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Abstract: Tian proposed a general iterative algorithm for finding a solution for variational inequalities over the
set of fixed points of a nonexpansive mapping on Hilbert spaces and obtained the strong convergence theorem
[M. Tian, Nonlinear Analysis, 73 (2010) 689-694]. Zhou et al. proposed a simpler explicit iterative algorithm for
finding a solution for variational inequalities over the set of common fixed points of a finite family of nonexpansive
mappings on Hilbert spaces and proved the strong convergence [H. Y. Zhou, P. Y. Wang, J. Optim. Theory Appl.09
November 2013]. In this paper, we firstly give a new proof of Tian’s convergence theorem, which is much more
simpler than Tian’s original proof. Then we improve the main convergence result of Zhou et al., more precisely,
using a recent new lemma, we prove the strong convergence of this algorithm under more weaker conditions
(indeed, one of the original conditions is removed). Based on the two results, a more general algorithm is then
proposed for solving a more general class of variational inequalities over the set of common fixed points of a finite
family of nonexpansive mappings on Hilbert spaces and its strong convergence is proved. Finally, some extensions
to our main results have been obtained. Our results in this paper extend and improve ones of Tian and Zhou et al.
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1 Introduction inequality

Let H be a real Hilbert space with the inner product (z—u,v—u) <0, VveCl

(-,-) and the norm || - ||, let C' be a nonempty closed

convex subset of H, and let /' : ¢ — H be a non- holds if and only if u = Pcz, where Po is the metric
linear operator. The variational inequality problem projection operator of H onto the closed convex set
VI(C,F) can mathematically be formulated as the C; that is, u is the unique point in C' such that

problem of finding a point z* € C' with the property
i 2]l = ing flo — 2.
(Fx*,x —2*) >0, V ze€C. (D

It is well known that the projection P¢ is nonexpan-

The variational inequality problem was initially intro- sive; namely,

duced and studied by Stampacchia [1] in 1964. After-

ward, some mathematicians extended the main result |Pox — Peyll < ||z —yl, V =,y € H.

of [1] to the more general framework of locally con-

vex topological vector spaces, see, for instance, [2-6]. In fact, Pc is also a firmly nonexpansive mapping,

Ever since, variational inequalities have been widely that is, the relation

investigated by many authors because they cover a

large variety of problems arising in structural analy- |Pcz—Poy|?* < ||lz—y||*—||(I-Pc)z—(I—Pc)y|?

sis, economics, optimization, operations research and

engineering sciences, see [7-30] and the references holds for all z,y € H.

therein. Using the characteristic inequality on projection
Recall the characteristic inequality on projection operators, it is very easy to show that the variational

operators: given a point z € H and u € C, then the inequality problem is equivalent to the fixed point
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problem: x* € C' is a solution of variational inequal-
ity (1) if and only if x* € C satisfies the fixed-point
relation:

x* = Po(I — \F)z",

where A is an arbitrary positive constant.
Recall that an operator F' : C' — H is called
monotone, if

(Fr — Fy,x —y) >0 Vz,yeC.

Moreover, a monotone operator F' is called strictly
monotone if the equality ‘=" holds only when = = y
in the last relation. It is easy to see that VI(C, F') (1)
has at most one solution if F' is strictly monotone.

Recall that F' : C' — H is said to be a k— Lip-
schitzian and n-strongly monotone operator, if there
exist some positive constants x and 7 such that

|Fz — Fy|| < &llz -y,
(Fx — Fy,z —y) > nllz — y|?,

hold for all =,y € C. Under these two conditions, it
is not difficult to show that the operator Po(I — \F') :
C — (' is a contraction provided the constant A is
selected such that 0 < A < 2n/x%. By using the
well-known Banach contraction mapping principle,
Pc(I — AF) has a unique fixed point in C' and thus
VI(C, F) (1) has a unique solution. Throughout the
rest of this paper, I denotes the identity mapping on H
and ' : H — H is a k— Lipschitzian and 7-strongly
monotone operator.

Recall that T': H — H is said to be a nonexpan-
sive mapping, if ||[Tx — Ty|| < ||z —y||, Vx,y € H.
Assume that T' : H — H is a nonexpansive mapping

with the nonempty set of fixed points, i.e.,F'iz (T") 2
{x € H: Tx = z} # 0. Itis well-known that
Fix(T) is a closed convex subset of H. Yamada [7]
considered a particular class of variational inequali-
ties: finding a point x* € F'izz(T') such that

(Fz*,x —x*) > 0, Vz € Fiz(T). (2)

To solve (2), Yamada [7] introduced the hybrid
steepest-descent method:

Tn+1 = (I - )\n,U/F)Txnv n >0, 3)
where the initial point xg is selected in H arbitrarily,
p is a constant such that 0 < p < 2n/k? and (\,,) is
a sequence in (0, 1). Algorithm (3) is implementable
since it has nothing to do with the metric projection

operator, which is its evident advantage. Yamada [7]
proved the following result.
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Theorem 1 (/7]) Let FF : H — H be a k— Lips-
chitzian and n-strongly monotone operator. Let the
initial guess xq be taken in H arbitrarily. Assume that
the sequence () satisfies the conditions

(ii) D07 Ap = 00,

(iii) either Z:g |Ant1 — An| < +00 or
im0 An/Anst = 1.

Then the sequence (x,,) generated by (3) converges
strongly to the unique solution of the variational in-

equality (2).

Yamada also considered the hybrid steepest-
descent cycle method for solving Lipschitzian and
strongly monotone variational inequalities over the set
of common fixed points of a finite family of nonexpan-
sive mappings.

Recall that f : H — H is said to be a contraction
with coefficient o« € [0, 1), if || f(z) — f(v)] < aflx—
yll, Vx,y € H. Henceforth, f : H — H always
denotes a contraction with coefficient o € (0, 1).

Moudafi proposed [31] the viscosity approxima-
tion method: take an initial guess xg € C arbitrarily
and define (x,,) recursively by

Tnt1 = Mf(2n) + (1 = A)Txp, n>0,

where () is a sequence in the interval (0, 1). In this
case, f is a contractive self mapping on C and T is
a nonexpansive self mapping on C, respectively. In
the setting of Hilbert spaces, Moudafi proved that If
(\n,) satisfies the same conditions (i)-(iii) as in The-
orem 1, then the sequence () generated by the vis-
cosity approximation method converges strongly to a
fixed point * of 7', which also solves the variational
inequality problem: finding an element z* € Fliz:(T')
such that

(f(z*) —2*,2 —2*) <0, z € Fiz(T).

H. K. Xu studied the viscosity approximation
method in the setting of Banach spaces and obtained
the strong convergence theorems [32].

Yamada’s algorithm (3) has very close connection
with the viscosity approximation method. In fact, al-
gorithm (3) can be rewritten as the form:

Tnt1 = (I — pF)Tx, + (1 — A\p)Txp,.

Noting the fact that (I —uF")T : H — H is a contrac-
tion with coefficient 1 —\7, where 7 = %M(Qn— pr?),
if u is selected such that 0 < p < 2n/k? (see Lemma
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4 below), it is easy to see that algorithm (3) is indeed
a special case of the viscosity approximation method.

Tian [8] proposed a much more general iterative
algorithm: the initial guess xq is selected in H arbi-
trarily and the z,,4 1 is defined by

Tnt1 = MY f(2n) + (I = MopF )Ty, n >0, (4)

where 7' is a nonexpansive self-mapping of H such
that Fiiz:(T') # 0, v and -y are two constants such that
poe (0,8 and0 < v < p(n—“%)/a £ 7/a
respectively, and ()\,,) is a sequence in (0,1). Al-
gorithm (4) is an extension not only to the viscos-
ity approximation method but also to Yamada’s hy-
brid steepest-descent method for solving fixed points
problems of nonexpansive mappings and variational
inequalities problems.

Tian [8] proved the following strong convergence
result.

Theorem 2 (/8]) Let ' : H — H be a k— Lips-
chitzian and n-strongly monotone operator and let f :

H — H be a contraction with coefficient o € (0, 1).
Assume that the sequence (\,,) satisfies the same con-
ditions (i)-(iii) as in Theorem 1. Then the sequence
(xy,) generated by (4) converges strongly to the unique
solution of the variational inequality problem: finding
a point & € Fix(T) such that

(uF —~vf)z,x —x) >0, Vo € Fiz(T). (5)

Very recently, Zhou et al. [9] were concerned with
the following variational inequality problem: finding

a point z* € ﬂf\il Fiz(T;) such that

N
(Fa*,z — %) >0, Yz € [ Fiz(T;),  (6)
=1

where N > 11is an integer, (7;)Y_, is a family of finite
nonexpansive self-mappings of H with the nonempty
set of common fixed points, i.e., X, Fiz(T;) # 0.
To solve (6), Zhou et al.[9] proposed a simpler
iterative algorithm: take an initial guess x¢ € H arbi-
trarily and define a sequence (z,,) in the manner:

Tyl = (L = AuBE)TNTN_1 - Tl xp, n >0, (7)

where € (0, Z—Z), (M) C (0,1) and T =
(1 — Bi)I + BiT; such that (3%) C (0,1) for i =
1,2,--- N.

For the strong convergence of algorithm (7), Zhou
et al.[9] proved the following result.
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Theorem 3 ([9])Let F H — H be a k—
Lipschitzian and n-strongly monotone operator and
let (T;)XY., be a family of finite nonexpansive self-
mappings of H with the property ﬂf\il Fix(T;) #
0. Assume that the sequences (\,) and (B%) (i =
1,2,---, N) satisfy the conditions:

(iii) there exist some B, 3* € (0,1) such that ¥ €
[Bs, B*| fori=1,2,---,Nand alln > 0,

(iv) fori=1,2,--- N, limp 00 |BL 41 — BL| = 0.

Then the sequence (x,,), generated by (7), converges
strongly to the unique solution x* of the variational

inequality (6).

In this paper, we shall firstly give a new proof of
Theorem 2, which is much more simpler than Tian’s
original proof in [8]. Secondly, we improve Theorem
3. More precisely, we prove that condition (iv) is un-
necessary, i.e., if condition (iv) is removed, the result
of Theorem 3 still holds. Our new proof is very dif-
ferent from one given by Zhou et al. in [9]. In fact,
we shall see that a recent new tool (see Lemma 6 be-
low) shows very important action on our proof. Based
on this result, we thirdly propose a more general al-
gorithm than (7): the initial guess xg is selected in H
arbitrarily and the z,,1 is defined by

Tn+1 = An’Yf(m?‘L) + (I_ (8)
AplF)TRTR | TPy, > 0,
where € (0, i—’;) (An) C (0,1), v is a constant

such that 0 < v < u(np — “7“2)/04 = 7/« and

1", i = 1,2,---,N;n > 0 are the same as above.
We shall prove that under the same conditions (i)-(iii)
as in Theorem 3 (note that condition (iv) is also unnec-
essary), the sequence (x,,) generated by (8) converges
strongly to a point in ﬂf\il Fix(T;) # 0, which also
solves the variational inequality of finding a point
o* € N, Fiz(T;) such that

N
(uF —~f)z*,x—2*) >0, Vx € ﬂFix(Tz) )
i=1

The rest of this paper is organized as follows.
Some useful lemmas are listed in the next section. In
Section 3, our main results are given. In the last sec-
tion, three extensions to our main results are given.
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2 Preliminaries

Throughout the rest of this paper, we denote by H a
real Hilbert space. We will use the notations:

e — denotes strong convergence.

e — denotes weak convergence.

o wy(zy) = {z | I{zn,} C {z,} such that
Zp, — x} denotes the weak w — limit set of {x,}.

Now we collect some necessary facts and useful
tools in order to establish our main convergence theo-
rems.

Lemmad ([1]) Assume that ' : H — H is a
k—Lipschitzian and n—strongly monotone operator,
A€ (0,1) and p € (0,%2). Then I — AuF is
a contraction with coefficient 1 — A1, where T =
31(2n — pr?).

LemmaS5 For all x,y € H and A\ € [0,1], there
holds the relation:

11 =Nz + Xyl* = (1 = Nllz]* + Ally||*
~AL = Nl —yl*.
This equality is trivial but in common use.

Lemma 6 ([10]) Assume (sy,) is a sequence of non-
negative real numbers such that

Spt1 < (1 - ’Yn)sn + 7n5n7 n > 07 (10)

1D

where (vy,) is a sequence in (0, 1), (n,) is a sequence
of nonnegative real numbers and (6,) and (o) are
two sequences in R such that

3n+1§3n_77n+ana TLZO,

. oo
(i) 32 =00,
n=0
(i) lim a, =0,
n—oo
(iii) lim n,, = 0 implies limsupy_,., 0n, < O for
k—o00
any subsequence (ny) C (n).
Then lim,,_so S, = 0.
We shall see that Lemma 6 shows very important

action on our proof of the main convergence result
(see the proof of Theorem 11 in Section 3).

Lemma 7 ([33]) Let T' be a nonexpansive mapping
defined on a closed convex subset K of a Hilbert space
H. Then I — T is demi-closed; that is, whenever (xy,)
is a sequence in K weakly convergent to some v € K
and the sequence ((I — T')xy,) strongly converges to
some y € H, it follows that (I — T)x = y.
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Lemma 8 ([34]) Assume (a,,) is a sequence of non-
negative real numbers such that

Anp+1 < (1 - 'Yn)an + ’Yn(sm n > 07

where (V) is a sequence in (0,1) and (6y,) is a se-
quence in R such that

(i) 3 70 =ce

(ii) lim sup 6, < 0or Y |yon| < oo.

n—o0 n=0

Then lim,, s a,, = 0.

Lemma9 (/8]) Let H be a real Hilbert space, f
H — H be a contraction with coefficient o € [0, 1)
and F': H — H be a k—Lipschitzian and n—strongly
monotone operator. Then for 0 < v < un/a,

(uF =~ f)x — (uF —vf)y,z —y)
> (un—n~a)lz -yl z,yeH,

that is, pF' — ~ f is (un — ya)-strongly monotone.

3 [Iterative Algorithms

In this section, we always assume that H is a real
Hilbert space, 1" is a nonexpansive mapping on H
with Fixz(T) # 0, f is a contraction on H with co-
efficient « € [0,1) and F' is a k—Lipschitzian and
n—strongly monotone operator on H.

Now we give a new proof of Theorem 2, which is
much more simpler than Tian’s original proof in [8].
In fact, our new proof is a indirect method since it
draws support from Theorem 1.

Proof: Firstly, we consider the following supplemen-
tary algorithm

Znt1 = (I —an(uWF —~vf)Tzn, n >0, (12)
where the initial guess zg is selected in H arbitrar-
ily. Obviously, uF' — v f is a (uk + ya)-Lipschitzian
operator. By Lemma 9, we assert from the condi-
tion 0 < v < 7/a(< un/a) that uF — ~f is also
(un — ~ya)-strongly monotone.

Then we show that the sequence (z,) generated
by (12) converges strongly to the unique solution of
variational inequality (5). To see this, we set & =
Wk +ya, N = un — vy and rewrite the algorithm (12)
in the form:

znt1 = (I = Anfl(uF =7 f))T2n, n 20, (13)
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where [ is a arbitrary constant such that 0 < 1 < 2—727
and A, = <. Noting that (A\n) also satisfies the con-
ditions (1)-(ii1) in Theorem 1, we have from Theorem 1
that the sequence (z, ) generated by (12) (or (13)) con-
verges strongly to the unique solution of variational
inequality (5). Thus in order to complete the proof, it
suffices to show ||z, — z,|| = 0 as n — oo.

In fact, (12) can also be rewritten in the another
form:

Znt1 = anYf (Tzn)+ (I —anpuF)Tz,, n>0. (14)
Combining (4) and (14), we have from Lemma 4 that

Hxn—&-l - Zn—HH
= My (f(2n) = F(Tz0))
+((I — anpuF )Ty — (I — anuF)Tz,)||

< apyallzy, — Tzl + (1 — 7o) ||xn — 20| (15)
< 1= an(t —ya)l[lzn — 2l
+apyal|zn — Tzl
= (1 _ﬂn)Hxn_ZnH +Bn5na
where B, = o (T —va) and 6, = 222 |[2n — Tznl|.

Observing that the sequence (/3,,) satisfies the condi-
tions (i)-(iii) in Theorem 1 and d,, — 0 holds due to
the fact that (z,,) converges strongly to a fixed point
of T and T is continuous, it follows by using Lemma
8 that ||x;, — 2, || — 0 as n — oo. This completes the
proof. O

The technique in the proof above will be used
again for proving Theorem 12 below.

On the other hand, it is not difficult to see from the
proof course above that Theorem 2 can be improved
as follows.

Theorem 10 Let F' : H — H be a xk— Lipschitzian
and n-strongly monotone operator and let g : H — H
be a L— Lipschitzian mapping. Assume that p and
7y are two constants such that i € (0, %) and 0 <

2 A .
v < p(n — ¥=)/L = 7/L respectively, and the se-
quence (\y,) satisfies the same conditions (i)-(iii) as in
Theorem 1. Then the sequence () generated by the
scheme:

Tnt+1 = )\n’}’g(xn) + (I - )\n,U/F)Txny n >0,
where the initial guess x is selected in H arbitrar-
ily, converges strongly to the unique solution of the

variational inequality problem: finding a point ¥ €
Fiz(T) such that

(WF —~g)T,x — ) > 0, Vo € Fiz(T).
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Proof:  Obviously, uF — ~vg is a (ux + vL)-
Lipschitzian operator. Similar to Lemma 9, we also
assert from the condition 0 < v < 7/L(< un/L) that
wF —~gis also (un — yL)-strongly monotone. By an
argument very similar to the new proof of Theorem 2
above, we can accomplish the proof of this theorem.

We are now in a position to prove that if condition
(iv) in Theorem 3 is removed, the result of Theorem
3 still holds, that is, an improvement to Theorem 3 is
obtained as follows. Lemma 6 will play a part in the
proof of our result.

Theorem 11 Let F' : H — H be a k— Lipschitzian
and n-strongly monotone mapping. Let (T;)N.; be a
family of finite nonexpansive self-mappings of H such
that ﬂf\i | Fix(T;) # 0. Assume that the sequences
()‘n) - (071) and (Bﬁ) - (Oal) (Z = 1323"'7N)

satisfy the conditions:

(i) lim A\, =0,
n—oo

(i) Y. Ap = 0,
n=0

(iii) there exist some Bx,3* € (0,1) such that ¥ ¢
[Bs, 8% fori=1,2,---,N and all n > 0.

Then the sequence (x,,), generated by (7), converges
strongly to the unique solution ©* of the variational
inequality (6).

Proof: Without loss of the generality, we prove The-
orem 11 for N = 2 (since it is easy to see that
our methods carry over the general case). We Firstly
show that (z,,) is bounded. To see this, for any point

pE ﬂf\il Fix(T;), by (7) and Lemma 4, we have

[Zn+1 — Dl
= ”(I - )‘n,UF)TQHfon - p”

= H(I - )‘n,UF)TQHTlnl'n - (I - AnﬂF)p
— At F(p) ||
< H(I - AnﬂF)TQnTlnl'n - (I - )‘n,uF)pH 16
At F()] (16)
< (- TATPTPan — TRTY|
FAn ]| F(p) ||
< (=120 — pll + TAE[F )]
< maz{||lzo —pll, LI F (@)} £ My,

for all n > 0, which shows that (z,,) is bounded, so
are (T9T1"(zy,)) and (F(T3T7 (xn))).

On the other hand, noting the fact that Fiiz(T;) =
Fiz(T]") (i = 1,2; n > 0), we deduce from (7) and
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Lemma 4 that
lznt1 — 2*||?
= (I = ApF)I3T xy, — (I — ApyuF)z*
_)‘nMFx*’P

< T = At FYTP T — (1 = ApaF )|
F20apil[Fa |- (I — A FYTE Tz,
(I = MpF)a || + N2pa2|| P |2 -
< (=) BT, — |

F2A (1 = 7)) [[F2]| - |2 — 2™ |

+ 2 12| Fa*|?
< 13Tz, — 2*|?

A 2u)|Fa*|| - ||lzn — ¥ + p2|| Fa*|?]
< | TT e, — o |2 4+ A My,

where M is a positive constant such that M; >
Sup,,> {24/ F2* || - [lon — 2| + p*|| F2*||*}. Noting
that

TP = (1 - Bp)] + BT,

T3 = (1 - o) + BT,

and using Lemma 5, we have

175 T % — 2
= I = B) (T 'z — 2*)
O (oI 2y — )|
= (1= B)|T o, — 2|
O T T g — 2*||?
—Ba(1 = BTy — ToT{ s |?
< e — 2| = B(1 = BT e
—ToT x| (18)
= (1= Bp)(@n — 2%) + By (Trwn — )|
—Ba(1 = BT 2y — ToT s |?
= (L= B)llzn —2*|* + Byl Trwn — 2*?
—B (1 = By) |z — Thwnl|?
—Ba (1 = BT} wn — ToT |
< on —a%)? = Bu(1 = By)llwn — Tin|?
—Ba(1 = BT 2y — T wn |
Substituting (18) into (17), we get
[
< lwn =) = Bu(1 = Bp)llzn — Tazn|?

19
B0 - BT e, TP 2 Y
+ A\, M.
Set
Sn = [|Tn — 33*”27
M = 18711(1 - ﬁ%)”xn - Tlan2
+00(1 = BT wn — ToTP s,
Qp = Ml)\na
then (19) is rewritten as follows
Sn+1 < Sp — Nn + Qpe (20)
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By the virtue of (7) and Lemma 4, we have

i1 — 2°|1
I = A F) T Ty — 2
= |[({ = ApF) I3 2y, — (I — AppF)z*
—AnpiF (27|
= (I = M\t F)TRT P 0y, — (I — ApuF)z* ||
A2 a2
L2 Fz*, (I — AppF) 1)
—(I = MoptF) TP TPy,
(1= 7An) [z — z*|?
L2422 | Fa | - | F(TP TR
2\ u(Fa*, a* — xp)
24| P | - 2 — TP T
< (T=72)lmn — 22 + TAnbn,

IN

where §,, = 27“((}7&:*,37* — xp) + |Fz*| - ||lxn —
T3TVxn||) + MfMQ)\n and M is a constant such that
My > sup,, ||F(T5 T xy)||. Set v, = Ty, thus (21)
can also be rewritten as follows

Spt1 < (1 - 'Yn)sn + ’Yn(sn- (22)

Now we use Lemma 6 to (20) and (22) to prove
s, — 0asn — oo. Itis easy to see that v, — 0
and 21010:0 ~¥n = 0o hold due to conditions (i) and (ii).
Therefore, in order to complete the proof, it suffices
to verify that
lim 7n,, =0
k—oo
implies
lim sup 6, <0
k—o0
for any subsequence (ny) C (n). Firstly, we assert
that 7,, — 0 as k — oo implies ||T5*T"*xp, —
Zn, || = 0as k — oo. Indeed, noting the following
inequality
||xnk - TQxTLk H
< Hxnk - Tlnkmnk”
T, — ToT M, |
+HT2T1nkxnk - Tank ”
2||$nk - TlnkxnkH
T, — ToT{ |
= 2ﬁrlzk||mnk - Tlm”k”
HITT 2y, — T 0, |
and condition (iii), it is easy to see that n,, — 0 as
k — oo implies that ||z, — T2y, || — 0and ||z, —
Trxp, || — 0as k — oo. Thus we obtain that

175" Ty ey, = |

(23)

IN

< T — Ty, |
T 2, — |
24
< ATy — gl + (TS g — ]| Y
= 5711k||$nk - Tlx”k” + B?zkHInk - TankH
_>
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Moreover, if n,, — 0, we have by using Lemma 7
that w(zy, ) C Fix(1T1)() Fiz(T2) holds, noting that
Mn, — 0 implies ||z, — T2y, || — 0 and ||z, —
Toxy, || — 0. Consequently, we assert that

lim (Fz*, 2" — zp,) <0.

k—oo
In fact, take a subsequence (:xnk]) C (zp,) such that
Ty, — Z (j = o) and

lim (Fa*, 2" — zp,) = lim (Fa*, 2"

— Ty, .
k—o0 Jj—o0 kj >’

then we have by w(zy, ) C Fixz(T1)() Fiz(13) that
Z € Fix(Ty) () Fiz(T3). Observing that z* is the
unique solution of (6), we have

limg oo (F2*, 2% — 21,
= limj oo (Fa*, z* — a:nkj)
(Fa*,z* — T)

0.

(25

VAN

Combining (24), (25) and the condition A, — 0,
we have limsup,,_,, 0,, < 0, for any subsequence
(ng) C (n). From Lemma 6, lim,, o s, = 0. O

‘We now turn to prove the strong convergence the-
orem for the algorithm (8) by using the result of The-
orem 11.

Theorem 12 Let F' : H — H be a k-Lipschitzian
and n-strongly monotone mapping and let f : H —
H be a contraction with coefficient o« € (0,1).
Let (T;)N., be a family of finite nonexpansive self-
mappings of H such that ﬂfil Fix(T;) # . Assume
that 1 and  are two constants such that p € (0, i—’;)

and 0 < v < p(n — #)/a 2 T/« respectively, and
the sequences (\,) C (0,1) and (8.) C (0,1) (i =
1,2,---, N) satisfy the conditions:

(i) lim A\, =0,
n—oo
o0
(i) > Ap = 0,
n=0
(iii) there exist some By, 3* € (0,1) such that ¥ €

[Bx, B] fori=1,2,---, N and all n > 0.

Then the sequence (x,,), generated by (8), converges
strongly to the unique solution x* of the variational
inequality (9).

Proof: Without loss of the generality, we prove The-
orem 12 just for the case N = 2. Firstly, we consider
the following supplementary algorithm

Zpt1 = (I = Ap(uF — ) T3 T zp, n >0, (26)
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where the initial guess zg is selected in H arbitrar-
ily. Obviously, uF' — ~f is a (uk + ya)-Lipschitzian
operator. By Lemma 9, we assert from the condi-
tion 0 < v < 7/a(< un/a) that uF' — ~f is also
(un — ~ya)-strongly monotone.

Then we show that the sequence (z,) generated
by (26) converges strongly to the unique solution of
variational inequality (9). To see this, we set & =
wk+ya, N = un — ~ya and rewrite the algorithm (26)
in the form:

i1 = (I = Xofs(pF — 7 f)) T3 T} 20, n > 0, (27)

where [ is an arbitrary fixed constant such that 0 <
< i—’g and X, = ’\7” Noting that (Xn) also satis-
fies the conditions (i)-(ii) in Theorem 11 (there exists
some integer ng such that \,, € (0,1) foralln > 0
due to the condition \,, — 0 as n — oo ), we have
from Theorem 11 that the sequence (z,) generated by
(26) (or (27)) converges strongly to the unique solu-
tion of variational inequality (9). Thus in order to
complete the proof, it suffices to show ||z, — z,| — 0
asn — oQ.

In fact, (26) can also be rewritten in the another
form:

zn1 = Ay f (13T 2)

+(I = M F)T3 TV 2, > 0. (28)

Combining (8) and (28), we have from Lemma 4 that

Hxn+1 - Zn+1||

= H)‘n’)/(f(xn) - f(TQHTlnzn))
+((I — )\n,u,F)TQRTlniL‘n
~(I = ApF)T3TT 2, |

< Ayalle, — T3T 2 || (29)
+(1 - T)‘n)Hxn — 2|
< 1 =T —v)][|zn — 2l

+Anval|zn — T3 T 20|
= (1 _/Yn)Hxn _ZnH + Ynln,
where v, = A\ (7 — ya) and

Yo
T — Y«

On =

|20 — T3 T 20|

Obviously, 7, — 0asn — oo and > 2 | v, = 00.
Now we verify that lim,,_, 6, = 0. Indeed, it fol-
lows that ||z, — Thz,|| — 0 and ||z, — Taz,| —
0 (n — o0) hold due to the fact that (z,) converges
strongly to x* € Fix(T1) () Fix(12) and T and T3
are all continuous. This together with the simple rela-
tion

[E R |

120 = T5'zn| + [|T5" — T5'T7" 20 |

l2n = Tazn|| + [|2n — T2l

ININ
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leads to ||z, — 19'T7'zn|| — 0. Consequently,
lim,,_, o, 0, = 0. Thus we obtain that ||x,, — z,|| — 0
by using Lemma 8. O

Similar to Theorem 10, Theorem 12 can be easily
improved as follows.

Theorem 13 Let F' : H — H be a k-Lipschitzian
and n-strongly monotone mapping and let g : H —
H be a L- Lipschitzian mapping. Let (T;)N., be a
family of finite nonexpansive self-mappings of H such
that X, Fiz(T;) # 0. Assume that ji and ~ are
two constants such that p € (0, %) and 0 < v <

w(n— “—52) /L 2. /L respectively, and the sequences
(An) C (0,1) and (B}) € (0,1)(i = 1,2,---,N)
satisfy the conditions:

(i) lim X\, =0,
n—»00
n=0

(iii) there exist some By, 3* € (0,1) such that B¥ €
[Bx, B*] fori=1,2,---, N and all n > 0.

Then the sequence (x,,), generated by the scheme:

Tpy1 = AnYg(2n) + (I
M F)YTRTR -T2y, n >0,

where the initial guess xq is selected in H arbitrar-
ily, converges strongly to the unique solution of the
variational inequality problem: finding a point x* €
NNY., Fix(T;) such that

N
(uF —~vg)x*,x —2*) >0, Vo € m Fix(T;).
i=1

4 Extensions

In this section, we extend above results to more broad
family of strict pseudo-contractions. Recall that a
mapping S : H — H is said to be a strict pseudo-
contraction if there exists a constant y € (0,1) such
that

1S = Syl2 <l — ylI> +AI(L = S)a
—(I = S)y|l%, Va,y € H.

In this case, S is also called a y—strict pseudo-
contraction. In principle, every fixed point problem
for strict pseudo-contractions can be transformed into
a fixed point problem for nonexpansive mappings. In
fact, take an arbitrary fixed constant 6 € [, 1), we can
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always define a nonexpansive mapping 1y : H — H
by
Tyr =0x+ (1—0)Sz, r € H (30)

such that Fiz(Ty) = Fixz(S). Thus we can firstly
extend Theorem 10 to y—strict pseudo-contraction.

Theorem 14 Let F' : H — H be a k— Lipschitzian
and n-strongly monotone operator, let g : H — H be
a L— Lipschitzian mapping and let S be a ~y—strict
pseudo-contraction such that Fix(S) # (. Assume
that | and vy are two constants such that p € (0, i—g')
and 0 < v < p(n — #)/L 2 7/ L respectively,
and the sequence (\,,) satisfies the same conditions
(i)-(iii) as in Theorem 1. Then the sequence (x,,) gen-
erated by the scheme:

Tnt1 = AY9(Tn) + (I = AqpuF ) Tpxn, n >0,

where Ty is given as in (30) and the initial guess xg
is selected in H arbitrarily, converges strongly to the
unique solution of the variational inequality problem:
finding a point & € Fix(S) such that

(uF —~g)Z,x — ) > 0, = € Fizx(95).

Secondly, we extend Theorem 11 to the family
{8}, of ~;—strict pseudo-contractions. To do this,
define

then {Tl}f\;l is a family of nonexpansive mappings
whenever 0 < v; < 0; <1(i=1,2,---,N). Define
T = (1-B)I+ BT, i=1,---,N;n > 0; (31)

7

where (82) C (0,1).

Theorem 15 Let F' : H — H be a k-Lipschitzian
and n-strongly monotone mapping. Let (S;)N.| be
a family of ~;—strict pseudo-contractions such that
NN, Fiz(S;) # 0. Assume that p is constant such
that u € (0, i—;?) and the sequences (\,) C (0,1)
and (3.) C (0,1) (i = 1,2,---, N) satisfy the condi-
tions:

(i) lim A\, =0,
n—00

(ii) > Ap = o0,
n=0

(iii) there exist some B, 3* € (0,1) such that ¥ €
[Bs, 8% fori=1,2,---,N and all n > 0.
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Then the sequence (xy,), generated by the manner:
Tng1 = (I = ANgpuF)TRTR - TPz, n>0,

where TZ” is given as in (31) and the initial guess g
is selected in H arbitrarily, converges strongly to the
unique solution of the variational inequality problem:
finding a point * € ﬂfil Fiz(S;) such that

N
(Fx*,x —2*) >0, Vx € ﬂ Fiz(S;),
=1

Finally, we extend Theorem 13 to the family
{8} | of ;—strict pseudo-contractions.

Theorem 16 Let F H — H be a k— Lips-
chitzian and n-strongly monotone mapping and let
g : H — H be a L- Lipschitzian mapping. Let
(Si)ijil be a family of ~y;—strict pseudo-contractions
such that ﬂi\;1 Fix(S;) # 0. Assume that j and ~
are two constants such that i € (0, 2—727) and 0 < vy <

w(n— “—SZ) /L 2 7/ L respectively, and the sequences
(M) € (0,1) and (B%) c (0,1)(i = 1,2,---,N)

satisfy the conditions:

(i) lim X\, =0,
n—00

(ii) 3 An = o0,
n=0

(iii) there exist some By, 3* € (0,1) such that B¥ €
[Bx, B*] fori=1,2,--- N and all n > 0.

Then the sequence (x,,) generated by the scheme:

Tn+1 = Arﬁg(?{n)f (I_ R
A FYFRTR T, >0,

where TZ" is given as in (31) and the initial guess g
is selected in H arbitrarily, converges strongly to the
unique solution of the variational inequality problem
of finding a point z* € ﬂfil Fix(S;) such that

N
(uF —~f)ax*,x —x*) >0, Vo € ﬂ Fiz(S;).
i=1
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