(40)

and
' (t) = —0(H ()" x

[H(OH () = (0 = D) (H (t))?]
0—

< (24 k+40)E0)(H@)7t @1

where inequality (39) is used. And (40) implies
1 (0) < 0.

Let t* = sup{t | © (1) < 0,7 € (0,t)}. By the
continuity of ' (t), t* is positive. Multiplying (41) by
24 (t) yields

(' (£)]
> —20%(2+ k + 40)E(0)(H(t)) "2 ~2H' (¢)

— 0622 oy ()2

42
20+ 1 (42)

For any ¢ € [0,t*), integrating (42) with respect to t
over [0,t) to get

(1 (1))
L o2tk do

g EOH®) ™ 4 (4 (0))?
24+ k446 29—
P EO)(H(©)

/ 2+ k+ 460
> (w (0))* — 02?4—1

—20

E(0)(H(0))~*"
By assumption (iii)

o2 g2 TR 40

(! ) = 26°= L EO)(H0) 7 > 0
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Hence by continuity of 1 (£), we obtain

K0 < [0 0 - 2022 L B(0).
(H(0) )z, vee (0.1 43)

By the continuity of ¢*, it follows that inequality (43)
holds for all ¢ > 0. Therefore,

o2 g2t R+ 40

u(t) < (0) = [(u (0)) 20+ 1 E(0)
(H(0))"20"12¢, V>0
So pu(T1) = 0 for some T and
0< T < Ty = u0)/[(6)? - 2 2 (o)

(H(0) 722

Thus, H (t) becomes infinite at a time 77.

Therefore, H (t) becomes infinite at a time 7} un-
der either assumptions (i),(ii) or (iii). We have a con-
tradiction with the fact that the maximal time of exis-
tence is infinite. Hence the maximal time of existence
is finite. O

5 Conclusion

In this paper we considered the generalized Boussi-
nesq equation with double damped term. We dis-
cussed the existence and uniqueness of local solution
and the global solution under certain conditions. Fi-
nally we gave three conditions about the Blow-up of
the solution.
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