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Abstract: This paper is concerned with the existence, uniqueness and asymptotic behavior of the positive solutions
of a fuzzy Logistic difference equation

xn+1 = A+Bxn−1e
−xn , n = 0, 1, · · · ,

where (xn) is a sequence of positive fuzzy number, A,B are positive fuzzy numbers and the initial conditions
x−1, x0 are positive fuzzy numbers. Moreover an illustrative example is given to demonstrate the effectiveness of
the results obtained.
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1 Introduction
It is well known that difference equation appears natu-
rally as discrete analogous and as numerical solutions
of differential equations and delay differential equa-
tion having many applications in economics, biology,
computer science, control engineering. The study of
asymptotic stability and oscillatory properties of so-
lutions of difference equations is extremely useful in
the behavior of mathematical models of various bio-
logical systems and other applications. This is due to
the fact that difference equations are appropriate mod-
els for describing situations where the variable is as-
sumed to take only a discrete set of values and they
arise frequently in the study of biological models, in
the formulation and analysis of discrete time systems,
etc.

Recently there has been a lot of work concern-
ing the asymptotic behavior, the periodicity, and the
boundedness of nonlinear difference equation and sys-
tem of nonlinear difference equations(see, for exam-
ple [1, 5, 6, 7, 8, 9, 10, 13, 14] and the references
therein).

EI-Metwally et al.[7] investigated the asymptotic

behavior of population model:

xn+1 = α+ βxn−1e
−xn , n = 0, 1, · · · , (1)

where α is the immigration rate and β is the popula-
tion growth rate.

Fuzzy set theory is a powerful tool for modeling
uncertainty and for processing vague or subjective in-
formation in mathematical model. Particularly, the
use of fuzzy difference equations is a natural way to
model the dynamical systems with embedded uncer-
tainty. Fuzzy difference equation is a difference equa-
tion where constants and the initial values are fuzzy
numbers, and its’ solutions are sequences of fuzzy
numbers. Recently there is an increasing interest in
the study of fuzzy difference equation (see, for exam-
ple [2, 3, 4, 11, 12, 15, 16, 17, 18, ?, 21]). In this paper
we study the fuzzy analogs of (1)

xn+1 = A+Bxn−1e
−xn , n = 0, 1, · · · , (2)

where (xn) is a sequence of positive fuzzy numbers,
A,B and the initial values x−1, x0 are positive fuzzy
numbers.

WSEAS TRANSACTIONS on MATHEMATICS Qianhong Zhang, Wenzhuan Zhang, Jingzhong Liu, Yuanfu Shao

E-ISSN: 2224-2880 282 Volume 13, 2014



For readers convenience, we need some defini-
tions:

A is said to be a fuzzy number if A : R → [0, 1]
satisfies the below (i)-(iv)

(i) A is normal, i.e. there exists an x ∈ R such
that A(x) = 1;

(ii) A is fuzzy convex, i.e. for all t ∈ [0, 1] and
x1, x2 ∈ R such that

A(tx1 + (1− t)x2) ≥ min{A(x1), A(x2)};

(iii) A is upper semi-continuous;
(iv) The support of A,

suppA =
∪

α∈(0,1]

[A]α = {x : A(x) > 0}

is compact.
The α-cuts of A are denoted by

[A]α = {x ∈ R : A(x) ≥ α}, α ∈ [0, 1],

it is clear that the [A]α are closed interval. We say that
a fuzzy number is positive if suppA ⊂ (0,∞).

It is obvious that if A is a positive real number
then A is a fuzzy numbers and [A]α = [A,A], α ∈
(0, 1]. Then we say that A is a trivial fuzzy number.

Let A,B be fuzzy numbers with [A]α =
[Al,α, Ar,α], [B]α = [Bl,α, Br,α], α ∈ (0, 1]. We de-
fine a norm on fuzzy numbers space as follows:

∥A∥ = sup
α∈(0,1]

max{|Al,α|, |Ar,α|}

We take the following metric :

D(A,B) = sup
α∈(0,1]

max{|Al,α−Bl,α|, |Ar,α−Br,α|}

The fuzzy analog of the boundedness and per-
sistence (see [4, 11]) as follows: we say that a se-
quence of positive fuzzy numbers xn persists (resp.
is bounded) if there exists a positive real number M
(resp. N ) such that

suppxn ⊂ [M,∞)(resp. suppxn ⊂ (0, N ]), n ∈ N,

xn is bounded and persists if there exist positive
real numbers M,N > 0 such that

suppxn ⊂ [M,N ], n = 1, 2, · · · .

xn, n = 1, 2, · · ·, is an unbounded sequence if the
norm ∥xn∥, n = 1, 2, · · · , is an unbounded sequence.

xn is a positive solution of (2) if xn is a sequence
of positive fuzzy numbers which satisfies (2). We say

a positive fuzzy number x is a positive equilibrium for
(2) if

x = A+Bxe−x.

Let (xn) be a sequence of positive fuzzy numbers
and x is a positive fuzzy number, Suppose that

[xn]α = [Ln,α, Rn,α], n = 0, 1, 2, · · · , α ∈ (0, 1],
(3)

and
[x]α = [Lα, Rα], α ∈ (0, 1]. (4)

The sequence (xn) converges to x with respect to D
as n→ ∞ if limn→∞D(xn, x) = 0.

Suppose that (2) has a unique positive equilibrium
x. We say that the positive equilibrium x of (2) is sta-
ble if for every ε > 0 there exists a δ = δ(ε) > 0 such
that for every positive solution xn of (2), which satis-
fies D(x−i, x) ≤ δ, i = 0, 1, we have D(xn, x) ≤ ε
for all n > 0.

Moreover, we say that the positive equilibrium x
of (2) is asymptotically stable, if it is stable and every
positive solution of (2) tends to the positive equilib-
rium of (2) with respect to D as n→ ∞.

The purpose of this paper is to study existence of
the positive solutions of (2). Furthermore, we give
some conditions so that every positive solution of (2)
is boundedness and persistence. Finally, under some
conditions we prove that (2) has a unique positive
equilibrium x which is asymptotic stable.

2 Main results

2.1 Existence of the positive solution
Firstly we study the existence of the positive solutions
of (2). We need the following lemma.

Lemma 1 [12] Let f :: R+×R+×R+×R+ → R+

be continuous, A,B,C,D are fuzzy numbers, Then,
for ∀α ∈ (0, 1],

[f(A,B,C,D)]α = f([A]α, [B]α, [C]α, [D]α). (5)

Lemma 2 [19] Let u ∈ E∼, write [u]α =
[u−(α), u+(α)], α ∈ (0, 1]. Then u−(α) and u+(α)
can be regarded as functions on (0, 1], which satisfy

(i) u−(α) is nondecreasing and left continuous;
(ii) u+(α) is nonincreasing and left continuous;
(iii) u−(1) ≤ u+(1).
Conversely for any functions a(α) and b(α) de-

fined on (0, 1] which satisfy (i) − (iii) in the above,
there exists a unique u ∈ E∼ such that [u]α =
[a(α), b(α)] for any α ∈ (0, 1].
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Theorem 3 Consider equation (2) where A,B are
positive fuzzy numbers. Then for any positive fuzzy
numbers x−1, x0, there exists a unique positive solu-
tion xn of (2) with initial conditions x−1, x0.

Proof: The proof is similar to Proposition 2.1 in [12].
Suppose that there exists a sequence of fuzzy num-
bers xn satisfying (2) with initial conditions x−1, x0.
Consider the α−cuts, α ∈ (0, 1], n = 0, 1, 2, · · · ,

[xn]α = [Ln,α, Rn,α],

[A]α = [Al,α, Ar,α],

[B]α = [Bl,α, Br,α].

(6)

It follows from (2), (6) and Lemma 1 that

[xn+1]α = [Ln+1,α, Rn+1,α]

= [A+Bxn−1e
−xn ]α

= [A]α + [B]α[xn−1]α × [e−xn ]α

=
[
Al,α +Bl,αLn−1,αe

−Rn,α ,

Ar,α +Br,αRn−1,αe
−Ln,α

]
from which we have that for n = 0, 1, 2, · · · , α ∈
(0, 1],

Ln+1,α = Al,α +Bl,αLn−1,αe
−Rn,α ,

Rn+1,α = Ar,α +Br,αRn−1,αe
−Ln,α

(7)

Then it is obvious that for any initial condition
(L−i,α, R−i,α), i = 0, 1, α ∈ (0, 1], there exists
a unique solution (Ln,α, Rn,α). Now we prove
that [Ln,α, Rn,α], α ∈ (0, 1], where (Ln,α, Rn,α)
is the solution of system (7) with initial conditions
(L−i,α, R−i,α), i = 0, 1, determines the solution xn
of (2) with the initial conditions x−i, i = 0, 1, such
that, for n = 0, 1, 2, · · · ,

[xn]α = [Ln,α, Rn,α], α ∈ (0, 1]. (8)

From reference [20] and since A,B, x−1, x0 are pos-
itive fuzzy numbers for any α1, α2 ∈ (0, 1], α1 ≤ α2

we have

0 < Al,α1 ≤ Al,α2 ≤ Ar,α2 ≤ Ar,α1

0 < Bl,α1 ≤ Bl,α2 ≤ Br,α2 ≤ Br,α1

0 < L−1,α1 ≤ L−1,α2 ≤ R−1,α2 ≤ R−1,α1

0 < L0,α1 ≤ L0,α2 ≤ R0,α2 ≤ R0,α1

(9)

We claim that, for n = −1, 0, 1, 2, · · · .

Ln,α1 ≤ Ln,α2 ≤ Rn,α2 ≤ Rn,α1 . (10)

We prove it by induction. It is obvious from (9) that
(10) holds true for n = −1, 0. Suppose that (10) are
true for n ≤ k, k ∈ {1, 2, · · ·}. Then, from (7), (9)
and (10), for n ≤ k, it follows that

Lk+1,α1 = Al,α1 +Bl,α1Lk−1,α1e
−Rk,α1

≤ Al,α2 +Bl,α2Lk,α2e
−Rk,α2 = Lk+1,α2

= Al,α2 +Bl,α2Lk,α2e
−Rk,α2

≤ Ar,α2 +Br,α2Lk,α2e
−Rk,α2 = Rk+1,α2

= Ar,α2 +Br,α2Lk,α2e
−Rk,α2

≤ Ar,α1 +Br,α1Lk,α1e
−Rk,α1 = Rk+1,α1

Therefore (10) are satisfied. Moreover from (7) we
have, for ∀α ∈ (0, 1],

L1,α = Al,α +Bl,αL−1,αe
−R0,α ,

R1,α = Ar,α +Br,αR−1,αe
−L0,α .

(11)

Since A,B, x−1, x0 are positive fuzzy numbers, then
we have that Al,α, Ar,α, Bl,α, Br,α, L−l,α, R−1,α,
L0,α, R0,α are left continuous. So from (11) we have
that L1,α, R1,α are also left continuous. By induction
we can get that Ln,α, Rn,α, n = 1, 2, · · · , are left con-
tinuous.

Now we prove that the support of xn, suppxn =∪
α∈(0,1][Ln,α, Rn,α] is compact. It is sufficient to

prove that
∪
α∈(0,1][Ln,α, Rn,α] is bounded. Let n =

1, since A,B, x−1, x0 are positive fuzzy numbers,
there exist constants MA > 0, NA > 0,MB >
0, NB > 0,M−1 > 0, N−1 > 0,M0 > 0, N0 > 0
such that for all α ∈ (0, 1],

[Al,α, Ar,α] ⊂ [MA, NA],
[Bl,α, Br,α] ⊂ [MB, NB],
[L−l,α, R−1,α] ⊂ [M−1, N−1],
[L0,α, R0,α] ⊂ [M0, N0]

(12)

Hence from (11) and (12) we can easily get, for ∀α ∈
(0, 1],

[L1,α, R1,α] ⊂
[
MA +MBM−1e

−N0 ,

NA +NBN−1e
−M0

]
. (13)

From which it is obvious that∪
α∈(0,1]

[L1,α, R1,α]

⊂
[
MA+MBM−1e

−N0 , NA+NBN−1e
−M0

]
.(14)
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Therefore (14) implies that
∪
α∈(0,1][L1,α, R1,α]

is compact and
∪
α∈(0,1][L1,α, R1,α] ⊂ (0,∞).

Deducing inductively we can easily follow that∪
α∈(0,1][Ln,α, Rn,α] is compact, and∪
α∈(0,1]

[Ln,α, Rn,α] ⊂ (0,∞), n = 1, 2, · · · . (15)

Therefore, (10), (15) and since Ln,α, Rn,α are left
continuous we have that [Ln,α, Rn,α] determines a se-
quence of positive fuzzy numbers xn such that (8)
holds.

We prove now that xn is the solution of (2) with
initial condition x−1, x0. Since for all α ∈ (0, 1],

[xn+1]α = [Ln+1,α, Rn+1,α]

=
[
Al,α +Bl,αLn−1,αe

−Rn,α ,

Ar,α +Br,αRn−1,αe
−Ln,α

]
=

[
A+Bxn−1e

−x−n]
α

we have that xn is the solution of (2) with initial con-
dition x−1, x0.

Suppose that there exists another solution xn of
(2) with initial conditions x−1, x0. Then from arguing
as above we can easily prove that,for n = 0, 1, 2, · · · ,

[xn]α = [Ln,α, Rn,α], α ∈ (0, 1]. (16)

Then from (8) and (16) we have [xn]α = [xn]α, α ∈
(0, 1], n = 0, 1, 2, · · · , from which it follows that
xn = xn, n = 0, 1, · · · . Thus the proof of the theo-
rem 3 is completed. ⊓⊔

2.2 Boundedness and Permanence
In the following we will study the boundedness and
permanence of the fuzzy positive solution of (2). We
need the following lemma.

Lemma 4 (comparison results) Assume that α ∈
(0,∞), β ∈ [0,∞). Let {Xn}∞n=−1, {Yn}∞n=−1 be
sequences of real numbers such that X−1 ≤ Y−1,
X0 ≤ Y0, and for n = 0, 1, · · · ,{

Xn+1 ≤ αXn−1 + β
Yn+1 = αYn−1 + β

Then Xn ≤ Yn, for all n ≥ −1.

Lemma 5 Consider the system of the difference equa-
tions, for n = 0, 1, · · · ,

yn+1 = p+ cyn−1e
−zn

zn+1 = q + dzn−1e
−yn

(17)

where p, q, c, d are positive real numbers and the ini-
tial values y−i, z−i(i = 0, 1), are positive real num-
bers. If

c < eq, d < ep (18)

Then system (17) is bounded and persists.

Proof: Let {(yn, zn)}∞n=−1 be a positive solution of
system (17). Then it follows from system (17) that,
for n ≥ 0,

yn+1 = p+ cyn−1e
−zn > p

zn+1 = q + dzn−1e
−yn > q

(19)

Thus
yn+1 = p+ cyn−1e

−zn < p+ ce−qyn−1,

zn+1 = q + dzn−1e
−yn < q + de−pzn−1.

(20)

Now we consider the initial value problem, for n =
1, 2, · · · ,

Yn+1 = p+ ce−qYn−1, Zn+1 = q + de−pZn−1,

with initial conditions yi ≤ Yi, zi ≤ Zi(i = 0, 1), and
so it follows from Lemma 4 that

yn ≤ Yn, zn ≤ Zn, n ≥ −1.

Observe that

lim
n→∞

Yn =
p

1− ce−q
, lim
n→∞

Zn =
q

1− de−p
.

and then

lim
n→∞

sup yn ≤ p

1− ce−q
, lim
n→∞

sup zn ≤ q

1− de−p
.

Therefore {(yn, zn)}∞n=−1 is bounded and persists.
and the proof is completed. ⊓⊔

Theorem 6 Consider fuzzy difference equation (2),
where A,B and initial values x−1, x0 are positive
fuzzy numbers. If for all α ∈ (0, 1],

Br,α < eAl,α . (21)

Then every positive solution of (2) is bounded and per-
sists.

Proof: Let xn be positive solution of Eq.(2) such
that (8) holds. From (7) it is obvious that, for n =
1, 2, · · · , α ∈ (0, 1],

Al,α ≤ Ln,α, Ar,α ≤ Rn,α. (22)
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From Lemma 4 and (19), it follows that, for n =
1, 2, · · · , 

Ln,α ≤ Al,α

1−Bl,αe
−Ar,α

,

Rn,α ≤ Ar,α

1−Br,αe
−Al,α

,

(23)

Hence from (12), (20) and (21) it is obvious that, for
n ≥ 1. α ∈ (0, 1],

[Ln,α, Rn,α] ⊂
[
MA,

NA

1−NBe−MA

]
. (24)

From which we get, for n ≥ 1,∪
α∈(0,1]

[Ln,α, Rn,α] ⊂
[
MA,

NA

1−NBe−MA

]
,

and so∪
α∈(0,1]

[Ln,α, Rn,α] ⊂
[
MA,

NA

1−NBe−MA

]
.

i.e., the positive solution of (2) is bounded and per-
sists.

2.3 Dynamic of solution of Eq.(2)
Lemma 7 Consider the system of difference equation
(17), where p, q, c, d, are positive real numbers. If (18)
holds. Then there exists a unique positive equilibrium
(ȳ, z̄) such that

p < ȳ <
p

1− ce−q
, q < z̄ <

q

1− de−p
. (25)

Proof: Let (ȳ, z̄) be the solution of the following sys-
tems.

y = p+ cye−z, z = q + dze−y (26)

Set
f(z) = q + dze

− p

1−ce−z − z (27)

Then

f(q) = dqe
p

ce−q−1 > 0, lim
z→+∞

f(z) = −∞. (28)

and

f ′(z) = de
− p

1−ce−z −dz pce−z

(1− ce−z)2
e
− p

1−ce−z −1 < 0.

(29)
It follows from (26) and (16) that (25) has exactly one
solution z̄ > q.

On the other hand, set

g(y) = p+ cye
− q

1−de−y − y (30)

Similarly it can easily prove that (28) has exactly one
solution ȳ > p. Noting (18) and (24) it follows that
ȳ < p

1−ce−q , z̄ <
q

1−de−p . The proof is completed. ⊓⊔

Theorem 8 Consider the system (17), where p, q, c, d
are positive real numbers and the initial values
y−i, z−i(i = 0, 1), are positive real numbers. Assume
that (18) and the following condition hold

max

{(
(1 +

p

1− ce−q
)ce−q

) 1
2

,

(1 +
q

1− de−p
)de−p

}
< 1 (31)

Then the positive equilibrium (ȳ, z̄) of system (17) is
globally asymptotically stable.

Proof: First we prove that the positive equilibrium
(ȳ, z̄) of (17) is locally asymptotically stable. We can
easily obtain that the linearized system of (17) about
the positive equilibrium (ȳ, z̄) is

Ψn+1 = DΨn,

where

D =


0 ce−z̄ −cȳe−z̄ 0
1 0 0 0

−dz̄e−ȳ 0 0 de−ȳ

0 0 1 0


Since (18) and (29) hold, we can take a positive num-
ber ε such that

ε = max
{(

(1 + ȳ)ce−z̄
) 1

2 , (1 + z̄)de−ȳ
}

< 1. (32)

Let
S = diag(1, ε−1, ε−2, ε−3)

We consider the matrix

C = (cij) = S−1DS =
0 ce−z̄ε−1 −cȳe−z̄ε−2 0
ε 0 0 0

−dz̄e−ȳε2 0 0 de−ȳε−1

0 0 ε 0


with the norm

∥C∥ = max
1≤i≤4


4∑
j=1

|cij |

 .

Using (30) we can prove that ∥C∥ < 1. Therefore,
since |λi| < ∥C∥( where λi(i = 1, 2, 3, 4) are the
eigenvalues of D), we have that all eigenvalues of D
lie inside the unit disk. This implies that (ȳ, z̄) is lo-
cally asymptotically stable.
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Let now (yn, zn) be a positive solution of (17).
We prove that

lim yn = ȳ, lim zn = z̄. (33)

Using Lemma 4 we have

Λ1 = lim
n→∞

sup yn <∞,

Λ2 = lim
n→∞

sup zn <∞.

λ1 = lim
n→∞

inf yn > 0,

λ2 = lim
n→∞

inf zn > 0.

(34)

Then from (17) and (32) we take
Λ1 ≤ p

1−ce−λ2
, λ1 ≥ p

1−ce−Λ2
,

Λ2 ≤ q
1−de−λ1

, λ2 ≥ q
1−de−Λ1

.
(35)

From (33) it follows that
Λ1λ2 ≤ pλ2

1−ce−λ2
, Λ2λ1 ≥ pΛ2

1−ce−Λ2
.

Λ2λ1 ≤ qλ1
1−de−λ1

, λ2Λ1 ≥ qΛ1

1−de−Λ1

from which we take
qΛ1

1−de−Λ1
≤ pλ2

1−ce−λ2
,

pΛ2

1−ce−Λ2
≤ qλ1

1−de−λ1

(36)

Now we consider the functions

f(y) =
qy

1− de−y
, g(z) =

pz

1− ce−z
. (37)

for

y ∈
(
p,

p

1− ce−q

)
, z ∈

(
q,

q

1− de−p

)
.

Then from (35), it follows that
f ′(y) = q(1−de−y(1+y))

(1−de−y)2
,

g′(z) = p(1−ce−z(1+z))
(1−ce−z)2

(38)

From (30), Noting

y ∈
(
p,

p

1− ce−q

)
, z ∈

(
q,

q

1− de−p

)
,

we get
1− de−y(1 + y) > 1− de−p(1 + q

1−de−p ) > 0,

1− ce−z(1 + z) > 1− ce−q(1 + p
1−ce−q ) > 0.

(39)
Therefore from (36) and (37), we obtain

f ′(y) > 0, g′(z) > 0,

for

y ∈
(
p,

p

1− ce−q

)
, z ∈

(
q,

q

1− de−p

)
.

Hence, f, g are increasing functions and this, to-
gether with (34) implies that λ1 = Λ1. Then, from
(34) again, we see that λ2 = Λ2. This implies that
limn→∞ yn = ȳ, limn→∞ zn = z̄. This completes
the proof of the theorem. ⊓⊔

Remark 9 The condition satisfying the unique posi-
tive equilibrium of (1.2) is globally asymptotically sta-
ble is different from that of [13].

Theorem 10 Consider fuzzy difference equation (2)
where A,B and the initial values x−i(i = 0, 1), are
positive fuzzy numbers, if (19) is satisfied. Then the
following statements are true.
(i) The equation (2) has a unique positive equilib-
rium.
(ii) The every positive solution xn of (2) converges to
the unique positive equilibrium x with respect to D as
n→ ∞.

Proof: (i) We consider the system
Lα = Al,α +Bl,αLαe

−Rα ,

Rα = Ar,α +Br,αRαe
−Lα .

(40)

Obviously, system (40) has a unique solution
(Lα, Rα).

Let xn be a positive solution of (2) such that
[xn]α = [Ln,α, Rn,α], α ∈ (0, 1], n = 0, 1, · · · . Then
applying Theorem 8 to the system (7) we have

lim
n→∞

Ln,α = Lα, lim
n→∞

Rn,α = Rα. (41)

From (22) and (41) we have, for 0 < α1 ≤ α2 ≤ 1,

0 < Lα1 ≤ Lα2 ≤ Rα2 ≤ Rα1 . (42)

Since Al,α, Ar,α, Bl,α, Br,α are left continuous, it fol-
lows from (40) that Lα, Rα are also left continuous.
From (40) and (12) we get

Lα ≥ Al,α ≥MA,

Rα =
Ar,α

1−Br,αe−Lα
≤ NA

1−NBe
−MA

.
(43)
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Therefore (43) implies that

[Lα, Rα] ⊂
[
MA,

NA

1−NBe−MA

]
.

From which it is obvious that
∪
α∈(0,1][Lα, Rα] is compact∪
α∈(0,1][Lα, Rα] ⊂ (0,∞).

(44)

So from Lemma 2, relations (40), (42), (44) and since
Lα, Rα, α ∈ (0, 1], determines a fuzzy number x such
that

x = A+Bxex, [x]α = [Lα, Rα], α ∈ (0, 1].

and so x is a positive equilibrium of (2).
Provided that there exists another positive equi-

librium x̄ for (2), then there exist functions Lα :
(0, 1] → (0,∞), Rα : (0, 1] → (0,∞) such that

x̄ = A+Bx̄ex̄, [x̄]α = [Lα, Rα], α ∈ (0, 1].

From which we have

Lα = Al,α+Bl,αLαe
−Rα , Rα = Ar,α+Br,αRαe

−Lα .

So Lα = Lα, Rα = Rα, α ∈ (0, 1]. namely x = x̄.
This completes the proof of (i).

(ii) From (41) we have

lim
n→∞

D(xn, x)

= lim
n→∞

sup
α∈(0,1]

{max {|Ln,α − Lα|, |Rn,α −Rα|}}

= 0. (45)

From which it is obvious that every positive solution
xn of Eq.(2) converges the unique equilibrium x with
respect to D as n→ ∞. ⊓⊔

3 Numerical example
To illustrate our results we give some examples in
which the conditions of our propositions hold.

Example 1 Consider the following fuzzy difference
equation

xn+1 = A+Bxn−1e
−xn , n = 0, 1, · · · , (46)

where A,B are fuzzy numbers such that

A(x) =


10x− 3, 0.3 ≤ x ≤ 0.4

−5x+ 3, 0.4 ≤ x ≤ 0.6
(47)

and

B(x) =


10x− 5, 0.5 ≤ x ≤ 0.6

−5x+ 4, 0.6 ≤ x ≤ 0.8
(48)

We take initial value x−1, x0 such that

x−1(x) =


10x− 2, 0.2 ≤ x ≤ 0.3

−10
3 x+ 2, 0.3 ≤ x ≤ 0.6

(49)

and

x0(x) =


5x− 5, 0.1 ≤ x ≤ 0.3

−5x+ 2.5, 0.3 ≤ x ≤ 0.5
(50)

From (47) and (48), we get, for α ∈ (0, 1],
[A]α =

[
0.3 + 1

10α, 0.6−
1
5α
]
,

[B]α =
[
0.5 + 1

10α, 0.8−
1
5α
]
,

(51)

And so∪
α∈(0,1]

[A]α = [0.3, 0.6],
∪

α∈(0,1]

[B]α = [0.5, 0.8],

(52)
Moreover from (49) and (50), we get, for α ∈ (0, 1],

[x−1]α =
[
0.2 + 1

10α, 0.6−
3
10α
]
,

[x0]α =
[
0.1 + 1

5α, 0.5−
1
5α
]
,

(53)

It follows that∪
α∈(0,1]

[x−1]α = [0.2, 0.6],
∪

α∈(0,1]

[x0]α = [0.1, 0.5]

(54)
From (46), it results in a coupled system of difference
equation with parameter α ∈ (0, 1],

Ln+1,α = 0.3 + 1
10α+

(
0.5 + 1

10α
)
Ln−1,αe

−Rn,α ,

Rn+1,α = 0.6− 1
5α+

(
0.8− 1

5α
)
Rn−1,αe

−Ln,α .
(55)

Therefore, Br,α < e−Al,α , for any α ∈ (0, 1], namely,
the condition (19) is satisfied, so from Theorem 6,
we have that every positive solution xn of Eq.(46)
is bounded and persists. In addition, Eq.(46) has a
unique positive equilibrium

x = (0.1292, 0.5, 1.8229)

Moreover every positive solution xn of Eq.(46) con-
verges the unique equilibrium x with respect to D as
n→ ∞. (see Fig.1-Fig.4)
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Figure 1: The dynamics of system (55)
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Figure 2: The solution of system (55) at α = 0.

4 Conclusion
In this work, fuzzy Logistic difference

xn+1 = A+Bxn−1e
−xn , n = 0, 1, · · · ,

is discussed. Firstly, the existence of positive solu-
tion to this equation is proved. Secondly, we find that
under condition Br,α < eAl,α , the positive solutions
of fuzzy Logistic difference are bounded and persis-
tence, and there exists unique positive equilibrium x
such that every positive solution converges it. Finally,
an example is given to illustrate our results obtained.

Acknowledgements: This research was financially
supported by the National Natural Science Founda-
tion of China (Grant No. 11361012, 11161015),
and supported by the Scientific Research Founda-
tion of Guizhou Science and Technology Department
([2009]2061,[2013]2083).

References:

[1] D. Benest and C. Froeschle, Analysis and Mod-
elling of Discrete Dynamical Systems, Gordon

0 20 40 60 80 100
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

n

L n &
R

n

 

 

L
n

R
n

Figure 3: The solution of system (55) at α = 0.5.

0 20 40 60 80 100
0.3

0.35

0.4

0.45

0.5

0.55

0.6

n

L n &
R

n

 

 

L
n

R
n

Figure 4: The solution of system (55) at α = 1.

and Breach Science Publishers, The Netherland,
1998.

[2] Mukminah Darus and Abd Fatah Wahab, Re-
view on fuzzy difference equation, Malaysian
Journal of Fundamental & Applied Sciences 8,
No.4 , 2012, pp. 172–176.

[3] E. Y. Deeba and A. De Korvin, Analysis by
fuzzy difference equations of a model of CO2

level in the blood, Appl. Math. Lett. 12, 1999,
pp. 33–40.

[4] E. Y. Deeba and A. De Korvin and E. L. Koh,
A fuzzy difference equation with an application,
J. Difference Equation Appl. 2, 1996, pp. 365–
374.

[5] R. DeVault, G. Ladas and S. W. Schultz, Nec-
essary and sufficient conditions the boundedness
of xn+1 = A/xpn+B/x

q
n−1, J.Difference Equa-

tions Appl. 3, 1998, pp. 259–266.
[6] R. DeVault, G. Ladas and S. W. Schultz, On

the recursive sequence xn+1 = A/xn+1/xn−2,
Proc. Amer. Math. Soc. 126, 1998, pp. 3257–
3261.

[7] E. El-Metwally, E. A. Grove, G. Ladas, R.
Levins and M. Radin, On the difference equa-

WSEAS TRANSACTIONS on MATHEMATICS Qianhong Zhang, Wenzhuan Zhang, Jingzhong Liu, Yuanfu Shao

E-ISSN: 2224-2880 289 Volume 13, 2014



tion, xn+1 = α + βxn−1e
−xn , Nonlinear Anal.

47, 2001, pp. 4623–4634.
[8] T. F. Ibrahim and Q. Zhang, Stability of an anti-

competitive system of rational difference equa-
tions, Archives Des Sciences 66, 2013, pp. 44–
58.

[9] V. L. Kocic and G. Ladas,Global behavior
of nolinear difference equations of higher or-
der with application, Kluwer Academic, Dor-
drecht,1993.

[10] W. T. Li and H. R. Sun, Dynamics of a rational
difference equation, Appl. Math. Comput. 163,
2005, pp. 577–591.

[11] G. Papaschinopoulos and B. K. Papadopoulos,
On the fuzzy difference equation xn+1 = A +
B/xn, Soft Comput. 6, 2002, pp. 456–461.

[12] G. Papaschinopoulos and B. K. Papadopoulos,
On the fuzzy difference equation xn+1 = A +
xn/xn−m, Fuzzy Sets and Systems 129, 2002,
pp. 73–81.

[13] G. Papaschinopoulos, M. A. Radin and C.J.
Schinas, On the system of two difference equa-
tions of exponential form: xn+1 = a +
bxn−1e

−yn , yn+1 = c+dyn−1e
−xn , Math. Com-

put. Model. 54, 2011, pp. 2969–2977.
[14] G. Papaschinopoulos and C. J. Schinas, On a

systems of two nonlinear difference equation, J.
Math. Anal. Appl. 219, 1998, pp. 415–426.

[15] G. Papaschinopoulos and C. J. Schinas,
On the fuzzy difference equation xn+1 =∑k−1

i=0 Ai/x
pi
n−i + 1/xpkn−k, J. Difference Equa-

tion Appl. 6, 2000, pp. 75–89.
[16] G. Papaschinopoulos, G. Stefanidou, Bounded-

ness and asymptotic behavior of the solutions of
a fuzzy difference equation, Fuzzy Sets and Sys-
tems 140, 2003, pp. 523–539.

[17] G. Stefanidou and G. Papaschinopoulos, A
fuzzy difference equation of a rational form, J.
Nonlin. Math. Phys. 12, Supplement 2, 2005,
pp. 300–315.

[18] G. Stefanidou, G. Papaschinopoulos and
C. J. Schinas, On an exponential-type
fuzzy difference equation, Advances in
Difference Equations 2010, 2010: 196920
doi:10.1155/2010/196920

[19] C. Wu and B. Zhang, Embedding problem of
noncompact fuzzy number spaceE∼, Fuzzy Sets
and Systems 105, 1999, pp. 165–169.

[20] Q. Zhang, L. Yang and D. Liao, On the fuzzy
difference equation xn+1 = A +

∑k
i=0

B
xn−i

,
World Acad. Sci., Eng. Technol. 75, 2011,pp.
1032–1037.

[21] Q. Zhang, L. Yang and D. Liao, Behovior of
solutions to a fuzzy nonlinear difference eqution,
Iranian Journal of Fuzzy Systems Vol. 9, No. 2,
2012, pp. 1–12.

WSEAS TRANSACTIONS on MATHEMATICS Qianhong Zhang, Wenzhuan Zhang, Jingzhong Liu, Yuanfu Shao

E-ISSN: 2224-2880 290 Volume 13, 2014




