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Abstract: The initial boundary value problem for a class of nonlinearly damped Petrovsky equation s 4+ A2u +
a(l + |u¢|")us = blu|Pu in a bounded domain is studied. The existence of global solutions for this problem is
proved by constructing a stable set in Hg(Q), and obtain the energy decay result through the use of an important
lemma of V.Komornik. Meanwhile, under the conditions of the positive initial energy, it is proved that the solution
blows up in the finite time and the lifespan estimates of solutions are also given.
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1 Introduction

In this paper we are concerned with the global solv-
ability and decay stability of initial boundary value
problem for a Petrovsky equation with nonlinear dis-
sipative and source term

ug + A%u + a(1 + |ug|")ug = blulPu, x € Q,t >0,

ey
U(]},O) = U0($), ut(x70) = ul(x)v rel, (2
u(x,t) = %u(x,t) =0,2€00,t>0, (3

where a, b, 7, p > 0 are real numbers, €2 is a bounded
domain of RY with a smooth boundary 02, A is the
Laplace operator, and % |aq indicates derivative of u
in outward normal direction of 0f2.

A. Guesmia [1] considered the equation

ug + A%+ q(2)u+g(ur) =0, € Qt>0, (4)

with initial boundary value conditions (2) and (3),
where ¢ is a continuous and increasing function with
g(0) =0,and g : 2 — [0, 400) is a bounded func-
tion, then he proved a global existence and a regularity
result of the problem (4) with (2) and (3). Under suit-
able growth conditions on g, he also established decay
results for weak and strong solutions. Precisely, in [1],
A. Guesmia showed that the solution decays exponen-
tially if g behaves like a linear function, whereas the
decay is of a polynomial order otherwise. In addi-
tion, results similar to above system, coupled with a
semilinear wave equation, are also established by A.
Guesmia [2]. As g(x)u + g(u¢) in (4) is replaced by
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A2%uy + Ag(Au), M. Aassila and A. Guesmia [3] ob-
tained an exponential decay theorem through the use
of an important lemma of V. Komornik [4]. When
there is no linear dissipative term au; in equation (1),
S. A. Messaoudi [5] set up an existence result of the
problem (1)-(3), and showed that the solution contin-
ues to exist globally if » > p; however, it blows up in
finite time if r < p.

Existence and uniqueness, as well as decay cal-
culation, of global solutions and blow up of solutions
for the initial boundary value problem and Cauchy
problem of the nonlinearly damped wave equation
ug — Au + alug|"ur = bulu|P have been investigated
by many people through various approaches and as-
sumptive conditions [6, 7, 8, 9, 10, 11].

In this paper, the proof of global existence for the
problem (1)-(3) is based on the use of the potential
well theory introduced by D. H. Sattinger [12] and L.
Payne and D. H. Sattinger [9]. See also G. Todorova
[10, 13], for more recent work. Meanwhile, we ob-
tain the energy decay evaluation of global solutions
by applying the lemma of V. Komornik [4]. Mean-
while, it is proved that the solution blows up in the fi-
nite time and the lifespan assessment of solutions are
also given.

We adopt the usual notation and convention. Let
H"™(Q) denote the Sobolev space with the norm

1
lull gy = (Y- 1D%ullZ2(g))?,

o|<m
H{*(€2) denotes the closure in H™ (€2) of C§°(2). For
simplicity of notation, hereafter we denote by | - ||,
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the Lebesgue space LP(£2) norm, || - || denotes L?(€2)
norm and we write equivalent norm ||A - || instead of
HZ(92) norm ||- || H2(5)- Moreover, M denotes various
positive constants depending on the known constants
and it may be difference in each appearance.

This paper is organized as follows: In the next
section, we study the existence of global solutions for
the problem (1)-(3). Section 3 is devoted to the proof
of decay result. Section 4 give the proof of global
nonexistence of solutions.

We conclude the introduction by stating a local
existence result, which is known as a standard one (see

[5D.
Proposition 1 Suppose that r,p > 0 satisfy

0<p<+oo, N<40<p< 5, N >4,
0<r<+4oo, N<4;0<r< 5, N>4,
)
if (uo,u1) € HZ(Q) x L*(Q), then there exists T > 0
such that the problem (1)-(3) has a unique local solu-
tion u(t) in the class

u e C([0,T); H3 (Q)),
up € C([0,T); L2(Q)) N L™+2(Q x [0,T)).

(6)
Proposition 2 Under the hypotheses of Proposition
1 if
sup  (Jlue(t)]|* + [|Au(®)[[?) < +oo,
0<t<Tmax

then Tyax = 400, where [0, Tynax] is the maximum
time interval on which the solution u(z,t) of problem
(1)-(3) exists.

In fact, in [5], when we prove the existence of
local solution by using the contraction mapping prin-
ciple , we can also construct the following space

Xr = {u e O([0,T]; H3(Q)), ue € C([0,T); L*(2))},

equipped with the norm

[u()]|xs = sup %(Ilm(t)\l%r 1Au(®)]?).
0<t<T

Lete > 0, and
Xer ={ue Xr: ullx, <e},
we define a distance d(u,v) = |lu — v||x, on X, 1,

then X, 7 is a complete metric space. This show that,
for small enough ¢, there exists a unique fixed point
on X. 7 and T only depends on . Therefore, with
the standard extension method of solution, we obtain
Tmax = +oo for

sup  (||ue(£)]|* + [ Au(t)]*) < +oo.

<t<Tmax

Here we omit the detailed proof of extension.
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2 The Global Existence

In order to state and prove our main results, we first
define the following functionals

I(u) = I(u(t)) = [|Au(®)|* = bllu(®)]} 12,

b +2
- m\\u(t)llﬁ+2,

and according to paper [9, 10] we put

Tu) = Ju(®) = 3 | Aut) P

d= inf{ililg J(Au), uw e HF(Q)/{0}},

then, for the problem (1)-(3), we are able to define the
stable set

W = {u e H3(Q), I(u) >0} U{0}.
We denote the total energy related to (1) by
B(u(t) -
= sllu @ + 51 Au®)|® = Sz llu@®)hs
= sllue(®)I* + J(u(t))

foru € HZ(Q), t > 0, and E(u(0)) = 3|w1? +
J(up) is the total energy of the initial data.

Lemma 3 Let g be a number with q € [2,00) as N <
4orqcel2, %} as N > 4. Then there is a constant

By depending on ) and q such that
lully < Bil|Aull, Yu € HF ().

Lemma 4 (Young inequality) Let k, [ and € be pos-
itive constants and p, v > 1, i + % = 1. Then one

has the inequality

Bt v

K< 4
n vey

Lemma 5 Assume that u € HZ(Q), if (5) holds, then

__»p 1
2(p +2) (pert?)s

is a positive constant, where C, is the most optimal

llul|p+-2

constant in Lemma 3, namely, C\ = sup,,o TAul -

Proof Since

\? 2 DAPTZ
T0w) = Aul? = =l
o, we get

d
oy () = | Aul|? = oA a5,
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Let & J(Au) = 0, which implies that
2 1

N b_;(IIUIIZIQ)‘i
1 [au2)

An elementary calculation shows that

d2

A=A
+2
= (118ul? = by + ) ulz3)
A=\

= [[Aull® = (p+ D Aul* = —p||Au|* < 0.

Hence, we have from Lemma 3 that
sup J(Au) = J(A\u)
A>0

2(p+2)

—_ p b—% (HUHP+2 p
2(p+2) [ Al
P 1 _20+2)
>z > 0.
20 +2) pr

we get from the definition of d that

P 1

= > 0.
2(p+2) (hert?)s

Lemma 6 Let u(t) be a solution of the problem (1)-
(3). Then E(u(t)) is a nonincreasing function for t >
0 and

4 B(u(t)) = ~allu®i 3+ ). @

Proof By multiplying equation (1) by u;, we have
wguy + A%uy + a(l + g )ud = blulPuuy,
which implies that

24t

+%%(Au)2 + a(1 + |ug|")u?
__b 4

p+2dt
Integrating over €2, we get
1d 1d
2dt 2 dt
+a(fu (1743 + [lue(£)]1%)

(Jul*?),

el + 5 = | Al

_bd p+2
= o),

The above formula implies that

%E(U(t)) = —a(|lu ()33 + [[ue(@)]*) < 0.

Therefore, F(u) is a nonincreasing functionon¢. O
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Theorem 7 Suppose that (5) holds. If ug € W,u; €
L?(Q) and the initial energy satisfies E(u(0)) < d,
thenw € W, for each t € [0, T).

Proof Assume that there exists a number t* € [0,7")
such that u(t) € W on [0,¢*) and u(t*) ¢ W. Then
we have

I(u(t*)) =0, u(t*) #0. (8)
Since u(t) € W on [0, t*), so it holds that
1 b
Hu) = IAuol? - o)l

1 2 1 2
2 SllAu@)] —perIIAU(t)H ©)
. p 2
= 55z IAuOIP,

It follows from I (u(t*)) = 0 that
1

Talt)) = I8 = e )5

p *\ |2
——||Awu(t .
sty ()]
(10)
Therefore, we get from (9) and (10) that

1Au(t)> < 222 5(u(t)) < 222 B(u(t)

2(p +2)
p

< E(u(0)), Yt € [0, ).

1D
We obtain from Lemma 4 and E(u(0)) < d that

E(u(0)) < —F 1

2(p+2) (port2ys

which implies that

bOf“(Q(]);Q)E(u(O))f <1

By exploiting Lemma 3, (11) and (12), we easily ar-
rive at

bllullpy < bOPH| AulPF? = bCPH? || AulP | Aul

12)

2(p+2 3
< ser? (A2 p () ) 1aul? < aul?,
(13)
forall ¢ € [0,¢*]. Thus, we obtain
I(u(t")) = [[Au(t)]* = bllu(t) 535 >0, (14)

which contradicts (8). Hence, we conclude that u(t) €
Wonl0,7T). O
The following result is concerned with the exis-
tence of global solution which is not related to the pa-
rameters p and . The result reads as follows:
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Theorem 8 Assume that (5) holds, u(t) is a local so-
lution of problem (1)-(3). If ug € W, u; € L*(Q)
and E(u(0)) < d, then the solution u(t) is a global
solution of the problem (1)-(3).

Proof We obtain from (11) that

d > Eu(0)) > E(u(t)) = %Ilw(t)ll2 +J(u(t))

1
> 2 lu(t)]? +

p 2
—||A
2(p—|—2)” ul

b 2 2
P — t A
> 5oty (eI + 1 aul?),
(15)
Therefore

lue (011 + [ Al < d < +o0.

2(p+2)
p

It follows from Proposition 2 that u(t) is the global

solution of problem (1)-(3). O
Moreover, we have the other global existence re-

sult which is related to parameters p and r. The fol-

lowing theorem shows that the solutions obtained in

Proposition 1 is a global solutions if p < r.

Theorem 9 Assume that (5) holds. If p < r, then the
local solution furnished in Proposition 1 is a global
solution of the problem (1)-(3) and T' may be taken
arbitrarily large.

Proof Let u be a solution to the problem (1)-(3) de-
fined on [0, T'] which is obtained in Proposition 1. We
define

1 1 b
E _ - 2 N 2 p+2 1
1(t) = S llwel” + 5 [ Au] +p7+2\|u|!p+27 (16)
then o
_ p+2
Ei(t) = E(t) + bio 5 lullpr: (17)

Our aim is to prove that the following inequality
holds:
1
S llall? +

1 2 b +2
§”AUH + m\lull%

t
ta [ )P+ o) 3as 1Y

< CTv

for t € [0,7], where Cr depends on ||Augl||? and
Jlus |2
We get from Lemma 3 and (16) that

bBP+2
+2
5 lully

pi2 < o APt

19

bBP pt2
= pig (lau]?) " < BT,
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where C| = W
It follows from (16) that

+2
— 5 llull;

p+2 < El( )

p+ 2 (20)

We obtain from (7) and (17) that
t
Bv(t) +a [ (lurls)| + Jue(s) 7 3)ds

t
§E1(0)+2b(p+2)/ / |uPTH ug|dads.
0 JQ

1)
In what following, we are going to estimate the last

term in (21). Putting Q¢ = Q x [0, ¢] and
Q1 ={(z,s) € Q¢ : |u(z,s)] <1},
Q2 = {(z,s) € Q¢ : |u(z,s)| > 1}.

Then

t
I:/ / |ulP T Jug|dds
0 Jo

= / ulPH |y | dzds (22)
Q1

+/ \ul[PH ug|dzds = I, + Is.
Q2

Next we deal with I; and I in (22). It is easy to see
from Lemma 3 and (16) that

I S/ |ug|dxds
Q1

< 51Qi + Cé/@ wPdads  (23)
1

t
< 0/Qi| +C<s/ Ey(s)ds
0

for some § > 0 and in which |Q;| denotes the
Lebesgue rneasure of Q.

Let o = +2,
p+a+ 1)7’+2 =p+2. Smce ]u\ > 1on Qg, then
we get from Lemma 4 and (20) that

Igg/ lu[Prot Juy| deds
Q2

/ |ug ]r+2d93d5+0/ lu[P2dxds

- +2C
<g/ gl 2ds + LD /El(s)ds,

0
(24)
for any € > (. We obtain from (22), (23) and (24) that

t
I§5@A+§AHWM3%

(“;)Cf)/ot Ea(s)ds.
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a

By choosing ¢ > 0 small enough such that ¢ < Z,

then it follows from (21) and (25) that
t 2 2
By(t) + Oy /0 (lu(s)el® + fue(s)|12)ds

t
+ < B1(0) + 2b(p + 2)0]Q4| + Cs / Ey(s)ds,
0

(26)
for some positive constants Co = a — 2be > 0 and
C3 =2bCs5 +2(p+2)C: > 0.

It follows from (26) and Gronwall’s inequality
that
Ey(t) < (E1(0) + 2b6]Q4)e™.  (27)

Finally, we infer from (26) and (27) that

El(t)+C2/0 (lus)ell? + llue(s)1753)ds

< Cr(E1(0) + 2b(p + 2)6|Q7),
(28)
for all 0 < ¢ < T, where T is arbitrary. Thus (18)
follows from (16) and (28). Therefore, the conclusion
in Theorem 9 is valid according to (18) and the stan-
dard continuation argument [7, 14]. Thus, the proof
of Theorem 9 is now complete. g

3 Decay Estimate

The following two lemmas play an important role in
studying the decay result of global solutions for prob-
lem (1)-(3).

Lemma 10 (/4]) Let F : R™ — R™ be a nonin-
creasing function and assume that there are two con-
stants § > 1 and A > 0 such that

+oo B+1
/ F(6) 5 dt < AF(S), 0 < S < +o0,
S

2

then F(t) < CF(0)(1+1¢t) 51, Vt > 0,if 8 > 1,
and F(t) < CF(0)e !, ¥Vt > 0, if 8 = 1, where C

and w are positive constants independent of F'(0).
Lemma 11 [fthe hypotheses in Theorem 7 hold, then

bllu(t) P13 < (1 - 0)]|Au(t)|?, vt € [0, +00),
(29)
where
9 =1—bpCrt2 <2(p+2)
. p

Moreover, we have

0
I(() 2 6| Au(t)|? = T bluI3, vt € 0, +2).
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Proof We get from Lemma 3 and (15)

bllullpiy < bCPH2| Au|P*?
= bC 2| Aul[P]| A

< bCf”(?(p;Q)E(u(O)))gIIAuIIQ.

(30)
Let

6 —1— bort? (WE@(O)))?

Then we have from (12) that 0 < 6 < 1. Thus, it
follows from (30) that
bllullptz < (1 - 60)] Aull®. (31)

Meanwhile, we conclude from (31) that

I(u) = || Aul® = bllul;is

> || Aul® = (1= 0)]| Aul?

0b
= 0] Au|® > mHUH,’iﬁ-

This complete the proof of Lemma 11. g

Theorem 12 [f the hypotheses of Theorem 8 hold,
then the global solution of problem (1)-(3) has the fol-
lowing energy decay evaluation

E(t) < M(1+1t)"7,

where E(t) = E(u(t)), M > 0 is a constant depend-
ing on initial energy E(0).

Proof Let E(t) = E(u(t)), then multiplying by
E(t)2u both sides of the equation (1) and integrating
over 2 x [S, T, we obtain that

T
/ / E(#)5ufug + A% + a(1 + [ug" i) dadt
S JQ

T
—/ / B(t)5 ufbululP]dzdt = 0
S JQ
(32)
where 0 < S < T < +oc.
Since

T
/ /E(t)iuuttdxdt:/E(t)iuutd:v
s Ja Q

T
_/ /E(t)ilut\Qda:dt
S JQ

r T r—2 12
_r / / E(t)= B (Huwdadt,
2Js Ja

T

S

(33)
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So, substituting the formula (33) into the left-hand
side of (32), we get

T .
/ / E(t)2 (Juel® + | Aul* = blu|"*?)dzdt

—/ /E ()2 [2]ue|® — a(1 + |ue|")upu)dadt

2/ /E = E (t)uupdadt

/ E(t 3 uutd:c

S
(34)

It follows from Lemma 11, the definition of E(t) and
0 <6 <1 that

T

/ /E(t>§<IUt\2+ | Aul? — blulPT?)dxdt
S JQ

T - 9
= [ BOi (il + 1)

T T
> [ B (sl + o) AulP)ar

T‘ ]. 2
>29/ E(6)2 (Fllue]* +
> 29/ B dt
S

we have from Lemma 3 and (15) that

5 / ) / E(t)UQE’(t)uutdmt’

—2/‘E LE)(HWW+1mMﬁﬁ
<! / Bt
<_,/ Bt

><((19—%2)0
p 2(p+2)

<(p+ 2)C?

) \

1
Sl Aul?)at

(35)

Il + 5w ) e

= — max

< ME(S)®
(36)
Similarly, we have

‘ / E(t %uutda:

r (37)
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Substituting the form (35), (36) and (37) into (34), we

conclude
20 / S < / /

—a(1l + |u|")upuldedt + ME(S)
We get from Young inequality and (7)

T
2/ /E(t)§|ut\2dxdt
S JQ

T T
< / / (LB + M(en) sl 2)dwdt
S JQ

g Q‘Ut’2 (38)

+2

T ™
< Me, / B dt
S

T
M (e0) [ (33 + el Pt

—M€1/ E

gMa/'Ew%z
S

¢ M) () o))

dt + ME(S).

(39)
From Young inequality, Lemma 3, (7) and (15), we
receive that

T
—a/ /E(t)iuut|ut]rdxdt

<o [ BOelul;3 i3

+ M(ea)[luell; 32

< aC™ 22, E(0)3 / | A"+ 2at

T
+aM(€2)E(S)5/S ([huae 1753 + Il 1)t

T+2

a2, B(0)5 / E(t)) ot

S

p

(40)
and

&
/—\
v

(Sl

uuzdxdt
2 1 2
Jul® + 5 ] )t

(
<o [ m (GIoul 4l )ar
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N

r(p—|—2

+/ 5<1 |m”2>dt
T r+2
Samax((p—i_;)C,Q/ E(t)%dt
S

< ME(S)z

IIAuH?)

p+2)

41
where M (e1) and M(e2) are positive constants de-
pending on €7 and 9.

Choosing small enough ¢; and €3, such that

r42

2 2
(p+ )02> ? oy <26,

p
then, substituting (39), (40) and (41) into (38), we get

/STE(t) t

Therefore, we have from Lemma 10 that

Mey + aE(o)5<

(S)+ ME(S)"%

< M(1+ E(0))2E(S).

E(t) < M(E0))(1+1)7%, t € [0,400).
where M(E(0)) > 0 is a constant depending on
E(0).

The proof of Theorem 12 is thus finished. O

4 Blow-up of Solution

In this section, under suitable conditions and the posi-
tive initial energy, we shall discuss the blow-up prop-
erty of the problem (1)-(3) and give the lifespan cal-
culations of solutions.

We observe from the definition of F(t) that

1 b 2
B(t) > S| Au®)|* - — = [u®)lpis (42
foru € H3(Q),t > 0.
By (5) and Lemma 3, we get that
[ullpt2 < Baf| Aull, 43)

where B; is the optimal Sobolev’s constant from
HEZ(Q) to LPT2(Q).
We have from (42) and (43) that

b BZH—?

P2

5 (1Au(®)]*)

E(t) >

= QU Au(®)|?),

1 2
SlAu()? -
(44)
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where )
\2 bB Pt

! APF2,
2 p+2

Therefore, we get
Q'(A) = X = bB PN

Q"(\) =1~ (p+1)bBPT2)\P,

Let '(\) =

(bB1P™2)"». As A = )1, an elementary calculation
shows that Q"( ) = —p < 0. Thus, Q(\) has the
maximum at A1 and the maximum value is

0, which implies that \; =

. . p +2 7%
h=Q0n) = 5Py [bBlp ]
_ p 22

20p+2)"

Applying the idea of E. Vitillaro [11] and S. T.
Wu [15], we have the following lemma.

(45)

Lemma 13 Assume that ug € H3(Q), u; € L*(Q).
Let u be a solution of (1)-(3) with the initial data en-
ergy satisfying 0 < E(0) < h and ||Aug|| > A1, then
there exists Ao > \q such that

[Au(t)|* > A3, (46)

fort > 0.

The blow-up result of solution for the problem (1)
reads as follows:

Theorem 14 Assume that (5) holds, and that vy €
HZ(Q), uy € L?(Y). Under the condition p > r,
if0 < E(0) < h and ||Aug|| > A1, then the local
solution of the problem (1)-(3), which is obtained in
Proposition 1, blows up at a finite time. We remark
that the lifgspan T* is estimated by Tx = Ty =
%, where G(t) will be given in (63), C11
and [ are some positive constant given in the follow-

ing proof.
Proof Let
H(t)=d—- E(t), t >0, 47)

where d = 2O e see from (7) in Lemma 6 that
H'(t) > 0. Thus we obtain
H(t)> H(0)=d—-E(0)>0,t>0. 48)

Let

F(t) :/Quutdm. (49)

Volume 13, 2014



WSEAS TRANSACTIONS on MATHEMATICS

By differentiating both sides of (49) on ¢, we get from
the equation in (1) that

2
FU(t) = [luell® = [|Aul? + bllullp

(50)
—a/Q(ut + |ue|"us)udz.

We have from the definition of E(¢) and (50) that
p+4

F'(t) > =~ + *HAu(t)llg

—a/ (ue + |ue|"ug)udz G
Q

+p+2)H(E) — (p+2)d,

We obtain from Lemma 13 that

p
Ll Au@? — v+ 2)d

p()\% - )\%) 2
=202 TV Au(t

g Iau)l

A [[Au(t)]?

2 A3

2 2

o P — AY)
- 23

+ —(p+2)d

(p+2)d.
(52)

pA?
[ Au(t)|* + 71 -

By Lemma 13, we have that

A -
A3

> 0, (53)

and by (45) and (48), we see that
M- (p+2)d
= (p+2)(h—d) (54)
= (p+2)(d— E(0)) >0

Combining (51)-(54), we see that

p+4 p(A3 = A)
——llu|? + =25 Au®) |

2)3

—a/Q(ut + ug|"ug)udz + (p + 2)H ().

(55)
On the other hand, we have from Holder inequality
that

FI(t) =

pt+2 pt+2

< Cullully5 " lfully3 el 743,
(56)

__p-r .
where Cy = a|Q|T+2®+2) in which || denotes the
Lebesgue measure of (2.

|ug|"upudx
0
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By d = M, we see that d < h. Therefore,
we get from (42), (47) and Lemma 13 that

1 b 9
H(t) <d-— §IIAU(t)H2 + lully s
p+2
1 (57)
2 p+2
<h- 5)\1 + P QHUHerz-
By (45), we have
1 2
h—=M=-"h<0, (58)
2 P

so, we have from (48), (57) and (58) that

—|ulPt2 t>0. (59

0<H(0)<H(t)< D2

p+2

We obtain from (56) and (59) that

|u|" upudz
Q

(60)

B S == +1
< CsH(t)rw2 72 Jull 5 [uelli 5o,

where C5 = (”%}“2)%04.
We get from (47), Lemma 4, Lemma 6 and (60)

that
a / || ugude
Q

< Cs[e™2|ullP3 + & (£)] H (),
(61)

_ 1
Wherea—r+2 p+2, e > 0.

Let 0 < 8 < «, then we have from (48) and (61)
that

a / |ug|"upudx
0

< G5l H(0) ™ lullpis (62)

e H(0)P O H ()P H (1),
Now, we define G(t) as follows.
G(t) = H(t)' P + pF(t), t > 0. (63)

where p is a positive constant to be determined later.
By differentiating (63), then we see from (55) and (62)
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that
G'(t) = (1= BYH(t) PH'(t) + pF'(t)

m—+2

> [1— B —pCuae”m H(0) H(t)"H'(t)

2 )\2 9
A +

luel® + (p+ 2)H(2)]

(9 0 Au)(?)]

+aip

p+4
+p] 5

> —c5psm+2H<o>*auuuzi§-

(64)
Letting & = mln{p , ai 12 1} and decomposing
2
p(p+2)H(t) in (64) by

p(p+2)H(t) = 2kpH (t)+p(p+2—2k)H(t). (65)

Combining (47), (64) and (65), we obtain that
_r+2
G'(t) > [1 = B — pCrae” =1 H(0)"~

D+
ao(Pg = k)l + oo+ 2~ 20)H (D)

2kb ,
+|g G HO) ol

A - N2
+[ 277~ ksl

)\2
(66)
Choosing ¢ > 0 small enough such that z% —
Cse™2H(0)™> > #’2 and 0 < p <

r+2
1555 e | (0)*=7, then we have from (66) that

G0 Copllul? + 18ul? + ol
+H(t)+ (go AU)(t)}

where

(pt4 kb A2 — A2 }
= —k 22k, —— —k 7.
CG min { 2 ) p—i_ ) p+27 )\%

Therefore, G(t) is a nondecreasing function for ¢ > 0.
Letting p in (63) be small enough, then we get G(0) >
0. Consequently, we obtain that G(t) > G(0) > 0 for
t>0.

Since 0 < 8 < a < 1, itis evident that 1 <
=5 < 125~ We deduce from (49) and (63) that

G(t)ﬁ < 915! {H(t) + (p/g)uutdac)lﬂ.
(68)
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On the other hand, for p > 0, we have from
Holder inequality and Lemma 4 that

_1 1
1-8 _1 -8
(p /Q d) < Cyllu| 7 (w153

< Cu (Il 3 + el 7).

(69)

1 ptl .
where C7 = p1-7 |Q|0=8+2) | %—F% =1,and Cy is
a positive constant depending on the known constants
Cr, p and v.

. 1 1
LetO < B <min{o, 5 — 75} v =2(1-5),

then 7 ﬁ _22 5 <p+ 2. It follows from (59) that

b i
(Gramm) ezt @

Thus, we get from (70) that

2 25 —(p+2) 42
lul, 7o = Hu\lﬁﬁéﬁ = ull,i5” b

b -G | o
S\ 7 [[ullpr2-
(p+2)H(0)
(71)

We obtain from (69) and (71) that

1
1-8
(o [ wde) ™ < Cusllal? + 23,
(72)
2
where Cg = Cg max{1, (WI’H(O))I_@H)(C%) 1.

Combining (68) and (72), we find that

1
G < Clo[HutHQ P+ HOG|, 73

where Cg = oT5 ! max{1, Cy}.
We obtain from (67) and (73) that

G'(t) > CnG(t)T7, t >0, (74)

where C11 = Cio Cop . Integrating both sides of (74) over
[0, t] yields that

BC11 _$
1 —ﬂt) |

Noting that G(0) > 0, then there exists T = Ty ax =

B
% such that G(t) — 400 as t — +o0.

Namely, the solutions of the problem (1)-(3) blow up
in finite time. O

Gt) > (G(O)ﬁfl _
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5 Conclusion

In this paper, the initial boundary value problem for
a class of nonlinearly damped Petrovsky equation in
a bounded domain is considered. At first, the exis-
tence of global solutions which is not related to the
parameters p and r is proved by constructing a sta-
ble set in HZ(£2). Moreover, we have the other global
existence result which is related to parameters p and
r,i.e. p < r. Secondly, we obtain the energy de-
cay estimate through the use of an important lemma
of V.Komornik. At last, under the conditions of the
positive initial energy, it is proved that the solution
blows up in the finite time and the lifespan estimates
of solutions are also given.
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