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Abstract: Based on the earlier research results, and combined with the actual competition in Chinese insurance
market, the triopoly dynamic game model is built under the hypothesis that the oligarchs make adaptive decision,
delayed bounded rational decision and bounded rational decision respectively. The existence of only Nash equilib-
rium in the system is analyzed theoretically, and its stability and the existence of Hopf bifurcation are also studied.
The further numerical simulation result verified the accuracy of theoretical study and displayed more intuitively
the dynamic behaviour of the system. From this we can conclude that in the process of considering delayed price
game, the insurance company must control the value of delay parameter well and decrease his price adjustment
speed properly. Only in this way they can make the system stable to its equilibrium state more rapidly. At last, the
variable feedback control method is used to make control to the system, it makes the unstable system to the Nash
equilibrium state again.
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1 Introduction to the circumstances such as bounded rationality, dif-
ferentiated products and delayed bounded rationality
and so on, they have drawn the conclusion that the
delay can increase the stability of the system. Xu
Feng [5] takes delayed decisions into a duopoly ad-
vertising game model, one player considers delayed
decision and the other considers bounded rationality,
then the author analyzes the effect of delayed deci-
sions on this system. Ma Junhai [6] supposes all
game players consider bounded rationality with de-
lay. In the condition of different parameters, he in-
vestigates the stability, Hopf bifurcation and chaos of
the system. It concludes that the delayed parameter
and other parameter values will change the stability
of system. H. N. Agiza[7] analyzed the dynamics
of Bowley’s model with bounded rationality, studies
the existence and stability of the equilibria and the
Bowley’s model with delayed bounded rationality in
monopoly. Gao Qin [8] uses the theory of ecology
to analyze the competition and cooperation between
two container terminal companies. She improves the
Lotka-Volterra model to constitute nonlinear models
and investigates the stability and Hopf bifurcation of
no-delay and delay models. Woo-Sik Son[9] investi-
gates the dynamical model of a financial system, an-
alyzes the local stability of the system with delays
and the effect of delayed feedbacks on the financial

With the rapid development of Chinese insurance mar-
ket, the number of insurance company is increasing
year by year. Although the market concentration has
decreased somewhat in recent years, Chinese insur-
ance market is still with the typical oligopoly market
structure at present and the price competition is the
main competition among oligarchs. The existing lit-
eratures focused on the research on static game, the
literatures about dynamic game research are relatively
less. Han Shufeng and Ding Xiaxing [1] thought that
the price competition is the main counter mean in Chi-
nese insurance market, they analyzed the price com-
petition from the point of view of game theory and
concluded the insurance company can use the limita-
tion of supply ability of other companies to make pric-
ing strategy of second lowest price to get relatively
high profits. Zheng wenzhe and Wu jilin [2] estab-
lished the price competition model of the oligarches
with the difference of service quality, they assumed
that the two companies played the static game with
incomplete information. T. Dubiel Teleseynski [3]
studied the duopoly repeated game model which one
made decision with bounded rationality and the other
made decision with self-adaption, and explained the
diseconomies of scale. Afterward E. Ahmed, H. N.
Agiza and S. Z. Hassan [4] expanded Puu’s research
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model. Su Z. et al.[10] studied the problem of prac-
tical asymptotic stability for a class of discrete-time
time-delay systems via Razumikhin-type Theorems.
Gong Yonghua[11] studied the price competition and
differentiation strategy among three oligarchs through
building the market competition models with two dif-
ferent game structures. G. H. Wang and J. H. Ma [12]
analyzed the output game in a two-level supply chain,
and discussed the chaos control of the supply chain
system. Ji Weizhuo [13] built the output game model
about three oligarchs with different decision rules in
power market and used the nonlinear dynamics theory
to study the influence which the output adjustment has
on the market. In addition, there are many literatures
which have done a lot work on this field [14-23].

With the research background of Chinese insur-
ance market, the dynamic price game model with
three oligarchs will be built in this paper. We con-
sider that the oligarchs make adaptive decision, de-
layed bounded rational decision and bounded rational
decision respectively, and researches the stability of
Nash equilibrium and the existence of Hopf bifurca-
tion. By the numerical simulation analysis, we can
find the effect of some parameters on the system. At
last, the variable feedback control method is used to
control the chaos of the system.

2 Model

With the assumption that an insurance market is a tri-
opoly market, three insurance companies make their
own prices for their products. Let p;(t),7 = 1,2,3
represent the price of ¢ th insurance company, g;,¢ =
1,2, 3 represent the quantity of ¢ th insurance com-
pany. So the linear inverse demand functions of three
insurance companies are as follows:

¢ = a — bip; + gipj + hipy

1

(i,5,k=1,2,3;i # j # k) M
where a, b;, g;, h;y > 0,7 = 1,2, 3, g;, h; represent the
product substitutions between the two insurance com-
pany. Suppose that insurance companies have no fixed
costs, let ¢; > 0,7 = 1,2, 3 represent the marginal
costs of 7 th insurance company, so the cost function
with linear form is C;(¢;) = ¢;i¢;,i = 1,2,3. And
accordingly, the profit function of the three insurance
companies is given by ;(p1, p2, p3) = Pi¢i —Cigi, i =
1,2, 3. We put formula (1) into the profit function and
can get:

mi(pi, Pj, Pk) = (pi —¢i)(a—bipi + gip; + hipr) (2)
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then the marginal profits of the three insurance com-
panies are:

Omi(pi,pj Pk)
Ipi 3)
= a — 2b;p; + gipj + hipr + bic;

Here we assume the first company considers adaptive
o1 (p1,p2,p3)
Op1

its price is ﬁ(a + g1p2 + hips + bici). The first
companys price game is based on the margin of the
above value and pq(t — 71). If the margin is posi-
tive, it will increase its price; otherwise, decrease its
price. Let v;(p;),7 = 1, 2, 3 represent the extent of the
price variation of ith insurance company according to
its marginal profit and they are positive functions. So
the dynamic adjustment of the price of the first com-
pany is modeled as:

decision. When = 0, we can compute

pi(t) = a1(p1) g (@ + g1p2 + haps @)
+bicy) — pi(t — 1))
We assume the other two companies consider
bounded rationality. As we known, the market infor-
mation of all firms is incomplete. Some firms will take
marginal profit into consideration in their price game
in order to maximize their profits. If the marginal
profit is positive, the firm will increase its price; other-
wise, decrease its price. So the dynamic adjustments
of the price of the other two companies are modeled
as:

omi(p1,p2,3)

,1=2,3
Op;

pi(t) = i(pi) 6))

When the two insurance companies with bounded
rationality need to determine their own price, they will
consider not only the current marginal profit but also
the marginal profit of 7 time ago. Here we assume
only the second insurance company considers delay
decision and the delay parameter is 72. So the dy-
namic model of price game becomes:

pE = wpa(t) + (1 — w)pa(t — 1) (6)
where 0 < w < 1 represents the weight of the current
price, 1 — w represents the weight of price of ¢ — 7
time. In order to analyze the system easily, here we
simplify this model and assume 71 = 75 = 7.

We assume «;(p;) has a linear form

a;(pi) = vipi, 1=1,2,3 (N
where v; is positive which represents the speed of
price adjustment of ¢th insurance company. Therefore,
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the final dynamic system of price game is given by

P1(t) = vipi[(a+ grwpa(t) + g1 (1—w)pa2(t—7)
+haps(t) + bic1)/(2b1) — pr(t — 7)]

P2(t) = vapa[a— 2bswpa(t) — 2ba(1—w)pa(t—T)
+g2p3(t) + hapi(t) + baca]

P3(t) = vapsla— 2b3ps3(t) + gsp1(t) + hawpa(t)
+hs3(1 —w)p2(t — 7) + b3cs]

®)

3 Equilibrium points and local sta-
bility

The equilibrium points of the dynamic system of the

triopoly price game must be nonnegative because

our model is an economic model. So the eight fixed
points of system (8) are

E1 (0,0,0), Es (angfl,o,o),
By (0, %522,0), By (0,0, ),
. <2ab2+2b1b201+a91+b26291 2ab142b1bacotahatbiciha 0)

&

4b1b2—g1ho ’ 4b1b2—g1ho

E. ( 2ab32bibscitahitbzesh .0, 2ab1+2b1 bacztagsthbicigs

6 4b1b3—gsh1 4b1b3—g3h1
B 2ab3+2b2b302+a92+b36392 2abot2babscatahstbacahs

7 4b2b3—gahs ’ 4bobsz—gahs

__ ei1te __  e3+e
Es(pl,pg,pg) where pj = 2, p = ei_e‘;,
* — esteg and
e7—es

er = 4ababs + 2abzgr + 2abah1 + ag1g2 — aga2hs
+ahihg
ea = 4bibabzcy + 2b3b3cagr + 2b2b3c3hy

+b3c3g1g2 — bicigahg + bacahihs

es = 4abibs + 2abigs + 2abshs 4+ agogs — agshy
+ahihs

es = 4bibabsca + 2b1bscsge + 2b1bsciho
+b1c19293 — bacagshi + bgczhiha

es = 4abiby + 2abogs + 2abihg + ag193 — agi1he
+ah2h3

g = 4b152b303 + 2b1b201g3 + 2[)16262}13
+bac2g193 — bscsgiha + bicihohs

er 8b1b2bs — 919293 — hihahs

es 2b1g2h3 + 2bagzhy + 2b3g1heo

We know that F; means there have no competitors in
the insurance market in the end of price game. FEj,
Fs, E4 and F5, Eg, F7 mean that there have only one
or two insurance companies survived at the insurance
market. Obviously, Ey, E», E3, Ey4, E5, Eg, By are
boundary equilibria and Ejg is the only Nash equilib-
rium of system (8).
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Let ul(t) = p (t)
uz(t) = ps(t)

— pi, ua(t) = pa2(t) — p3,
— p3. Then system (8) is written as

i1 (8) = v (ur () + p}) [~ (¢ — 7) + 2zll)
1—w)us(t—7 hius(t

+91( 23)12( ) + 12b31( )]

g (t) = va(ua(t) + p3)[haui(t) —

—2b2(1 — w)ua(t — 7) + gaus(t)]

u3(t) = v3(us(t) + p3)lgsui(t) + hawua(t)
—l—hg(l — w) ( — T) — 2b3U3(t)]
&)

Now we can investigate the stability of point
(0,0) instead of the stability of equilibrium point .
The linearization of system (9) when u = 0 is

2bgwu2 (t)

. grwvrpiua(t
uy(t) = —v1piuL (t—7)+ 2b1 Q
_|_91(1—w)vlp’fu2(t—7) hivipius(t)

2b1 2b1

’llz(t) = hgvgp§u1 (t) — ngwvgpgm(t)
—2b(1 — w)vepiua(t — 7) + gavapsus(?)

u3(t) = gsvspiui(t) + hawvspius(t)

+hs(1 — w)vspiua(t — 7) — 2bsvspius(t)
(10)

Thus, we can obtain the characteristic equation of the

system (10)

A+ UlpTe—/\T _glwvlpi_gé(bll_w)vlp*fei)\‘r
—havap} M2bawvaps +2ba (1—w)vaps e
— 202D} —hzwvzpl — ha(1-w)vspie ™
—hivip]
2b1
—govap; =0

A+ 2b3’03p§
(1D

Compute the determinant (11), we will have

A3 b A2 4 ko X\ + k3 4 (kg A2 4 ks + kg)e T

+ (k7 + ]{38)6_2)‘T =0
(12)
where

k1 2 (wbavapy + b3vsps)

ko wuav3psPs (4b2bs + gohs)
—v1p}(wg1havaps + gshivsps)/2by

ks = —[wvivauspipsps(919293 + hihahs
+2bzggh1 + ngglhg)]/le

k4 2(1 — w)bavaps + v1p]

ks (1 — w)vavspsps(4bobs + g2hs)

+201p] (wbavaps + b3vzps)
—(1 — w)g1havivapip3/(2b1)
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ke = wvivauspipsps (4bobs + gohs)
—(1 — w)v1v2v3pP5p3(919293 + hihahs
+2b3g1ha + 2b2g3hi) /201

k7 = 2(1 — w)bavivapips

ks = (1 —w)vivavspipsps(4bobs + g2hs)

When 7 = 0, the equation (12) will have the form

N+ +bA+15=0 (13)

where l1 = k1+ky,lo = ko+ks+kr,ls = k3+ke+ks.
The real parts of all roots are negative if and only if
l; > 0and l1ls — I3 > 0 hold, then the Nash equilib-
rium of the system is locally asymptotically stable.

When 7 > 0, multiply e*” on both sides of equa-
tion (12), we will have

(N3 4 By A2 + ko \ + E3)eM + (kg A + ks + kg)
+ (k7 A + kg)ef)‘T =0
(14)
If A = iw(w > 0) is aroot of equation (14), separating
the real and imaginary parts, we can obtain

(k3 + ks — kiw?) cos(wT)

—w(ky — k7 — w?) sin(wr) = kyw? — kg
(k3 — kg — kijw?) sin(wT)

+w(ke + k7 — w?) cos(wT) = —ksw.

5)

According to the equation (15), we can compute

5 3
. . miw’+mow’+maw
sin(wt) = SOt tmaw?Limg (16)
4 2
_ _ muwitmswi+tme
cos(WT) = e e

where my = k4, mo = k1k5 — k2k4 — k4k7 — ]{76,
m3 = koke + kek7 — ksks — kskg, mg = ks — k1ka,
ms = kike + ksky + kskr — koks — kaks, mg =
k‘ﬁkg — kgk‘ﬁ, mr = k% — 2]€2, mg = k% — /ﬂ% — 2k1k3,
mg = ]{3?2) — k%

Since sin®(wT) + cos?(wr) = 1, combining with
equation (16), we have

wl?+ nlwlo + n2w8 + n3w6 + n4w4 + n5w2 +ng=0

(17)
where n1 = 2my; — m%, ng = m% — mi + 2mg —
2mims, ng = 2mrms + 2mg — m% — 2mims —

2m4m5, Nng = m%—mg+2m7mg—2m2m3—2m4m6,
ng = 2mgmg — 2msmeg — m%, ng = mg — mg.

Denote s = w?, the equation (17) becomes
8 —|—nls5 —1—n234 —|—n333 +n432 +nss+ng =0 (18)
Assume the equation (18) has six real positive roots

sp(k = 1,2,---,6), then the equation (17) will has
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SiX positive roots wy = /si, k = 1,2, --- 6, substi-
tuting them into equation (16), we have

maws + m5w2 + mg 29m
k k J

T = S arccos { 5 1 5
Wik wy, + mrw, + mgwy, + Mg Wk
(19)
where k= 1,2,--+ ,6,j =0,1,2, - --
We can denote 79 = min(73 ). Taking the deriva-
tive with respect to 7 in equation (14), we have

AN L BN 2k At k)T H 2kt hre AN ks 1
dr - k4)\3+k5)\2+k6>\+2)\(k7)\+k8)6*>‘7' A
(20)
Together with (20), it leads to
dA(r)] ! _ TIT3 —Tory
dr T=To r3 +r?

where

11 = (—=3w? + ko + k7) cos(wT) — 2wk sin(wT) + ks,
1o = (—3w?+ko—k7) sin(wT) + 2wk cos(wT) +2k4w,
r3 = —ksw? 4 2w(kw + kg) sin(wr),

r4 = —kyw? + kew + 2wks cos(wT).

Thus, we have

Therefore, we will have the following results based on
the above research. When 7 € [0, 79), the equilibrium
of system (8) is asymptotically stable, and when 7 =
7o the system (8) will have a Hopf bifurcation at Nash
equilibrium.

4 Numerical simulations

Numerical simulations are carried to show the stabil-
ity of system (8). In order to investigate the local sta-
bility properties of the Nash equilibrium conveniently,
here we use certain value data to simulate the dynam-
ics of the system. The parameters are taken to be

a=5 b =38,
g1 = 047 g2 = 057
hs = 0.55, hs = 0.65,

by = 3.5, by =3.1,
gs = 0.6, h1 = 0.45,

the marginal costs of three insurance companies are
c1 = 0.0016, co = 0.0014, c3 = 0.0012, the ini-
tial prices of their products are p;(0) = 0.5, p2(0) =
0.4, p3(0) = 0.3, the speeds of price adjustment are
v = vy = v3 = 0.5, the weight of price is w =
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Figure 2: The orbits of p; and py (7 = 2.8)

0.45. According to (19), we will obtain 79 = 2.6863.
Figs.1, and 2 show the dynamics of system (8) for
T = 2.1, 2.8, respectively.

From Fig.1 and Fig. 2, we see that if 7 < 79,
the Nash equilibrium point of system (8) is stable. As
T increases, it will take longer time to be stable. If
T > 79, Hopf bifurcation and period orbits are ap-
peared and the Nash equilibrium becomes unstable.
If the system is stable, we can compute the value of
the Nash equilibrium is p] = 0.7605, p5 = 0.8440,

= 0.9691. According to (2), we can obtain the
three players profits m; = 2.1885, mo = 2.4847,
ms = 2.9043.

If we change the 2th company’s speed of price
adjustment, Fig.3 and Fig. 4 are for v = 0.3. From
the above assumption, the second company has con-
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sidered delay decision. Its price will influenced by
delay parameter and other parameters of the system.
Compare the two figures with Fig.1 and Fig. 2, when
decrease the second company’s speed of price adjust-
ment, the system will need less time to be stable, or
unstable system may become stable.

1_ T T T T T T T T T
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-
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i
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- VI ¢V - VN e | O S | R~ - 8

Figure 3: The orbits of p; and p2 (v2 = 0.3,7 = 2.1)
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Figure 4: The orbits of p; and ps (v = 0.3, 7 = 2.8)

In order to avoid the confusion of the insurance
market, the second company need to reduce the value
of delay parameter and appropriately decrease the
speed of price adjustment, then all companies will ob-
tain profit easily. The company who considers delay
decision need to get the latest market information of
price, so we can minimize the impact of the lag on the
stability of the system. At the same time, we need to
reduce the price sensitivity of the profit margin, even-
tually the whole insurance market will be stable.
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Figure 5: The orbits of p; and po (71 = 2.1, 79 = 2)
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Figure 6: The orbits of p; and po (71 = 2.1, 79 = 3)

Fix the value of other parameters and change the
values of the delay parameter of the first and second
company, numerical simulations are as follows: Fig.5
— Fig.10.

From Fig.5-Fig.7, when the value of the delay pa-
rameter of the first company is fixed, if we increase the
value of the delay parameter of the second company,
the stable system will become unstable and the peri-
ods of solutions of the system will also increase. A
t this time, delay parameter has more obvious impact
on the second company than the other two companies.
From Fig.8 — Fig.10, if we fix the value of the delay
parameter of the first company and increase the value
of the delay parameter of the first company, the system
will become unstable and period orbits are appeared.
A t this time, delay parameter will significantly affect
the price of the second company and also has impact
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Figure 7: The orbits of p; and p2 (71 = 2.1, 70 = 4)
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Figure 8: The orbits of p; and py (71 = 3,0 = 2.1)
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Figure 9: The orbits of p; and py (71 = 4,72 = 2.1)
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Figure 10: The orbits of p; and ps (71 = 5,72 = 2.1)

on other companies. Therefore, the delay parameter
of the adaptive player has more significant effect on
the system than the player with delay decision. In or-
der to make the price of the entire insurance market to
be able to stabilize, all the companies with different
decisions need to reduce the values of delay parame-
ter properly, then the system will take less time to be
stable and the price will be rational.

5 Chaos control

According to the preceding numerical simulation and
analysis, we know that the value of delay parameter
and the control of price adjustment speed have a di-
rect effect to the price setting of each oligarch and
the changing of price movements. For example, if
oligarch 2 increases his delay parameter value or im-
proves his price adjustment speed, the instability of
system (8) will be increased, that is, the competitive
chaos of insurance market is aggravated. However this
is not the desired situation in reality, because the insta-
bility means unordered competition in the market, and
this kind of competition is harmful whether to the oli-
garch himself or to the whole insurance market, so the
related theoretical research and application on chaos
control arisen. In all the research methods on chaos
control, the variable feedback control method is more
widely used in practice and has get an excellent effect.
In this paper, this method will be used to control the
chaos of system (8). First we have a basic introduction
to this method.

Considering a nonlinear dynamic system of n di-
mension,

T = f(z,1) (21)
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If its desired target is & = (Z1,Z2, - ,Zn), the
feedback control is as follows:

&= fla,t) - K(z — ) (22)

where K = [Kj ;] is the feedback gain matrix.
Let
G=Df - K (23)

where Df; ; = §£ ; . If all the eigenvalues of G
-

are less than zero, it is in a partial stable state.
In the n? adjustable parameters of K; j, the con-
trol to system can be achieved only by adjusting n pa-

rameters which are \{, Ao, - -+, \,. That is,
dmi _
i Ji = Ai(ws — 2i) N >0, (24)

for i =1,2,---n.
In formula (24), a big-enough \; can make the
target state of nonlinear dynamic system be stable.
Based on the previous analysis, we first set system
(8) as the following form:

Pr(t) = g1(p1(t), pa(t — 7). pa(t), pa(t — 7). ps(t))
Pa(t) = g2(p1(t), p1(t — 7). p2(t), p2(t — 7), p3(t))

P3(t) = g3(pr(t), p1(t — 7), p2(t), p2(t — 7), p3(t))
(25)
Then the variable feedback control method is used to
control the price of oligarch 2,

D(t) = g1(p1 (1), pr(t = 7), pa(t), pa(t = 7), p3(1))
D(t) = ga(pa(8), p1(t = 7), pa(t), p2(t = 7), p3(t))
—Kpg(t)

P(t) = g3(pr(8), p1(t = 7), pa(t), p2(t — 7), pa(t))

(26)
The specific form of system (26) is,

p1(t) = vipi[(a + grwps(t) + g1(1 — w)pa(t — 7)
+hips(t) + bic1)/2b1 — p1(t —7)

p2(t) = vapala — 2bawpa(t) — 2ba(1 — w)pa2(t — 7)
+gop3(t) + hopi(t) + baca] — Kpo(t)

P3(t) = vapsla — 2b3p3(t) + gsp1(t) + hawpa(t)
+h3(1 — w)p2(t — 7) + bscs ]

(27)
By setting proper value for feedback parameter K in
system (27), it can have obvious control on the chaos
and instability, and shorten the time from the price in-
stability to equilibrium state.

Compare Figure 11 to Figure 2 and Figure 12 to
Figure 6 respectively, it can be seen that after the feed-
back parameter K is added to system (8), the original
system with periodical change tends to be the equilib-
rium state, the stability increases. Compare Figure 13
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to Figure 12 and Figure 15, Figure 14 to Figure 7 re-
spectively, it can be seen that with the increasing of K,
the time from the instability to the equilibrium state
of each oligarch is greatly reduced and the adjusting
intensity from the instability to stability is gradually
increased. The numerical simulation results demon-
strate that it can change the speed which the system
reaches to stable period or equilibrium state by adjust
the value of K, even if K is very small, it can control
the chaos and have a better control effect. The using of
the variable feedback control method will provide the-
oretical direction for the policy adjustment when the
insurance market is in unordered competition state, so
it is of great economic significance.

6 Conclusions

In this paper, we investigated the dynamic model of
a triopoly price game in insurance market. In this
model, we have considered adaptive, bounded ratio-
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nality with delay and bounded rationality. Accord-
ing to theoretical analysis and numerical simulation of
the differential equation with delay, the players must
properly reduce the value of delay parameter to make
the system stable as soon as quickly. The insurance
market cannot accelerate the speed of price adjust-
ment and ignore its negative impact, because it may
lead to the disordering of the insurance market. In ad-
dition, the variation of the different companies’ values
of delay parameter will have different effects on the
entire insurance market. Therefore, insurance compa-
nies in competition must reasonably control the val-
ues of all parameters, the entire insurance market will
have a healthy and stable development. At the same
time, when the market is in unstable state, it can also
take the measure with variable feedback control to
change the speed with which the system enters into
stable period by adjusting the value of feedback in-
tensity. Even if the feedback parameter is very small,
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the chaos control can be achieved.
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