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1 Introduction

In recent years, the existence of multiple periodic so-
lutions in biological models has been widely studied.
For example, systems with harvesting terms are of-
ten considered [1-13]. In particular, Zhao and Li [1]
considered a non-autonomous two species parasitical
model with harvesting terms

{ & = w(t)(ar(t) = bi(t)z(t)) — ha(t),
g =y(t)(az(t) — b2(t)y(t) + c(t)2(t)) — hz(t)(,l)

where, x(t) and y(t) denote the densities of the host
and the parasites, respectively; a;(t), b;(t), c(t) and
hi(t)(i = 1,2) are all positive continuous functions
and denote the intrinsic growth rate, death rate, ob-
taining nutriment rate from the host, harvesting rate,
respectively. In the system (1), the parasitical influ-
ence on its host is negligible.

As we know, in population dynamics, many
evolutionary processes experience short-time rapid
chance after undergoing relatively long sooth varia-
tion. Examples include stocking of species and annual
immigration. Incorporating these phenomena gives us
impulsive differential equations. In 2013, we studied
the existence of multiple positive periodic solutions to
two species parasitical model with impulsive effects
and harvesting terms [14]:

= z1(t) (a1 (t) = b1 (t)z1(t—T11(2)))
—hi(t), t 7’5 tk;

dra(t) = wa(t) (aa(t) —ba(t ) 2(t—T22(t))

ety (t—Ta1(t)) — ha(t), t # tr;

zi(t5) = (L+ gip)zi(te), t =ty k € Z7T,

1 (t)

2
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where g;;, € (—1,4+00)(i = 1,2,k € N = {1,2}).
{tx }ken is a strictly increasing sequence with ¢; > 0
and limy_, o, t, = 00. x;(t)(i = 1, 2) is the ith species
population density. a;(t) > 0(i = 1,2) denote the in-
trinsic growth rate, b;(t) > 0 and h;(t) > 0(i = 1,2)
stand for death rate, obtaining nutriment rate from the
host, harvesting rate, respectively. ¢(t) > 0 represents
obtaining nutriment rate from the host, m1(t) > 0
stands for the time-lag in the process of transforma-
tion from the 1th species to the 2th species. 7;;(t) >
0(¢ = 1,2) represents the time-lag in the process of
intra-specific competition. For the theory of impulsive
differential equations, we refer the reader to [15-30].
In particular, Li and Ye [15] in studied the existence
multiple positive almost periodic solutions to an im-
pulsive non-autonomous Lotka-Volterra predator-prey
system with harvesting terms and the authors first in-
troduce a new method to discuss the existence multi-
ple positive almost periodic solutions for the system
under consideration.

Since biological and environmental parameters
are naturally subject to fluctuation in time, the effects
of a periodically varying environment are considered
as important selective forces on systems in a fluctuat-
ing environment. Therefore, on the one hand, models
should take into account the seasonality of the period-
ically changing environment. However, on the other
hand, in fact, it is more realistic to consider almost
periodic system than periodic system.

By above, this motivates us to investigate the ex-
istence of multiple positive almost periodic solutions
to system (2). In system (2), non-autonomous param-
eters a;(t), b;(t), c(t), hi(t)(i = 1,2) are all positive
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continuous almost periodic functions, the time delays

T11, T21, and 7o are all nonnegative continuous almost

periodic functions; g;, > —1,7 = 1,2,k € Z™ are

constants and 0 =19 < 1 < tg < -+ <l < tpy1 <
-, are impulse points with limy o 5 = +00.

With system (2) we can take into account the pos-
sible exterior effects under which the population den-
sities change very rapidly. For instance, impulsive re-
duction of the population density of a given species
is possible after its partial destruction by catching, a
natural constraint in this case is 1 + g;z > 0 for all
k € Z*. An impulsive increase of the density is pos-
sible by artificial breeding of the species or release
some species (g;; > 0).

However, to the best of ours knowledge, there are
few results on the existence of four positive almost
periodic solutions for the delay parasitical with im-
pulsive effects in literatures. The main purpose of this
paper is to establish sufficient conditions for the exis-
tence of positive almost periodic solutions to system
(2) by applying Mawhins continuation theorem of co-
incidence degree theory [31].

The organization of this paper is as follows. In
Section 2, we make some preparations and state some
lemmas which are useful in later sections. In Section
3, by applying Mawhins continuation theorem of co-
incidence degree theory, we establish sufficient con-
ditions for the existence of multiple positive almost
periodic solutions to system (2). Conclusion is given
in Section 4.

2 Preliminaries

Now we first introduce some basic notations. Let
AP(R) {p(t) p(t) is a real valued al-
most periodic function on R}. Suppose that
f(t,¢) is almost periodic in ¢, uniformly with re-
spect to ¢ € C([—0,0],R). T(f,€,S) will denote
the set of e-almost periods with respect to S C
C([-0,0], R),l(e, S) the inclusion interval, A(f) the
set of Fourier exponents, mod(f) the module of f, and
m(f) the mean value.

Lemma 1 (14). If f(t) € AP(R), then there exists
to € R such that f(tg) = m(f).

Lemma 2 (14). Assume that p(t) € AP(R), then p(t)
is bounded on R.

Lemma 3 (14). Assume that z(t) € AP(R) N
CL(R,R), then there exist two points sequences

L83y A }py such that N'(§) = N'(my)

0,limy o0 & = 00 and limy_, oo N = —00.

Lemma 4 (14). Assume that N(t) € AP(R) N
CL(R,R), then N(t) falls into one of the following
four case:
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(i) There are £,m € R such that N(§) =
supyer N (t) and N(n) = infier N(t). In this case,
N'(§) = N'(n) =0

(ii) There are no £,m € R such that N (&)
supyegr N(t) and N(n) = inficg N(t). In this case,
for any € > 0, there are exist two points £, € R such
that N'(€) = N'(n) = 0,N(€) > suprog N(t) —
and N(n) < inficr N(t) + €

(iii) There is a £& € R such that N(§)
sup;cr N (t) and There is no 1 € R such that N (n) =
infyer N(t). In this case, N'(§) = 0 and for any
€ > 0, there exists an & such that N'(§) = N'(n) =0
and N (n) < infier N(t) + €

(iv) There is a n € R such that N(n)
inf;er N (t) and There is no € € R such that N (&) =
sup;er N(t). In this case, N'(n) = 0 and for any
€ > 0, there exists an & such that N'(§) = N'(n) =0
and N(€) > supyeg N(t) ~

Let PC(R,R?) = {p : R — R, is a piece-
wise continuous function with points of discontinuity
of the first kind at ¢,k = 1,2,..., at which o(t,’)
and o (t;,) = o (t)}.

Since the solutions of (2) belong to the space
PC(R,R?), we adopt the following definitions for al-
most periodicity.

Definition 5 (27). The family of sequences {t] =
thej — ti, k,j € Z} is said to be equipoltentially al-
most periodic if for arbitrary € > 0, there exists a rel-
atively dense set of e-almost periods, that are common

for any sequences.

Definition 6 (27). The function ¢ € PC(R,R) is said
to be almost periodic, if the following conditions hold:

(1) the set of sequences {tfC =tpyj—ti, k,j € L}
is equipotentially almost periodic;

(2) for any € > 0 there exists §(¢) > 0 such that
if the points t1 and to belong to the same interval of
continuity of ¢(t) and |t1 — ta] < 6, then |p(t1) —
p(t2)| <€

(3) for any € > 0 there exists a relatively dense
set T' of w-almost periodic such that if T € T, then
lp(t + 1) — p(t)| < eforallt € R which satisfy the
condition |t — ti| > €,k € Z.

Consider the following system

N1 (t) (a ( (N1 (t—T11(t)))
_hl( )7
Na(t) (az(t)—ba(t) N2(75 T92(t))
+e(t) NV, (t—Tm( ))) — ha(t),

3)
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where

bi(t) =bi(t) J] (1+ga);

0<tp<t
ety =c(t) I (t+ g2
O<tp<t
_ 1
hi(t) =hi(t) ] i=1,2.
O<trp<t 1 + ik

Lemma 7. For systems (2) and system (3), the follow-
ing results hold:
(1)if (N1(t), Na(t))T is a solution of (3), then

(w1(t), 22(0))"
- (Nmf) T (1+aw).

0<tr<t

M) ]

0<tp<t

<1+92k>)T

is a solution of (2).
(2) if (x1(t), 22(t))T is a solution of (2), then

(N1(t), Na(8)"
~ (a0 TT (v

O<trp<t

va(t) []

T
(1 +92k)1>
0<tp<t

is a solution of (3).

Proof. Suppose that (N1 (t), No(t))7 is a solution of
(3). Let

zi(t) = [ (L +ga)Ni(t),i=1,2,

0<trp<t

then for any ¢ # t, k € Z, by substituting

Nit)= [ @+ gin) tai(t),i=1,2
0<tp <t

into system (3), we can easily verify that the first and
the second equations of system (2) holds.
Fort =t;,k € Z*,i = 1,2, we obtain

w,(tﬁ) = lim

i 1T (+g)Ni(o)

kEO<tp<t

= ] @+gs)Nilts)

0<ts<tg
= (+gx) [ @+ gidNi(ts)

0<ts<ty

= (1 + gzk)NZ(tk)
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Hence, the second equation of system (2) also holds.
Thus (1(), 22(t))” is a solution of system (2).

(2) We first show that N;(¢),7 = 1,2 are contin-
uous. Since N;(t),7 = 1,2 are continuous on each
interval (tx, tx11], it is sufficient to check the continu-
ity of NV;(t) at the impulse points t;, k € Z*. Since
Ni(t) = Tloct, (1 + gir) 1xi(t),i = 1,2 we have

Nith) =TI 0+ gi)  ath)
0<tp<t
= ] @+gs)  wilts) = Nity),
0<ts <ty
Ni(ti) =TI (g ()
0<tp<t
= H (1 + gis)_lxi(tk) = Nl(tk)
O<ts<tp
Thus N;(t),i = 1,2 is continuous on [0, 00). It is

easy to check that (Ny(t), No(t))7 satisfies system
(3). Therefore, it is a solution of system (3). This
completes the proof of Lemma 7. O

Lemma 8. [10] Assume that x(t) € AP(R), then
x(t) is bounded on R.

For the sake of convenience, we introduce nota-
tions as follows:

fh=inf f(1),

teR

FM = sup f(1),

teR

where f(t) is a positive continuous almost periodic
function. For simplicity, we need to introduce some
notations as follows.

o ot E (@) -4
LT 2%, ’
li:%i¢@f_@wy
2 2631 ’

where i = 1, 2.
Throughout this paper, we need the following as-

sumptions.
(C1): al > 2y/bM M,
(Co): al > 24/b) R
(Cs): MIf > y/(ab)? — 4BYTRYY.

Lemma 9 (4). Let x > 0,y > 0,z > 0 and x >
2./yz, for the functions

T+ 2? — 4dyz

fz,y,2) = 5
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and
( ) T — /1% — 4dyz
T,Y,2) = ———
g ) y? 2Z b
the following assertions hold.

(1) f(z,y,2) and g(x,y,z) are monotonically in-
creasing and monotonically decreasing on the
variable x € (0, 00), respectively.

(2) f(z,y,2) and g(x,y,z) are monotonically de-
creasing and monotonically increasing on the
variable y € (0,0), respectively.

(3) f(x,y,2) and g(z,y,z) are monotonically de-
creasing and monotonically increasing on the
variable z € (0,00), respectively.

Lemma 10. Assume that (C1),(C2) and (C3) hold,
then we have the following inequalities:

(1) Inlf >InA", InA~ > Inlj;
(2) Inlf <IlnHy, Inly >1InHs.

Proof. Since

L ol gy

2 2611
< @ d
byl bh
M | M+
ay’ +cly
< Ty T
2
_ o ah—y/(ah)? — 4Ry
b= 207
_ 20!
oh -+ \/(ah)? — 40411y
hyt Rl
> -2 2 = Hs.

ah, ~ adl +emif

Applying Lemma 9, we have

o+ al +/(a)2 — 4Bt Bt
2b}
= flai’, by, hY)
> f(ah, 01", my")

! 1\2 _ gApMpM
_ a1+\/(a1) 4by" by _ 4t

25 ’
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! — /(e — a7
2b}

= g(a{\/[> bllv hll)

< glah. b’ A"

o —/(a})? — 4B}y

261

Thus, we have In lf > InA", InA~ > Ini] and
Inly < InHy, Inly; > InHj hold. The proof of
Lemma 10 is complete. O

3 Existence of at least four positive
almost periodic solutions

We first summarize serval concepts from the book by
Gaines and Mawhin [31].

Let X and Z be real normed vector spaces. Let
L : DomL C X — Z be a linear mapping and
N : X x [0,1] — Z be a continuous mapping.
The mapping L will be called a Fredholm mapping
of index zero if dim Ker L = codim Im L < oo
and ImZ is closed in Z. If L is a Fredholm map-
ping of index zero, then there exists continuous pro-
jectors P : X — X and Q : Z — Z such that
ImP =KerLand Ker@Q = Im L = Im (I — @),
and X = Ker L Ker P,Z = Im L ImQ. It
follows that L|pom rrker p : (I — P)X — Im L is
invertible and its inverse is denoted by Kp. If 2 is a
bounded open subset of X, the mapping N is called
L-compact on  x [0, 1], if QN (2 x [0, 1]) is bounded
and Kp(I — Q)N : Q x [0,1] — X is compact. Be-
cause Im () is isomorphic to Ker L, there exists an
isomorphism J : Im Q — Ker L.

Lemma 11. [31] Let L be a Fredholm mapping of
index zero and let N be L-compact on € x [0, 1]. As-
sume

(a) for each X € (0,1), every solution x of Lz =
AN (z, A) is such that x ¢ 02 N Dom L;

(b) QN (z,0)x # 0 for each x € 0Q N Ker L;
(c¢) deg(JQN(z,0),2NKerL,0) # 0.

Then Lx = N(x,1) has at least one solution in Q N
Dom L.

Let 7" be a given positive constant and a finite
number of points of the sequence {74} lies in the in-
terval [0,7]. Let PC([0,T],R"™) be the set of func-
tions x : [0,7] — R™ which are piecewise con-
tinuous in [0,7] and have points of discontinuous
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T € [0,T], where they are continuous from the left.
In the set PC([0,7],R™) introduce the norm ||z| =
sup |z(t)| : t € [0, T] with which PC([0,T],R™) be-
comes a Banach space with the uniform convergence

topology.
In our case, we shall consider X =7 = V; @ Vs,

where

2(t) = (21(t), 22(t))" | 2i(t) € AP(R) :
mod(z;(t)) C mod(F;),Vu € A(zi(t))
satisfies [p| > o, i = 1,2

satisfies that Vi U {a;(t),b;(t), c(t), hi(t), a;(t),
bi(t), hi(t),7 = 1,2} is equi-almost-periodic,

Vi =

Vo= {2(t) = (e1,e2) € R,
where
Fl = F(ta lev ¢2)
= ai(t) — b1 (1)e?® — hy(t)e @),
F2 = F(ta lev ¢2)
= ag(t) — ba(t)e??©) + &(t)e? ()
—hy(t)e™*(0),

in which ¢; € C([—0,0],R),i = 1,2,0 = max{r}
and « is a given positive constant. Define the norm

2| = Zsup\zl t)| forall z € X = 7).
i=1 e
By making the substitution

Nz(t) = GUi(t)a 1= 1727

system (2) can be reformulated as

a1 (t) = ay(t) — by (t)etr = (®)
—hl(t) ul(t)
s(t) = ax(t) — b(t)eret=m22(0) )

+&(t)ewr(t=m21(8) _ o (t)e—u2(®),

Similar to the proofs of Lemma 2 and Lemma 7 in
[6], one can easily prove the following three Lemmas,
respectively.

Lemma 12. X and 7Z are Banach spaces equipped
with the norm || - ||.

Lemma 13. Let L : X — Z, Lu = v’ = (u],uy)".
Then L is a Fredholm mapping of index zero.

Lemma 14. Let N : X x [0,1] — Z,,

N(ult),A) = (N1(u(t), X), Na(u(t), \)",
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where
Ni(u(t)2) = ar(t) = bi(p)e )
—hy(t)e™ 1@,
No(u(t),A) = a(t) - ()“‘” r(0)
FAG() e D) Ry ()20

and P : X — X, Pz = m(x);Q : Z— Z,Qu =
m(u). Then N is L-compact on 2 (2 is a open
bounded subset of X).

Theorem 15. Assume that (C1),(C2) and (C3) hold.
Then system (2) has at least four positive almost peri-
odic solutions.

Proof. In order to use Lemma 11, we have to find
at least four appropriate open bounded subsets in X.
Corresponding to the operator Lu = AN (u, \), A €
(0,1), we have

( ) = )\(al( _)bl( ) w1 (t—711(t))
Ry (t)em®),
us(t =1/\(a (t) — bQ( Jeu2(t=22() )

)

Fae(t)en Em0) _ Ry (p)eu ),
Assume that u € X is an almost periodic solution

of system (5) for some A € (0,1). By Lemma 7, for

any € > 0, there exist &, n; € R such that u;(§;) >

uM — e, ui(n) < ul + e and (&) = 0,1(n;) =

0,7 = 1, 2. From this and system (5), we obtain

0 :7( Nai(&1) — bl(fl) &1—m11(61))
—h1(&1)e —u1(&1) ]
0= a2(£2) — b2(£2) u2(E2—122(£2)) (6)
+Aé(&2)e u1 (§2—721(€2)) h2(§2)67“2(£2),
and
0= (1—Nai(m) — by () et (m—m(m)
—hy(n)e v (m),
0 = aa(n2) — ba(rp)ev2(n2722(n2))
+)\6(772)6u1(772—721(772)) — BQ(TZQ)e—ug(ng)‘
(N

On the one hand, according to the first equation of (6)
and (7),

at’ > (1= Nay(é)
= bi(&)e T 4y (&) (@)
e €) 4 plemml&) 5,

Y

namely,

61162“1(51) — a{weul(él) + 7111 <0,
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which imply that
Inly <wu(é) <Inly. ®)
Similarly, by the first equation of (7), we obtain

Inly <wui(m) <Inlf. ©)
The second equation of (6) gives
65\/16%2 (&) 4 ]}éw

> by(£2)e™ () 4 Dy (&)

= [a9(€) + Ae(£n)e™ ()] en2(€2)

> as(€)e > ghew(),
That is

53462“2(52) — aéeW(@) + >0,
which imply
uz (&) > Inly or uz(&) <Inly . (10)

Similarly, by the second equation of (7), we get

uz(n2) > Inly or ug(ne) < Inly. (11)
Moreover, from the second equation of (6), we have
5126“2(52)
boet2(82) < poeu2(62) 4 ﬁ2(§2)e—u2(€2)
= az(&2) + Ae(6p)e )

< a2(§2) + (&) &) < gt 4 eMem(&)
< a +eMif,
which imply that
M M+
ay’ +cMl
uz(§2) < ln% = H. (12)

2
Similarly, from the second equation of (7), we obtain
}726*“2(7)2)
hae™"212) < 1_72(772)5“2(’72) + BQ(UQ)e_“2(”2)
as(n2) + )\5(772)6“1(772)

< a2(7]2) + &(mp)erm) < gt 4 M ema(m)
< a'+ chJr
which imply that
i
U >Iln —=——+ := Hs. 13
2(772) aé\/[‘i‘CMli_ 2 (13)
E-ISSN: 2224-2880 937
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According to the first equation of (6), we have

ai < (1-Nai(&)
= bi(&)e + hi(&r)e &)
< E{erul(ﬁl) + ]‘1{\46—111(51)’

namely,
B{W62u1(51) l eu(&1) + hM > 0,

which imply that

u1(&1) >In AT, or ui(é) <IlnA™. (14)
Similarly, by the first equation of (7), we obtain

up(n1) > A", or uy(n) <lnA~. (15)
From (8), (9), (14) and (15), we obtain

Inly <wui(m)<wi () <InA™ or

In At <ui(m) <wui(&) <Inlf.  (16)
Similarly, from (10), (11), (12) and (13), we obtain

Il < ug(ne) < uz(&) <InHy or

In Hy < u2(772) < UQ(fg) <In l2_ 17)
By (16) and (17), we have for all t € R
Inly <wu(t) <lnA™ or
InAY < uy(t) < Inlf, (18)
and
Inlf <wus(t) <InHp or
In Hy < UQ(t) <In l2_ (19)

Clearly, In lfc, In l;t, In A%, 1n H; and In H, are inde-
pendent of A\. Now let

Iniy
In l;

< ul(t) <InA~

0 = {u:(u1,u2)T€X < ug(t) < In Hy

Inly <wui(t)<lnA-
In Hy < ua(t) <Inly

A~ <uy(t) <Inlf
Inlj < wug(t) < lnHy

A~ <ui(t) <Inlf
In Hy < ug(t) <Inly
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Then Q;(i = 1,2,3,4) are bounded open subsets of
X, ;N Q; = ¢. Thus Q;(i = 1,2, 3,4) satisfies the
requirement (a) in Lemma 11.

Now we show that (b) of Lemma 11 holds,
i.e., we prove when v € 0€; NkerL = 00Q; N
R?, QN (u,0) # (0,0)7,i = 1,2,3,4. If it is not
true, then when v € 9; Nker L = 9; N R?,i =
1,2,3,4, constant vector u = (ul,ug)T with u €
09,1 = 1,2, 3,4 satisfies

m(ay(t) — by (t)e"t — Ble_ul) =0,
and
m(ag(t) — by(t)e"2 — hge “2) = 0.

In view of the mean value theorem, there exist two
points ¢;(i = 1, 2) such that

a1(C1) = b1(¢)e™ — hi(Cr)e ™ =0, (20
and

a(G2) — ba(G2)e™ — ha(C2)e™2 = 0.
By (20) and (21), we have

= ai(Gi) \/(ai(@)z — 4b; (¢i)hi(G)
' 2b;(C)
with¢ =1, 2.

According to Lemma 10,we obtain

ey

Inly <lnyy <lnA~ <InA" <Ilny{ <Inlf,

lnH2<1nV2_<lnl2_<lnl;'<ln1/;'<lnH1.

Thenu € Q3 N R%2oru € Qo N R2oru € Q3N R?
or u € Q4 N R?. This contradicts the fact that u €
0Q; N R?,i = 1,2,3,4. This proves (b) in Lemma 11
holds. Finally, we show that (c) in Lemma 11 holds.
Note that the system of algebraic equations:

{ a1(C1) = bi(Cr)e" — hi(Cr)e ™ =0,
az(C2) — ba(C2)e"? — ha(G2)e ™2 =0

has four distinct solutions since (C4), (Cs) and (Cs)
hold,

(U,)f, U;) = (ln ﬂl, 111’1)2),
where @; = u; oru; = uj, and
gt o ailG) V/(@i(G))? — 4bi(Gi)hi(Gi)
‘ 20;(¢)

(i =1,2). By Lemma 9, it is easy to verify that

Iniy <lnvy <lnA*<lnA+<ln1/f<lnlf,
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and
InHy <Ilnv, <Inl; < lnlér < lnl/; < In H;j.
Therefore, (u7,u3) uniquely belongs to the cor-

responding €2;. Since Ker = Im(@), we can take
J = I. A direct computation gives, fori = 1,2, 3, 4,

deg{JQN(z, 0),Q; NKerL, (0, O)T}

B+ 0
= si1gn 0 _52(@)”; N %52)
= sign [( — b1 (Cr)uf + hllifl) ) (= b2(C2)us
1
712((2) )]
Since
ar(C) = B (G - &) g
Uy
as((2) — Ba(Go)uy — 122 g
Ug

then
deg{JQN(u, 0), 2 Nker L, (0, O)T}
- mmﬁm«ﬁ—%u@mﬂ@x@>

~oha(cus)|
= =+£1.

So far, we have prove that (i = 1,2,3,4) sat-
isfies all the assumptions in Lemma 11. Hence, sys-
tem (4) has at least four different almost periodic so-
lutions. If u*(¢) = (u},u})T is an almost periodic so-
lution of system (3), by applying Lemma 7, we known
that

(@1 (®aa(0) = (50 T] (14 gm0
O<tp<t
T
eV H (1+92k)>
0<tp<t

is almost periodic solution of system (2). Since condi-
tions (C1), (C2) and (C3) hold, similar to the proofs
of Lemma 31 and Theorem 79 in Ref [27], we can
prove that Z;(t) = [[g4, (1 + gir)e*® is almost
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periodic in the sense of Definition 2. Therefore, sys-
tem (2) has at least four different positive almost peri-
odic solutions. This completes the proof of Theorem
15. O
Consider the following non-autonomous two
species parasitical model with harvesting terms

where a;(t),b;(t),c(t), hi(t)(i = 1,2),711, 701, and
T92 are all nonnegative continuous almost periodic
functions.

Similar to the proof of Theorem 15, one can easily
obtain, here we omit it.

Corollary 16. Assume that the following condition

holds
al > 24/ bMpd;

MiF > \/(ag)2 — 4bY i

(H1)

Then system (22) has at least four different positive
almost periodic solutions.

4 Conclusion

By applying Mawhins continuation theorem of coin-
cidence degree theory, we study an impulsive non-
autonomous two species parasitical model with har-
vesting terms and obtain some sufficient conditions
for the existence of four positive almost periodic solu-
tions for the system (2).

Remark 17. From the proof of Theorem 15, we can
see that if the harvesting terms hi(t) = ha(t) = 0,
system (2) has at least one positive almost periodic
solution, but we could not conclude that system (2)
has at least four almost positive periodic solutions be-
cause we could not construct §;,1 = 1,2, 3,4, satis-

fring ;N Q; = .

Acknowledgements: The author thanks the anony-
mous referees for their careful reading of this
manuscript, and for their valuable comments and
suggestions. This work is supported by Yunnan
Province Education Department Scientific Research
Fund Project (No. 2012Z065) and the Young Teachers
Program of Yuxi Normal University.

E-ISSN: 2224-2880

(22)

939

Zhouhong Li

References:

[1] K. Zhao, Y. Li, Four positive periodic solutions
to two species parasitical system with harvest-
ing terms,Comput. Math. with Appl., Vol.59(8),
2010, pp.2703-2710.

Y. K. Li, K. H. Zhao, 2" positive periodic
solutions to n species non-autonomous Lotka-
Volterra unidirectional food chains with harvest-
ing terms, Math. Model. Anal., Vol.15, 2010,
pp-313-326.

K. H. Zhao, L. Ding, Multiple periodic solutions
for a general class of delayed cooperative sys-
tems on time scales, WSEAS Trans. on Math.,
Vol.12(10), 2013, pp.957-966.

Y. K. Li, K. H. Zhao, Eight positive peri-
odic solutions to three species non-autonomous
Lotka-Volterra cooperative systems with har-

vesting terms, Topol. Methods Nonlinear Anal.,
vol.37,2011, pp.225-234.

Y. K. Li, K. H. Zhao, Multiple positive periodic
solutions to m-layer periodic Lotka- Volterra
network-like multidirectional food-chain with
harvesting terms,Anal. Appl., vol.9, 2011, pp.71-
96.

Y. K. Li, K. H. Zhao, Y. Ye, Multiple positive
periodic solutions of n species delay competition
systems with harvesting terms, Nonlinear Anal.
RWA., vol.12, 2011, pp.1013-1022.

F. Wei, Existence of multiple positive peri-
odic solutions to a periodic predator-prey system
with harvesting terms and Holling III type func-
tional response,Commun. Nonlinear Sci. Numer.
Simul., vol.16, 2011, pp.2130-2138.

Z. H. Li, K. H. Zhao, Y. K. Li, Multiple pos-
itive periodic solutions for a non-autonomous
stage-structured predatory-prey system with har-

vesting terms, Commun. Nonlinear Sci. Numer.
Simul., vol.15,2010,pp.2140-2148.

Z. Zhang, T. Tian, Multiple positive periodic
solutions for a generalized predator-prey sys-
tem with exploited terms, Nonlinear Anal. RWA.,
v0l.9,2008, pp.26-39.

Z. Q. Zhang, Z. Hou, Existence of four pos-
itive periodic solutions for a ratio-dependent
predator-prey system with multiple exploited
(or harvesting) terms, Nonlinear Anal. RWA.,
vol.11, 2010, pp.1560-1571.

Z. Zhang, J. Luo, Multiple periodic solutions
of a delayed predator-prey system with stage
structure for the predator,Nonlinear Anal. RWA.,
vol.11, 2010, pp.4109-4120.

(2]

[6]

[7]

[10]

[11]

Volume 13, 2014



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

WSEAS TRANSACTIONS on MATHEMATICS

K. H. Zhao, Y. Ye, Four positive periodic solu-
tions to a periodic Lotka-Volterra predatoryprey
system with harvesting terms, Nonlinear Anal.
RWA., vol.11, 2010, pp.2448-2455.

Z.Zhang, Z. Hou, L. Wang, Multiplicity of pos-
itive periodic solutions to a generalized delayed
predator-prey system with stocking, Nonlinear
Anal., vol.68, 2008, pp.2608-2622.

Z. H. Li, Existence of Multiple Positive Periodic
Solutions to Two Species Parasitical Model with
Impulsive Effects and Harvesting Terms, Dis-
crete Dynamics in Nature & Society, vol.2013,
Article ID 198927, 9 pages.

Y. Li, Y. Ye, Multiple positive almost peri-
odic solutions to an impulsive non-autonomous
Lotka-Volterra predator-prey system with har-
vesting terms, Commun. Nonlinear Sci. Numer.
Simul., vol.18(11), 2013, pp.3190-3201.

D. H. Ding, W. G. Ge, Existence of Positive So-
lutions to a Four-Point Boundary Value Prob-
lems, WSEAS Trans. on Math., vol.11 (9), 2012,
pp-796-805.

J. Hou, Z. D. Teng, S. J. Gao, Permanence and
global stability for nonautonomous N species
Lotka-Volterra competitive system with im-
pulses, Nonlinear Anal. RWA., vol.11(3), 2010,
pp.-1882-1896.

Z.Zhao, L. S. Chen, X. Y. Song, Extinction and
permanence of chemostat model with pulsed in-
put in a polluted environment, Commun. Non-
linear Sci. Numer. Simulat., vol.14 (4), 2009,
pp.1737-1745.

Shair Ahmad, Gani Tr. Stamov, Almost periodic
solutions of N-dimensional impulsive competi-
tive systems, Nonlinear Anal. RWA., vol.10(3),
2009, pp.1846-1853.

Y. K. Li, L. H. Lu, Global exponential stability
and existence of periodic solution of Hopfield-
type neural networks with impulses, Phys. Lett.
A, vol.333(1-2), 2004, pp.62-71.

Y. K. Li, Positive periodic solutions of a periodic
neutral delay logistic equation with impulses,
Comput. Math. Appl., vol.56(9), 2008, pp.2189-
2196.

Y. K. Li, X. L. Fan, L. L. Zhao, Positive pe-
riodic solutions of functional differential equa-
tions with impulses and a parameter, Comput.
Math. Appl., vol.56(10), 2008, pp.2556-2560.

Gani Tr. Stamov, On the existence of almost
periodic solutions for the impulsive Losota-
Wazewska model, Appl. Math. Lett., vol.22(4),
2009, pp.516-520.

E-ISSN: 2224-2880

940

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

Zhouhong Li

V. Lakshmikantham, D.D. Bainov, P. S. Sime-
onov, Theory of Impulsive Differential Equa-
tions, World Scientific, Singapore,1989.

S. Y. Tang, L. S. Chen, The periodic predator-
prey Lotka-Volterra model with impulsive effect,
J. Mech. Med. Biol., vol.2, 2002, pp.1-30.

T. W. Zhang, Y. K. Li, Y. Ye, On the existence
and stability of a unique almost periodic solu-
tion of Schoeners competition model with pure-
delays and impulsive effects, Commun. Non-
linear Sci. Numer. Simulat., vol.17(3), 2012,
pp.1408-1422.

A. M. Samoilenko, N. A. Perestyuk, Impulsive
Differential Equations, World Scientific, Singa-
pore, 1995.

C. Y. He, Almost Periodic Differential Equa-
tions, Higher Education Publishing House, Bei-
jing (in Chinese), 1992.

Y. Xie, X. G. Li, Almost periodic solutions of
single population model with hereditary,Appl.
Math. Comput., vol.203, 2008, pp.690-697.

Y. Q. Ke, C. F. Miao, Stability analysis of pe-
riodic solutions for stochastic reaction-diffusion
high-order cohen-Grossberg-Type Bam Neural
Networks with Delays, WSEAS Trans. on Math.,
vol.10(9), 2011, pp.310-320.

R. Gaines, J. Mawhin, Coincidence Degree and
Nonlinear Differetial Equitions, Springer Ver-
lag, Berlin, 1977.

Volume 13, 2014





