WSEAS TRANSACTIONS on MATHEMATICS

Qianhong Zhang, Wenzhuan Zhang, Jingzhong Liu, Yuanfu Shao

On a Fuzzy Logistic Difference Equation

QIANHONG ZHANG
Guizhou University of Finance and
Economics, Guizhou Key Laboratory
of Economics System Simulation
Guiyang, Guizhou 550025
CHINA
zgianhong68 @163.com

JINGZHONG LIU
Hunan Institute of Technology

Department of Mathematics and Physics

Hengyang, Hunan 421002
CHINA
hnhyls@126.com

WENZHUAN ZHANG
Guizhou University of Finance and
Economics, Guizhou Key Laboratory
of Economics System Simulation
Guiyang, Guizhou 550025
CHINA
zhwenzh97 @hotmail.com

YUANFU SHAO
Guilin University of Technology
School of Science
Guilin, Guangxi 541000
CHINA
shaoyuanfu@163.com

Abstract: This paper is concerned with the existence, uniqueness and asymptotic behavior of the positive solutions

of a fuzzy Logistic difference equation

Tn+1 = A+ Bz, e, n=0,1,---,

where (z,,) is a sequence of positive fuzzy number, A, B are positive fuzzy numbers and the initial conditions
r_1,xo are positive fuzzy numbers. Moreover an illustrative example is given to demonstrate the effectiveness of

the results obtained.
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1 Introduction

It is well known that difference equation appears natu-
rally as discrete analogous and as numerical solutions
of differential equations and delay differential equa-
tion having many applications in economics, biology,
computer science, control engineering. The study of
asymptotic stability and oscillatory properties of so-
lutions of difference equations is extremely useful in
the behavior of mathematical models of various bio-
logical systems and other applications. This is due to
the fact that difference equations are appropriate mod-
els for describing situations where the variable is as-
sumed to take only a discrete set of values and they
arise frequently in the study of biological models, in
the formulation and analysis of discrete time systems,
etc.

Recently there has been a lot of work concern-
ing the asymptotic behavior, the periodicity, and the
boundedness of nonlinear difference equation and sys-
tem of nonlinear difference equations(see, for exam-
ple [1, 5, 6, 7, 8, 9, 10, 13, 14] and the references
therein).

EI-Metwally et al.[7] investigated the asymptotic
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behavior of population model:

Tn+41 :a+/8xn—16_mn) n:0717"') (l)
where « is the immigration rate and 3 is the popula-
tion growth rate.

Fuzzy set theory is a powerful tool for modeling
uncertainty and for processing vague or subjective in-
formation in mathematical model. Particularly, the
use of fuzzy difference equations is a natural way to
model the dynamical systems with embedded uncer-
tainty. Fuzzy difference equation is a difference equa-
tion where constants and the initial values are fuzzy
numbers, and its’ solutions are sequences of fuzzy
numbers. Recently there is an increasing interest in
the study of fuzzy difference equation (see, for exam-
ple[2,3,4,11,12,15,16, 17,18, 2, 21]). In this paper
we study the fuzzy analogs of (1)

Tnt1 = A+ Brp_1e” ™, n=0,1,---, (2)
where (z,,) is a sequence of positive fuzzy numbers,
A, B and the initial values x_1, x( are positive fuzzy
numbers.
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For readers convenience, we need some defini-
tions:

A is said to be a fuzzy number if A : R — [0, 1]
satisfies the below (i)-(iv)

(i) A is normal, i.e. there exists an x € R such
that A(x) = 1;

(ii) A is fuzzy convex, i.e. for all ¢t € [0, 1] and
1, T9 € R such that

A(txy + (1 — t)z2) > min{A(z1), A(z2) };

(iii) A is upper semi-continuous;
(iv) The support of A,

suppA = U [A]lq = {z : A(x) > 0}

a€(0,1]

is compact.
The a-cuts of A are denoted by

[Alo ={z € R: A(z) > a}, a€]0,1],

it is clear that the [A],, are closed interval. We say that
a fuzzy number is positive if suppA C (0, c0).

It is obvious that if A is a positive real number
then A is a fuzzy numbers and [A], = [A, A],a €
(0, 1]. Then we say that A is a trivial fuzzy number.

Let A,B be fuzzy numbers with [A],
[A1.a,Aral, [Bla = [Bia, Bral,o € (0,1]. We de-
fine a norm on fuzzy numbers space as follows:

|All = sup maX{‘Al,a’v‘Ar,a’}

ac(0,1
We take the following metric :

D(A,B) = sup max{|4; o — B
a€e(0,1]

’ |Ar,a - Br,a|}

The fuzzy analog of the boundedness and per-
sistence (see [4, 11]) as follows: we say that a se-
quence of positive fuzzy numbers x,, persists (resp.
is bounded) if there exists a positive real number M
(resp. N) such that

suppz,, C [M, oo)(resp. suppz, C (0, N]),n € N,

Zy, 1s bounded and persists if there exist positive
real numbers M, N > 0 such that

suppzy, C [M,N], n=1,2,---.
ZTp,n = 1,2, ---, is an unbounded sequence if the
norm ||z,||,n = 1,2,-- -, is an unbounded sequence.

Ty, 18 a positive solution of (2) if z,, is a sequence
of positive fuzzy numbers which satisfies (2). We say
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a positive fuzzy number x is a positive equilibrium for
) if
x=A-+ Bxe ”.

Let (x,,) be a sequence of positive fuzzy numbers
and z is a positive fuzzy number, Suppose that
= [Ln,a; Bnal, n=

0,1,2,---, a€(0,1],

3)

[ZEn]a

and

[*]a = [La, Ral, a € (0,1]. 4)

The sequence (x,,) converges to x with respect to D
as n — oo if limy, 00 D(xy, z) = 0.

Suppose that (2) has a unique positive equilibrium
x. We say that the positive equilibrium x of (2) is sta-
ble if for every £ > 0 there exists a § = d(¢) > 0 such
that for every positive solution z,, of (2), which satis-
fies D(x_;,x) < 4,9 = 0,1, we have D(z,,z) < &
for all n > 0.

Moreover, we say that the positive equilibrium x
of (2) is asymptotically stable, if it is stable and every
positive solution of (2) tends to the positive equilib-
rium of (2) with respect to D as n — oo.

The purpose of this paper is to study existence of
the positive solutions of (2). Furthermore, we give
some conditions so that every positive solution of (2)
is boundedness and persistence. Finally, under some
conditions we prove that (2) has a unique positive
equilibrium 2 which is asymptotic stable.

2 Main results

2.1 Existence of the positive solution

Firstly we study the existence of the positive solutions
of (2). We need the following lemma.

Lemmal [I2]Letf:: R" xRT" xRt xR™ — RT
be continuous, A, B,C, D are fuzzy numbers, Then,
forVa € (0,1],

[f(A> B, C, D)]Oz = f([A]a> [B]cw [C}aa [D]a>- )
Lemma2 []9] Let u € E~, write [ul, =
[u—(a),us ()], € (0,1]. Then u_(c) and uy ()
can be regarded as functions on (0, 1], which satisfy

(i) u—(«) is nondecreasing and left continuous;

(ii) us () is nonincreasing and left continuous;

(iii) u—(1) < uq(1).

Conversely for any functions a(«) and b(«) de-
fined on (0, 1] which satisfy (i) — (iii) in the above,
there exists a unique v € E~ such that [u], =
[a(a), b(a)] for any o € (0, 1].
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Theorem 3 Consider equation (2) where A, B are
positive fuzzy numbers. Then for any positive fuzzy
numbers x_1, xq, there exists a unique positive solu-
tion x,, of (2) with initial conditions x_1, xg.

Proof: The proof is similar to Proposition 2.1 in [12].
Suppose that there exists a sequence of fuzzy num-
bers x,, satisfying (2) with initial conditions x_1, xg.

Consider the a—cuts, a € (0,1],n =0,1,2,---,
[n]a (L, Bn.al,
[Ala = [Aa; Aral, (6)
[Bla = [BiasBral.

It follows from (2), (6) and Lemma 1 that

[ n+1,a n-i—l oz}
= [A+4 Bzp_1e"]q

[Ala + [Bla[zn-1]a x [e”
= [Aia + BraLn—1,0e” ",
Apo+ BroRy_10e” 0]

[xn+l]a

Tn
o

from which we
(0,1],

have that for n = 0,1,2,---,a €

Ln+1,a = Al,a + Bl,aLn—l,aeiRn’av

(7

Rn+1,a = Ar,a‘i‘Br,aRn—l,aeiLn’a
Then it is obvious that for any initial condition
(Lija,R—ia),i = 0,1,a € (0,1], there exists
a unique solution (L, o, R,qa). Now we prove
that (L, o, Rnal, € (0,1], where (Ly o, Rna)
is the solution of system (7) with initial conditions
(L—j,ayR—iq),i = 0,1, determines the solution z,,
of (2) with the initial conditions x_;,7 = 0,1, such

that, forn =0,1,2,-- -,
[xn]a = [Ln,om Rn,a]v

a e (0,1]. (8)

From reference [20] and since A, B, z_1, z( are pos-

itive fuzzy numbers for any a1, s € (0,1], 1 < an
we have
(0 < Al,al < Al,ag < Ar,az < Ar,al
0< Bl,al S Bl,az S Br,ozz S Br,al
&)

0< L—l,ozl < L—l,ag < R—l,ag < R—l,a1

\ 0< LO,O@ S LO,OQ S RO,OCQ S RO,O[l
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We claim that, forn = —1,0,1,2,---

Ln,a1 S Ln,oeg S Rn,ag S Rn,oq' (10)
We prove it by induction. It is obvious from (9) that
(10) holds true for n = —1,0. Suppose that (10) are
true for n < k,k € {1,2,---}. Then, from (7), (9)
and (10), for n < k, it follows that

Lk-l—l,oq = Al,al =+ Bl,alLk—l,a1€_Rk’a1
< Apy + BroyLiase 02 = Liiq 0y
= Al,ag =+ Bl’a2Lk’a267Rkva2
< Aoy + BragLiase 92 = Rpiq 0,
= Ar?oé2 =+ BT7062 Lk,a2 eiR’C’az
< Aoy + BrogLiaye et = Rpy g o)

Therefore (10) are satisfied. Moreover from (7) we
have, for Vo € (0, 1],

Ll,a = Al,a + Bl,aL—l,aeiRo’a7

(11)
Rl,a = Ar,a + Br,aRfl,ae_LO’a'
Since A, B, x_1, xg are positive fuzzy numbers, then
we have that A; o, Aro, Bra, Bra, Loja, R-1.a,
Lo, Ry are left continuous. So from (11) we have
that L1 o, R1 . are also left continuous. By induction
we can get that Ly, o, Ry, o, = 1,2,-- -, are left con-
tinuous.

Now we prove that the support of x,,, suppx, =
Uae(o,l] [Ln.a, Bnol is compact. It is sufficient to
prove that Uae(m] [Ln,a, R is bounded. Let n =
1, since A, B,x_1,x( are positive fuzzy numbers,
there exist constants M4 > 0,N4 > 0,Mp >
O,Ng >0,M_1 >0,N_1 >0,Myg > 0,Ng >0
such that for all € (0, 1],

[Al,aa Ar,a] - [MAy NA]

[Bl,aa Br,a] C [MB’ NB] (12)
[L—l,omR—l,a] - [ 17N— }

[L0,a, Roal C  [Mo, No]

Hence from (11) and (12) we can easily get, for Va €
(O’ 1]7

L1, Ria] C [Ma+MpM_je ™,

N4+ NpN_je ™) . (13)
From which it is obvious that
U [Ll,a’Rl,a]
a€e(0,1]
[MA+MBM 1€ No ,NaA+NN_je- ](14)
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Therefore (14) implies that UaE(O,l][LLC“RLa]

is compact and Uae(o,1][LLa7RLa] C  (0,00).
Deducing inductively we can easily follow that
Uae(0,11/Ln,as B, is compact, and

U [Ln,aa Rn,a] C (07 00)7 n= 1) 27 e
a€(0,1]

5)

Therefore, (10), (15) and since Ly o, IR, o are left
continuous we have that [L,, o, R, o] determines a se-
quence of positive fuzzy numbers x,, such that (8)
holds.

We prove now that x,, is the solution of (2) with
initial condition x_1, z¢. Since for all « € (0, 1],

[Ln—i-l,aa Rn+1,a]
= [Aio+ BioLn_1,0e e,
Apo + BroRy_1ae” 0]
[A + B:cn,le_x_"]

[xn+1]a

«

we have that x,, is the solution of (2) with initial con-
dition z_1, xg.

Suppose that there exists another solution 7,, of

(2) with initial conditions x_1, x¢. Then from arguing

as above we can easily prove that,forn =0,1,2,-- -,

[Tn]a == [Ln,aa Rn,a]a a € <07 1] (16)

Then from (8) and (16) we have [z,]o = [Tn]a, @ €

(0,1],n = 0,1,2,---, from which it follows that
Ty = Tp,n = 0,1,---. Thus the proof of the theo-
rem 3 is completed. O

2.2 Boundedness and Permanence

In the following we will study the boundedness and
permanence of the fuzzy positive solution of (2). We
need the following lemma.

Lemma 4 (comparison results) Assume that o €
(07 OO),,B € [0,00). Let {Xn}zo:—lv{yn}%o:—l be
sequences of real numbers such that X_1 < Y_y,
Xo <Yy, and forn =0,1,-- -,

{ Xny1 <aX, 1+0
Y1 =aY, 1+ B
Then X, <Y,, foralln > —1.

Lemma S Consider the system of the difference equa-
tions, forn =0,1,-- -,
Yn+1 =P+ Cyn—le_Z"

(17
Znt1 = q+dzp_1e” Y
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where p, q, c, d are positive real numbers and the ini-
tial values y_;, z—;(i = 0, 1), are positive real num-
bers. If

c<el, d<e?

(18)
Then system (17) is bounded and persists.

Proof: Let {(yn,2n)}2> _; be a positive solution of
system (17). Then it follows from system (17) that,
for n > 0,

Ynil =P+ CYn—1€ " > p
(19)
Zntl =q+ dzn—leiyn >q

Thus

Ynt1 =P+ CYp—1€ " < p+ce lyp_1,
(20)
Zn+l = q+dzp_1e79" < qg+de Pz,_q.

Now we consider the initial value problem, for n =
1,2,---,

Yn+1 =p+ Cequn—la Zn+1 =q+ deipZn—lv

with initial conditions y; < Y;, z; < Z;(i = 0,1), and
so it follows from Lemma 4 that

Observe that
. . p . . q
nh—>n<§o Yo = 1—ce 9’ nh—{go Zn = 1—de P’
and then
. p . q
< — 3 < —
s o < 7 gl s S

Therefore {(yn,2n)}o>_, is bounded and persists.
and the proof is completed. O

Theorem 6 Consider fuzzy difference equation (2),
where A, B and initial values x_1,xy are positive
Sfuzzy numbers. If for all o € (0, 1],

By < efte, 1)
Then every positive solution of (2) is bounded and per-
SISTS.

Proof: Let x, be positive solution of Eq.(2) such
that (8) holds. From (7) it is obvious that, for n
1,2,---,a € (0,1],

Al,a < Ln,ou Ar,a < Rn,oe-

(22)
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From Lemma 4 and (19), it follows that, for n =
1,2,---,

Al,a
Ln,a — 17Bl1ae_A7.’a’
(23)
A
R T,Q
n,o = 1_BT',a€_Al’a,

Hence from (12), (20) and (21) it is obvious that, for
n>1. ac(0,1],
Na

1— Npe=Ma 24)

[Ln,aan,a] C |:MA7

From which we get, forn > 1,

_ Ny
U [Ln,aa Rn,a] C MA7 1_ NBe—MA )
a€e(0,1] -
and so
_ Ny
U [Ln,OﬂRma] C MA’ 1— NBe My
a€(0,1] -

i.e., the positive solution of (2) is bounded and per-
sists.

2.3 Dynamic of solution of Eq.(2)

Lemma 7 Consider the system of difference equation
(17), where p, q, c, d, are positive real numbers. If (18)
holds. Then there exists a unique positive equilibrium
(y, 2) such that

_ p _ q
R —— T — 25
p<y<1—ce*‘17 Q<Z<1—d6*p (25
Proof: Let (7, Z) be the solution of the following sys-
tems.
y=p+cye *, z=q+dze”? (26)
Set .
f(z)=q+dze 1-cc72 — 2 27
Then
f(q) = dge==71 >0, lim f(z)= —oo. (28)
z——+00
and
! —% pCG_Z —%
f (Z) = d@ 1—ce —dZme 1—ce 1< O

(29)
It follows from (26) and (16) that (25) has exactly one
solution z > q.
On the other hand, set

9
9(y) =p+cye 1-de7V —y (30)

Similarly it can easily prove that (28) has exactly one
solution § > p. Noting (18) and (24) it follows that
g < Z < 1—4=. The proof is completed. O

p
l—ce—1’
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Theorem 8 Consider the system (17), where p, q,c,d
are positive real numbers and the initial values
Y—i, z2—i(i = 0,1), are positive real numbers. Assume
that (18) and the following condition hold

max {((1+1_Izeq)ce_q> :

1_zl€_p)d€_p} <1 (31)

D=

(1+

Then the positive equilibrium (g, z) of system (17) is
globally asymptotically stable.

Proof: First we prove that the positive equilibrium
(g, z) of (17) is locally asymptotically stable. We can
easily obtain that the linearized system of (17) about
the positive equilibrium (g, z) is

\Ijn+1 = D\IJTH
where
0 ce™? —cye * 0
0 0 0
D= —dze ¥ 0 0 de™ Y
0 0 1 0

Since (18) and (29) hold, we can take a positive num-
ber ¢ such that

[N

max { (14 g)ce™?)
< 1.

(1 + Z)de_g}
(32)

Let
S = diag(1,e 1,672, e73)

We consider the matrix

C = (Cij) =57 'DS =

0 ce Feml  —cyeFe? 0

€ 0 0 0
—dze Ve? 0 0 de Y1

0 0 €

with the norm

|IC|| = max
1<i<4

4
> leij]
j=1
Using (30) we can prove that ||C|| < 1. Therefore,
since |\;| < ||C||( where \;(i = 1,2,3,4) are the
eigenvalues of D), we have that all eigenvalues of D
lie inside the unit disk. This implies that (g, Z) is lo-
cally asymptotically stable.
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Let now (yp,,z,) be a positive solution of (17).
We prove that

limy, =y, limz, =2Z. (33)
Using Lemma 4 we have

Ay = lim sup y, < oo,

n—o0

As = lim sup z, < .

n—0o0
(34)
A1 = lim infy, >0,
n—o0
Ay = lim inf 2z, > 0.
n—oo
Then from (17) and (32) we take
AL S e M2 e
(35)
Ao < i A2 2 g
From (33) it follows that
Adg < 220 Ak > 222
Ao < 1_32141 ;Ao > 1_‘;[;/\1
from which we take
qgA pPA
1—deiA1 < lfceg>‘2’
(36)
pA g
170631\2 S 1—de£>‘1
Now we consider the functions
qy pz
= — = 37
for
p q
ve <p, 1 —ceq> # € <q7 1 —dep> ‘
Then from (35), it follows that
1—de ¥(1+
Fy) = a( (1jde—(y)2y))’
(33)

p(l—ce?(1+2))

g,(z) = (1—ce=%)2

From (30), Noting

p q
v (o) e (ot
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we get

1—d€7y(1+y)>1—d67p(1+$)>0,

l—ce™(1+2)>1—ce (14 =£=) > 0.
(39)
Therefore from (36) and (37), we obtain

f'(y) >0,4'(2) >0,

p q
ve (p’l—ce—q>’ze <q’1—de_p>'

Hence, f,g are increasing functions and this, to-
gether with (34) implies that Ay = A;. Then, from
(34) again, we see that Ao = As. This implies that
limy—o0 Y = ¥, limy—o0 2, = Z. This completes
the proof of the theorem. O

for

Remark 9 The condition satisfying the unique posi-
tive equilibrium of (1.2) is globally asymptotically sta-
ble is different from that of [13].

Theorem 10 Consider fuzzy difference equation (2)
where A, B and the initial values x_;(i = 0, 1), are
positive fuzzy numbers, if (19) is satisfied. Then the
following statements are true.

(i) The equation (2) has a unique positive equilib-
rium.

(ii) The every positive solution x,, of (2) converges to
the unique positive equilibrium x with respect to D as
n — Q.

Proof: (i) We consider the system

La = Al,a + Bl,aLae_Rav
(40)
Ro = Apo + BroRae Lo,

Obviously, system (40) has a unique solution
(La; Ra).

Let z,, be a positive solution of (2) such that
[@n]a = [Ln,a, Rnal, € (0,1],n = 0,1,---. Then
applying Theorem 8 to the system (7) we have

lim L, o= Ls, lim R,,= R,. 41
n—00 n—o0
From (22) and (41) we have, for 0 < a; < ag <1,
0< Ly £Lay Ry £ Rey. 42)

Since Aj o, Ar.a, Bl o, By are left continuous, it fol-
lows from (40) that L, R, are also left continuous.
From (40) and (12) we get
La > Al,a > MA7
(43)

R _ AT,a NA
& 1-Byqe Lo = 1_Nge=Ma-
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Therefore (43) implies that

Na

[La, Ra] C MA?W .

From which it is obvious that

Uae(0,1)[Las Ra] is compact
(44)
Uae(o,u [La, Ra] C (0,00).

So from Lemma 2, relations (40), (42), (44) and since
La, Ry, € (0, 1], determines a fuzzy number x such
that

x = A+ Bzre®, [v]o = [La, Ra], @ € (0,1].

and so x is a positive equilibrium of (2).

Provided that there exists another positive equi-
librium Z for (2), then there exist functions L, :
(0,1] = (0,00), Ry : (0,1] — (0, 00) such that

T = A+ Bze®, [T]a = [La, Ra), @ € (0,1].

From which we have

fa = Al,a""_Bl,aLioceiRa; Rfoc = Ar,a"i_Br,aRiaeiLa-

So Ly = Ly, Ry = Ra,a € (0,1]. namely » = 7.
This completes the proof of (i).
(i1) From (41) we have

lim D(zy,x)

n—oo

= lim sup {max{|L, o — Lal|,|Rna — Ral}}
90 4e(0,1]

=0. (45)

From which it is obvious that every positive solution
x,, of Eq.(2) converges the unique equilibrium x with
respect to D as n — o0. O

3 Numerical example

To illustrate our results we give some examples in
which the conditions of our propositions hold.

Example 1 Consider the following fuzzy difference
equation

Tn41 = A+B$n716_$n7 n:()717"'a (46)
where A, B are fuzzy numbers such that

10z -3, 03<z<04
A(x) = 47)
—5r+3, 04<z<06

Qianhong Zhang, Wenzhuan Zhang, Jingzhong Liu, Yuanfu Shao

and

10z -5, 05<z<06
B(z) = (48)
—5r+4, 0.6<z<08

We take initial value x_1, x¢ such that

10x — 2, 02<z<0.3
z_i(x) = (49)
—Yr+2, 03<2<0.6

and

525 01<z<03
xo(x) = (50)
—5x+25, 03<x<0.5

From (47) and (48), we get, for « € (0, 1],

[A]o = [0.34+ £0,0.6 — La]
(51)
[Bla = [0.5+ 150,08 — £a]

And so

U [Ala =10.3,06], |J [Bla=0.5,08],
ae(0,1] a€(0,1]
(52)
Moreover from (49) and (50), we get, for a € (0, 1],

[z_1]a = [02+ {50,0.6 — 3a]
(53)
[wola = [0.14 0,05 — La],

It follows that

U -1l =100.2,06], |J [zola = [0.1,0.5]
a€e(0,1] ae(0,1]
(54)
From (46), it results in a coupled system of difference
equation with parameter « € (0, 1],

Lpt1,a =034 5o+ (0.5 4 f5a) Ln_1,qe e,

Ruy1a=06— 2o+ (0.8 — ta) Ry_y e Fme.

(55)

Therefore, B, , < e~ Ao for any « € (0, 1], namely,

the condition (19) is satisfied, so from Theorem 6,

we have that every positive solution z,, of Eq.(46)

is bounded and persists. In addition, Eq.(46) has a
unique positive equilibrium

z = (0.1292, 0.5, 1.8229)

Moreover every positive solution z,, of Eq.(46) con-
verges the unique equilibrium x with respect to D as
n — oo. (see Fig.1-Fig.4)
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Figure 1: The dynamics of system (55)
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Figure 2: The solution of system (55) at o = 0.

4 Conclusion
In this work, fuzzy Logistic difference

Tpy1 = A+ Brp1e ™ ,n=0,1,---,

is discussed. Firstly, the existence of positive solu-
tion to this equation is proved. Secondly, we find that
under condition B, , < eAlo | the positive solutions
of fuzzy Logistic difference are bounded and persis-
tence, and there exists unique positive equilibrium x
such that every positive solution converges it. Finally,
an example is given to illustrate our results obtained.
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