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Abstract: It is well known that the gradient-projection algorithm plays an important role in solving constrained
convex minimization problems. In this paper, based on Xu’s method [Xu, H. K.: Averaged mappings and the
gradient-projection algorithm, J. Optim. Theory Appl. 150, 360-378(2011)], we use the idea of regularization
to establish implicit and explicit iterative methods for finding the approximate minimizer of a constrained convex
minimization problem and prove that the sequences generated by our methods converge strongly to a solution of
the constrained convex minimization problem. Such a solution is also a solution of a variational inequality defined
over the set of the solutions of the constrained convex minimization problem. As application, we apply our main

result to solve the split feasibility problem in Hilbert spaces.
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1 Introduction

Strong convergence is convergent in norm. In finite
dimensional space, strong convergence is equivalent
to the weak convergence. In infinite dimension space,
strong convergence must be weak convergence, but
weak convergence is not necessarily strong conver-
gence. Therefore, we hope to obtain a iterative al-
gorithm which converges in norm to a best solution of
constrained convex minimization problems.

Now we give an example that is weakly but not
strongly convergent.

Assume that I = {z = {2 }| Y32, 22 < oo},

{e;} €12,¢; = (0,0,------ 1,0, ). ForV v €
I?, we can obtain (e;, v) = v; — (0, v), which implies
that e; — 0. However, |le;|| =1 (1 =1,2,3,------ )

implies that e; is not strongly convergent to the 0.
Consider the following constrained convex mini-
mization problem:

zeC

ey

where C' is a nonempty closed and convex subset of
a real Hilbert space H and f : ' — IR is a real-
valued convex and continuously Fréchet differentiable
function. Assume that the minimization problem (1)
is consistent and let .S denote its solution set.

It is well known that the gradient-projection algo-
rithm is very useful in dealing with constrained con-
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vex minimization problems and has extensively been
studied (see [1-8]and the references therein). It has
recently been applied to solve split feasibility prob-
lems(see [9-14]) which find applications in image re-
constructions and the intensity modulated radiation
therapy (see [12, 13, 15, 16, 17]) .

The gradient-projection algorithm (GPA) gener-
ates a sequence {x,}>>, using the following recur-
sive formula:

Tp+1 = ProjC(:En - VVf(xn))v nz 0’ (2)
or more generally,
Tpi1 = Projo(rn — wmVf(rn)), n>0, 3)

where, in both (2) and (3), the initial guess z is taken
from C arbitrarily, the parameters -y or ~,, are positive
real numbers satisfying appropriate conditions. The
convergence of the algorithms (2) and (3) depends
on the behavior of the gradient V f; see Levitin and
Polyak [1]. As a matter of fact, it is known [1] that
if f has a Lipschitz continuous and strongly mono-
tone gradient, then {z,, } 7>, generated by (2) and (3)
can be strongly convergent to a minimizer of f in C,
respectively. If the gradient of f fails to be strongly
monotone, then {x, }5° , can only be weakly conver-
gent if H is infinite-dimensional. Regularization, in
particular, the traditional Tikhonov regularization, is
usually used to solve ill-posed optimization problems.
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Next consider the regularized minimization prob-
lem:

min f,(z) := f(x)

zeC

5l @
here o > 0 is the regularization parameter. f is con-
vex and V f is inverse strongly monotone. Since now
the gradient V f,, is a-strongly monotone and (L+«)-
Lipschitzian, (4) has a unique solution which is de-
noted as z, € C.

Assume that the minimization problem (1) is con-
sistent. If we appropriately select the regularized
parameter « and the parameter v in the projection-
gradient algorithm, we can get a single iterative algo-
rithm that generates a sequence {z, }72 in the fol-
lowing manner:

)

It is proved that if the sequence {«,, } and the pa-
rameter -y satisfy appropriate conditions, the sequence
{zy} generated by (5) converges weakly to a mini-
mizer of (1) [18].

One question arises in the literature naturally: Is
it possible to get strong convergence of (5) when we
make some changes?

In 2001, Yamada [19] introduced the following
hybrid iterative algorithm for solving the variational
inequality

Tnt1 = Projo(I — vV fa, )n.

(6)

where F' is a k-Lipschitzian and 7-strongly mono-
tone operator with k > 0, n > 0. Then he proved
that if {ay,} satisfies appropriate conditions, the se-
quence {x,} generated by (6) converges strongly to
the unique solution of variational inequality

Tpy1 = Ty — poan FTx,, n >0,

(N

Recently, Xu [20] provided a modification of
GPA so that strong convergence is guaranteed. He
considered the following hybrid gradient-projection
algorithm

(Fz,x —2) >0, x¢€ Fiz(T).

Tnt1 = Oph(xn)+(1—60,)Projo(z, — AV f(zy)).
8)
Assume that the minimization problem (1) is
consistent, it is proved that if the sequences {6, }
and {\,, } satisfy appropriate conditions, the sequence
{z,,} generated by (8) converges in norm to a mini-
mizer of (1) which solves the variational inequality
e S, ((I-h)x*,z—x") >0, zeS (9
In this article, motivated and inspired by the re-
search work of [20], we will combine the iterative
method (6) with the iterative method (5) and consider
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the following hybrid algorithm for the idea of regular-
ization approach:

Tnt+1 = Projoyn, n > 0. (10)

{ yn = (I = pbn F)Projo(I =V fa, )an,
Assume that the minimization problem (1) is con-
sistent, we will prove that if the sequence {6,,} of pa-
rameters and the sequence {a, } of parameters satisfy
appropriate conditions, then the sequence {x,, } gener-
ated by (10) converges in norm to a minimizer of (1)
which solves the variational inequality (VI)

eSS, (Fx*,x—2")>0, Vzes,
where S is the solution set of the minimization prob-
lem (1).

Finally, in Sect.4, we apply this algorithm to the
split feasibility problem, and give the numerical result

in Sect. 5

2 Preliminaries

Throughout this paper, we assume that H is a Hilbert
space whose inner product and norm are denoted by
(-,-) and || - ||, respectively, and C' is a nonempty
closed convex subset of H. We write x,, — x to in-
dicate that the sequence {z,,} converges weakly to z,
x, — x implies that {x,,} converges strongly to z.
Wy (Ty) := {x : Jz,; — 1} is the weak w-limit set of
the sequence {z,, }2° ;.

Definition 1 A mapping T : H — H is said to be
(a) nonexpansive, if and only if
[Tz — Tyl < ||z —yll, Va,y € H.

(b) firmly nonexpansive, if and only if 2T — I is
nonexpansive, or equivalently

<a7—y,Tx—Ty)ZHT;U—Ty||2, Ve,y € H.

Alternatively, T is firmly nonexpansive, if and only if
T can be expressed as

1

where W : H — H is nonexpansive. Projections are
firmly nonexpansive.

(c) an averaged mapping, if and only if it can be
written as the average of the identity I and a nonex-
pansive mapping; that is,

T=01-¢e)l+cW,
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where ¢ is a number in (0,1) and W : H — H is
nonexpansive. More precisely, when the above ex-
pression holds, we say that T is e-averaged. Thus
firmly nonexpansive mappings (in particular, projec-
tions) are (1/2)-averaged maps.

Proposition 2 ([15, 21]) Let T : H — H be given.
We have:

(i) if T is v-ism, then for v > 0, vT is (v/v)-ism;

(i) T is averaged, iff the complement I — T is v-
ism for some v > 1/2; indeed, for ¢ € (0,1), T is
e-averaged, iff I — T is (1/2¢)-ism;

(iii) the composite of finitely many averaged map-
pings is averaged. That is, if each of the map-
pings {T;}N.| is averaged, then so is the composite
Ti---Tn(see [22]).

In particular, an averaged mapping is a nonex-
pansive mapping.

Definition 3 (See[23]) for comprehensive theory of
monotone operators.)

(i) A is monotone if and only if,

(x —y, Az — Ay) > 0, Va,y € H.

(ii) Given is a number v > 0. A : H — H is said
to be v-inverse strongly monotone, if and only if
(z—y, Az—Ay) > v Az—Ay||?, Va,y € H.

(iii) Given is a number { > 0. A is said to be
(-strongly monotone, if and only if
It is easily seen that, if 7" is nonexpansive, then [ — T’
is monotone. It is also easily seen that a projection is
a one-ism.

Inverse strongly monotone operators have widely
been applied to solve practical problems in var-

ious fields; for instance, in traffic assignment
problems(see[24, 25]).

Definition 4 Let the operators S, T,V : H — H be
given.

O IFT = (1 —a)S + aV for some a € (0,1)
and if S is averaged and V' is nonexpansive, then T is
averaged.

@i1) T is firmly nonexpansive, if and only if the
complement I — T is firmly nonexpansive.

() If T = (1 — «a)S + aV for some a € (0,1),
S is firmly nonexpansive and V' is nonexpansive, then
T is averaged.

@iv) T is nonexopansive, if and only if the comple-
ment I — T is (1/2)-ism.
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Lemma 5 [26] Assume that {ay }32 is a sequence of
non-negative real numbers such that
An+41 < (1 - ’Yn)an + ’Yn(sn + 6717 n > 0,

where {y,}>2 and {fn}22 are sequences in (0,1)
and {0, }52 is a sequence in IR such that

. o0
@ X n = 00
n=0
[e.°]
(ii) either limsup,,_,. 0, < 0or Y. v,|0n| < o0;
n=0

. o

(i) > B < oo
n=0

Then lim,,_,~ a,, = 0.

Lemma 6 [27] Let C' be a closed and convex subset
of a Hilbert space H and let T' : C — C be a non-
expansive mapping with FizT # 0. If {x,}52 is
a sequence in C weakly converging to x and if {(I —
T)xn}02 , converges strongly toy, then (I —T)x = y.

Lemma 7 Let C be a closed subset of a real Hilbert
space H, givenx € H andy € C. Then y = Pox if
and only if there holds the inequality

(r—y,y—2)>0, VzeC.

3 Main results

Assume that the minimization problem (1) is consis-
tent and let S denote its solution set. Assume that the
gradient V f is %—inverse strongly monotone ( %—ism)
(see [23]) with a constant L. > 0. Throughout the rest
of this paper, we always let H be a real Hilbert space
and let C' be a nonempty closed and convex subset
of H. Since S is a closed convex subset, the near-
est point projection from H onto S is well defined.
Let F : C — H be a k-Lipschitzian and 7-strongly
monotone operator with x, n > 0.

Let 0 < p < 2n/k%, 7 = p(n — ’%’“2) Assume
that oy is continuous with respect to ¢ and in addition,
lim; 0 ¢ = 0; that is, there is a constant B > 0 so
asto [%t| < B. Fort € (0,1), we consider a mapping
X on C defined by

Xi(z) = Projo(I — tuF)Ve,(z), z€C, (11)
where
Va, = Projo(I =1V fa,).

It is obvious that V;,, is a nonexpansive mapping. It is
also easy to see that X, is a contraction.

Volume 13, 2014



WSEAS TRANSACTIONS on MATHEMATICS

Fort € (0,1), we can get

IN

IN

IN

(1 = tuF)Va, (z) —
Ve (2) = Ve, (y)
—tp(F Ve () — FVa, (v))[I”

Ve () = Vo, ()12

=2t (Ve () = Ve, (v), F'Va, (2) — FVi, (y))
2% F Ve, () — FVa, ()|
Ve () = Vo, ()12
=2t11|| Ve, (%) = Ve, ()12
A2 17K || Ve () = Vo, (0) |17
(1 — tu(2n — tus?)) || Va, (x) —

(I — tuF)Va,()|?

Ve, ()]

S — S H2

(1 - LD v (o) Ve, WP
KZQ

(1= tu(n = ) Va, (2) = Ve W)

(1 —t7)? [}z — yI*.

Indeed, we have

IA A

1 Xi(x) = X ()l

[Projc (I — tpuF)Va, (x)

—Projo(I —tuF)Va, ()l

(I = tuF)Va, () — (I = tpF ) Ve, (y)|
(1 —tr)llz =yl

Hence X; has a unique fixed point, denoted x;, which
uniquely solves the fixed point equation

xt = Projo(I — tuF)Vy, (x¢). (12)

The next proposition summarizes the properties of

{a}.

Proposition 8 Let x4 be defined by (12)
(i) {x¢} is bounded fort € (0,1).
(i) limyo ||zy — Projo(I — vV fa,)(z)| = 0.

(iii) x; defines a continuous curve from (0,1/7)
into H.

Proof:

IN
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(1) Forap € S, then we have

lz: — pl|

|IProj- (I — tpuF)Vy, (z) — pl|
(I = tuF)Va, (2¢) —

(I = tuF)Projo (I — AV fo,)(w1)
—(I = tuF)Projo(I — 4V f)p
—tuFProj-(I — vV f)p|l

(1 —t7)|Projo(I — vV fa,)(2¢)
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—Projo(I —yVf)pl + tl|uFp|

< (A —=tr)(|lwe — pll + yaullpl]) + tluFpl
< (1 —t7)|lze — pll + t|wFp| + v pl|

Qi
= (=t = pll + tlnFpll +7=lpl)
< (1 —tr)|lze — pll + t(|nF(p)|| + vBllpl)-

It follows that

|1F (p)|l +Bllpl|
T

[l = pll <

Hence, {x} is bounded.
(ii) By the definition of {x;}, we have

[zt = Projo(I =V fa,) (24|
— [Projo(l — tpF)Va,
—ProjcProjo(I — vV fa,) ()|
< (= tpF)Va,zr = Projo(I — 4V fa,) (@) ||
= tu||FVyax¢l — 0.

{x} is bounded, so is { F'V,, ¢ }.
(iii) For t, to € (0,1/7), we have

¢ — 4|
= ||Projo(I — tpuF)Vy, (1)
—Projo (I — topF ) Vo, (1) ||
< N = tuF)Projo(l — 4V fa, ) (@)
—(I = topF)Projo (I — vV fay, ) (@4 |
= |[[(I = ptF)Vo,oe — (I — ptoF) Vo, 21t
+(I = ptoF)Vay @t — (I — ptoF)Vay, Tt ||

< (I = topF)Projo(I — YV fay, ) (1)
—(I — topF)Projo(I — ’)’vfato ) (@)l
H[|(I = tuF)YProjo(I — AV fa, ) (2:)
—(I = topF)Projo(I — 4V fa,, ) (x1)||

< (1 —=tor)[|ze — 24|
+(I = tuF)Projo(I — vV fa,)(z1)
—(I = tpF)Projo(I — AV fa, ) (1)
H( — tuF)Proje (I — AV fay, ) ()
—(I = topF)Projo(I — 4V fa,, ) (x1)||

< (1 —tom)l[e — 2, ||
+|Projo(I — AV fa, )Tt
—Projo(I — 4V fa,, )zl
+ltoptFProjo (I — YV fay, ) (1)
—tpFProjc(I — vV fa,, ) (@) ||
< (1 —tor)[|ze — 24|

HIT =V fa)ze = (I =4V fay )4
+pult = tol [FProjo (I = 4V fay, ) (@)l
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= (I —=tor)|lws — 4, |
+ylow — aug ||| 4]
+plt — tol | FProjo (I =V fay, ) (1) |-

Therefore,

wl|FProjo(I— ’vaato x|
toT |

+VL‘§;” ‘Ozt — Ozt0|.

|zt — 240]| < — tol

Therefore ©; — x4, as t — tg. This means z; is
continuous.

Our main result below shows that {z; } converges
in norm to a minimizer of (1) which solves a varia-
tional inequality.

Theorem 9 Assume that the minimization problem
(1) is consistent and let S denote its solution set. As-
sume that the gradient V f is %-ism. LetFF: C — H
is n-strongly monotone and k-Lipschitzian. Fix a con-
stant u satisfying 0 < p < 2n/k? and a constant vy
satisfying 0 < v < 2/L. Assume also that t € (0, 1)
satisfies the condition oy = o(t). Let {x} be defined
by (12). Then x; converges in norm, ast — 0, to a
minimizer of (1) which solves the variational inequal-
ity

(Fz*,2 —2%) >0, V¥V 2 € S. (13)

Equivalently, we have
Projg(I — F)z* = z*.

Proof: It is easy to see that the uniqueness of a so-
lution of the variational inequality (13). Let z* € S
denote the unique solution of (13).

Let us prove that z; — x*(t — 0). Set

yr := (I —tpF) Vo, (zt)

and
V :=Proj-(I — V).

Then we have z; = Proj y;. For a given z € S, we

write
Ty — T
Projcy: — T
= Projoeyt —yt+uy: —
Projoy: —yr + (I — tuF) Ve, (z4)

—(I —tuF)z — tpF ().
Since Proj is the metric projection from H onto C,

we have
<yt — .Tt,.% — l’t> S 0

E-ISSN: 2224-2880
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It follows that

[l — &2
= (Projoyt — yt, Projoy: — )
+((I — tuF )V, (xt) — (I — tpuF)Z, zy — T)
—tu(F (), xy — )
(I = tuF)Va, (a?t
—tu(F(Z), x —
(I = tuF)Va, (fvt
—tpu(F(2), 24 — @
(L —t7)[| Ve () —
—tu(F (), xy — &)
= (1 tT)HVat(ivt) Vou @
+Vo, @ = Vi|||lzy — Z|
—tp(F ( ), Tt — )
(1= t7)[lze — &[|* + o | 2| || — ]
—tu(F(Z),x — ).

To derive that

IN

(I —tuF)T, x — )

IN

— (I = tpF)Vi|||lz —

~ -~ /\/\_/

IN

Vi|l[la; — Z|

IN

|z — &
1 N -
< R (@), w0 - F)
«
+41wwm—ﬂr (14)

Since {x;} is bounded as t — 0, we see that if {¢,,}
is a sequence in (0,1) such that ¢, — 0 and zy, — Z,
then by (14), z;, — Z. We may further assume that
oy, — 0. Notice that Proj- (I — vV f) is nonexpan-
sive. It turns out that
21, = Projo(I =7V f)z, ||
< lzy, = Projo(I =V fay, ), |
+[Projo(I =V far, )z,
—Projo(I =V f)a,|
< @t = Projo(I — vV fou, ), | + you, [|oe, ||
From the boundedness of {x;} and

lim [|[Projo (I =V fa )z — x| = 0,

we conclude that
nlgrgo |z, — Projo(I — vV f)xe, || = 0.
Since x4, — Z, by lemma 6, we obtain

7 = Projo(I —yVf)z.

This shows that # € S. We next prove that = is a
solution of the variational inequality (13). Since

xy = Projoys — ye + (I — tuF)Vy, (),
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we can derive that

F(a:t)

1 )
= E(Procht —Yt)

(1 = tnFWVay 1) = (T = tuF) ).

Note that, for z € S, (Projoy: —
0. Therefore, for € S,

(F(mt), 20 — 7)

yt, Projoy, — ) <

- tL(Projcyt — Yy, g — E) + tL«I — tuF)
Voo (z) = (I = tpF)(zy), 2 — Z)
< ;«f — tpF)Vay (22) — (I = tpF) (),
Tt — :i‘>
_ _;W — tpF) () — (I = tpF) Vo, (20),
Ty — 57>
= =) @), ae — B)
t,u<( ot t)y Lt
H(F(x) — FVo, (x4), 2 — )
1 _ _
- —a«l — Vo) (@) — (I = Vi, )%, 2 — %)
1 B
fu<(1 Vo )T, 2t — T)
+(F(x¢) — FVy, (1), 2 — Z)
< ti<(1 Vi )i, — 7)
( () = FVo, (2¢), 24 — T)
< HVm Z[||ze — 2|
H(F (7)) — FVo, (1), 20 — T)
< Lol - 3l
< o
(@) = FVa, (1), 2 — ).

Since Proj- (I —+V fa,) is nonexpansive, we obtain
that I — Proj (I — vV fa,) is monotone, i.e.

(I = Projo(I =2V fa,)) ()
(I PrOJC(I ’vaat»( ) T — x> > 0.

Taking the limit through ¢t = ¢,, — 0 ensures that Z is
a solution to (13). That is to say

(F(z),z —2) <0.

Hence & = z* by uniqueness. Therefore x; — x* as
t — 0. The variational inequality (13) can be written
as

(I-F)yz"—z",2—2%) <0, Vzeb.
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So, by lemma 7, it is equivalent to the fixed point
equation

Ps(I — F)z* = z*.

Finally, we consider the following hybrid algo-
rithm for the idea of regularization approach:

LTn+1 = PrOjCy’VLJ n 2 07 (15)

{ yn = (I — b F)Projo(I — 4V fu, ) Tn,
where the initial guess x is selected in C arbitrarily.
Assume that the parameter vy satisfies the condi-
tion 0 < 7 < 2/L and in addition, that the following
conditions are satisfied for {ay, }22, and {6,}°2, C
(0,1):

1) 0, — 0;

(ii) hm z‘— = 0;

Gii) > 6, = oo;
n=0

o0

(iv) Z wn—i-l - 9n| < 00;
n=0
o0

V) > |apt1 — ap] < oo.
n=0

Theorem 10 Assume that the minimization problem
(1) is consistent and the gradient V[ is %-ism.
Let F : C — H is n-strongly monotone and k-
Lipschitzian. Fix a constant i satisfying 0 < u <
2n/k?% and a constant ~y satisfying 0 < v < 2/L.
Let {x,,} be generated by algorithm (15) with the se-
quences {0,} and {ay,} satisfying the above condi-
tions. Then the sequence {xy} converges in norm to
x* that is obtained in Theorem 9.

Proof: (1) The sequence {z,, }°°, is bounded. Set
Va,, == Projo(I — vV fa,).
First we see that

(I — pb, F)Projo(I — vV fo, )Tn

—(I = pbn F)Projo(I = AV fo, )n-1?

(I = pbp F) Vo, 20 — (I — ﬂenF)Vanxn—1||2

Vo an —

10y (F Vi 0y, — FV 1))
= |Vanzn — Va,zn1|?

+ 1202 || FVa, n — FV 21 ||

=200, Vi, T, — Vi, Tp—1,

FV,, xy — FV,, Tp_1)

Vanfnfl
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< HVanxn - Vanxn—lH2
2n21.2 2
+/“L an Hvanxn - Vanwn—l”
—2u0n1||Var,, 0 — Vanxn71”2
= (1= 20000 + 1205 k)| Ve, 20 = Ve, 2|
0 (21 — ) K>
S (1 o 1% n( Ui % TL) )ZHVanSUn o Vanxn71||2

2
< (1- enT)szn - xn71||2~

Indeed, we have, for z € S,

2ns1 — 2

= |[|Projcyn, — Projoz||

<y -l

— = 0unF (@)
+( = pbp F)Projo(I — YV fa, )Tn
—(I = pbp F)Projc(l — vV f)z||

< pby|[F(2)|
+(1 = 0u7)IProjo (I — vV fa,)n
—Projo(I -7V [)z|

= |[uonF(Z)]
+(1 - 9n7—)HPr0jC(I =YV fan)Tn
—Projo(l =7V /fa,)z

+Projc(I =7V fa,)Z —Projo(I =1V [)z

OnllpnF (@) + (L = On7) |20 — 2| + you[|Z
= (1=0n7)||zn — 7|

(2 )|+ )

(1 = 7). — 3
+0,(|1F (@) + 4Bl 2]

< max{Jlon ~ 2l - (WF @) + 18]z}

IN

By induction

v ||pF@)| +~vB|z
a:H,” (z)]] I H}.

Jin — 2] < max {0
-

In particular, {z,, }>2 is bounded.

(2) We prove that ||z, +1 — || = 0as n — oco.
Let M be a constant such that

M > max{ sup uHFVaka:nH,sup’nynH}.
Kk,n>0 n>0

We compute

|41 — 2a|

[Projcyn — Projeyn—1|

|Yn — Yn—1]|

(I = pbn F)Proje(I =V fa,)zn

IN N
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—(I = pbn F)Projo(I — vV fa,)Tn-1||
+|(I = pbn F)Projo(I =V fa, )Tn—1
—(I = pbn1F)Projo(I — vV fa, ) Tn-1|l
(L= On7)[|wn — znl

+(I = pOn F)Projo (I — vV fa,)Tn-1
—( = pbp F)Projo(I — vV fa,_)en—1+
(I = pOn F)Projo(l =V fa, ) Tn-1
—( = pbp 1 F)Projo (I — vV fa, )xn-1]|
(1= u7)lln — 2|

Ve @n-1 = Va1 &n-1|
T = p0uF )V 20
—( = pbp 1 F)Va,,  zn]|

= (L= 0n7)[lzn — zn
+||Van$n—1 - Vozn_lxn—l”
+1On — Op 1| | F' Ve, 2n—1|
(1= 0n7) ||z — Tp—1| + M|0p
| Vanzn-1 — Va,_Zn—1]|

IN

IN

IN

- en—l‘

and

Vo Zn-1 = Va1 Tn—1]|
= [[Projc(I =YV fa,)®n—1
—Projo(I =V fa,_1)Tn-1]|
(I =V fa)Tn-1— I =9V fa,_,)Tn-1]|
= [ =V fan(@n-1) + 7V o,y (@n-1)|
= Ylan — an-—1ll|lzn-1l-

IN

(16)
Combining (16) and (16), we can obtain

Zn+1 — 2nl
< (1 =70)[|rn — 21
+M(|9n — 9n—1| + |Oén — Oén_l‘). 17)

Apply lemma 5 to (17) to conclude that

|Tnt1 — znl] = 0asn — oo.

(3) We prove that wy,(x,) C S. Let & € wy,(xy,)
and assume that z,, — & for some subsequence
{@n, 132 of {zn};2,. We may further assume that
oy, — 0. Set

V :=Proj-(I — V).

Notice that V is nonexpansive and FizV = S. It
turns out that

||wnk - Vx”k”
|25, — Vankxnkn + ||Vankxnk — V|

||xnk - xnk-i-lH + ”xnk—i-l - Vankx”kH
+Hvankxnk - ank”

IA A
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= ||-Tnk - xnk+1H

+[|Projcyn, — Projc(I — vV fa,, )n, |l
+||Proj- (I — 'vaank)xnk

—Projo (I =V f)an,|

< lzny, = 2ol + On | = wE Ve, 20, ||
+’7ank”$nk”
< @y, = Tpgtall + M(Ony, + any,) =0

as k — oo.
So lemma 6 guarantees that w,,(z,,) C FizV = S.
(4) We prove that x,, — x* as n — oo, where =*

is the unique solution of the V' I (13). First we observe
that there is some & € wy,(x,) C S. Such that

limsup(Fz*, z, — «*) = (Fz*, 2 — 2*) > 0. (18)

n—o0

We now compute

s — 27|

|Projcy, — Projoa™|

< lyn — 27|

= |(I = pbpF)Vy, (xn) — (I — b F)Va*
—O,pFa*|?

< (I = pb, F)Va,, (20) — (I — pbp F)Va*|?
=20, (WFx*, xpy1 — ")

< (1= 0,7)2 ||V, (20) — Vi,
+ Vo, x* = Va*||?
=200 (Fx*, xpy1 — ")

= (1- 0n7)2(||van(xn) - VanJ:*HQ
+[|V, 2 — V|2
+2(Vy,, (20) — V%, Vo, 2" — V™))
—2ubp (Fx*, 2y — ™)

< (1= 0,7)2(|ln — 2*|° + 7%q 2"
+2van ||2*||lzn — 2*[])
—2pb (Fx*, 2y — ™)

< (1= 0,7)?||zn — 2*|
+2ag ||z )1? + 2y |2 | [|an — 2|
—2ubp (Fx*, 2y — ™)

= (1 —20,7) ||z, — 2*|?

On g« * 2 Qny yi2
+9n[QVEHCU [z — 2| +~ Ozna\lw |
—2uF*, Ty — ) 4 0,72 ||z — 2]

= (1=0u)|lzn — 2" + nXn- (19)
whered,, = 20,,7.
Therefore,

E— )
< (@Ol — I + b
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- 1 an

Xn = 5275 le* |20 — 2% + YPan G2 ||z

—2(uFx* xpy —x*) + 9n7'2H55n - CU*”Z]

*H2

Applying lemma 5 to the inequality (19), together
with (18), we get ||z, — 2*|| = 0 as n — oo.

4 Application

In this section, we give an application of Theorem 10
to the split feasibility problem (say SFP, for short),
which was introduced by Censor and Elfving [12].
Since its inception in 1994, the split feasibility prob-
lem (SFP) has received much attention due to its ap-
plications in signal processing and image reconstruc-
tion, with particular progress in intensity-modulated
radiation therapy.

The SFP can mathematically be formulated as the
problem of finding a point x with the property

zeC, and Az € Q, (20)

where C' and () are nonempty, closed and convex sub-
set of Hilbert space H; and Hs, respectively. A :
H; — H> is a bounded linear operator.

It is clear that x* is a solution to the split fea-
sibility problem (21) if and only if z* € C and
Azx*—ProjgAz* = 0. We define the proximity func-
tion f by

1 .
f(@) = 5l Az — ProjgAu|?,

and consider the constrained convex minimization
problem

. 1 . 2
min flx) = min §||A:r —ProjoAz[|®.  (21)
Then x* solves the split feasibility problem (21) if and
only if x* solves the minimization problem (22) with
the minimize equal to 0. Byrne [15] introduced the
so-called CQ algorithm to solve the (SFP).

Tnt1 = Projo(l — vA*(I — Projg)A)zn, n = 0,
(22)
where 0 < v < 2/||A|>. He obtained that the se-
quence {x, } generated by (23) converges weekly to a
solution of the (SFP).
In order to obtain strong convergence iterative se-
quence to solve the (SFP). We propose the following
algorithm:

Yn = (I — pbp F')Projo (I —v(A*(I — Projg)A
+apl))x,,
Tn+1 = Projcoyn, n >0,

(23)
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where the initial guessis zg € C and F : C — H
is m-strongly monotone and k-Lipschitzian with con-
stants k£ > 0, 7 > O such that 0 < p < 2n/k>. We
can show that the sequence {x,} generated by (24)
converges strongly to a solution of the (SFP) (21) if
the sequence {60,,} C (0, 1) and the sequence {cv, } of
parameters satisfy appropriate conditions.

Applying Theorem 10, we obtain the following
result.

Theorem 11 Assume that the split feasibility problem
(21) is consistent. Let the sequence {x,} be generated
by (24), where the sequence {6,} C (0,1) and the
sequence {«,} satisfy the conditions (i)-(v). Then the
sequence {x,} converges strongly to a solution of the
split feasibility problem (21).

Proof: By the definition of the proximity function f,
we have

Vf(x) = A*(I — Projg)Ax.

Hence, we obtain

IVF(2) = Vil

[A*(I —Projg)Az — A*(I — Pron)AyH2
(A*(I — Projg) Az — A*(I — Projg)Ay,
A*(I — Projg)Ar — A*(I — Projg)Ay)
(I = Projg)Az — (I — Projg) Ay,

AA*(I —Projg)Az — AA™(I — Projg)Ay)

< JAA%||(I - Projo) Az — (I — Projg) Ay
— | AA"|((I — Projg) Az — (I — Projo) Ay,
(I = Projg)Az — (I — Projg)Ay)
= ||AA"[[(Ar — Ay — (ProjgAxr — ProjyAy),
(I = Projg)Az — (I — Projg)Ay)
— JAA"| (& — g, A°(] — Projg)Au
—A*(I — Projg)Ay)
—(ProjyAr — Projg Ay,
(I = Projg)Az — (I — Projg)Ay))
and
(ProjgAzr — ProjyAy, (I — Projg)Ax
—(I - Pron)Ay>
= (ProjpAz — ProjyAy, Ar — Ay
—(ProjgAr — ProjyAy))
= (Ar — Ay,ProjgAxr — ProjyAy)
—[[ProjoAx — Pr'onAyH2
> ||ProjyAz — PronAyH2

—[[ProjyAz — PronAyH2
= 0.
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Therefore,

IV£(@) = Vi)

|A*(I — Projg)Az — A*(I — Pron)AyH2
|AA*|[(x — y, A*(I — Projg)Ax

—A*(I — Projg)Ay).

IN

That is,

(x -y, Vf(z) =V (y))
(x —y, A"(I — Projg)Ax
—A*(I —Projg)Ay)

1 N .
> TAA"] |A*(I — Projg)Ax
—A*(I — Pron)AyH2
1
= W’Wf(f) -Vl

Hence, Vf is pyp-ism. Set fao,(x) = f(z) +
% ||z|%. Consequently,

V fa, (2)
Vf(x) + anl(x)
A*(I — Projg)Ax + ap.

Then the iterative scheme (24) is equivalent to

Tny1 = Projoyn, n >0, @4

{ Yn = (I — pbp F)Projo(I — vV fa, )Tn,
where the initial guess is x9 € C' and the parame-
ters {0,122 C (0,1) and {ay, }22 satisfy the above
conditions (i)-(v). Due to Theorem 10, we have the
conclusion immediately.

5 Numerical Result

In this section, we consider the following simple ex-
ample to illustrate the effectiveness, realization, and
convergence of the algorithm in Theorem 11.

Example 12 In part 4, we assume that Hy = Hy =
IR3. Take F = I with Lipschitz constant k = 1 and
strongly monotone constant n = 1. Give the param-
eters 0, = 7#2’ Qy = ﬁfor everyn > 0. Fix
w=v= % In the split feasibility problem (SFP), we
take

1 0 1
A= -1 1 0
1 2 =3
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5 0
b= -7 s o = 1
=17 1

The SFP can be formulated as the problem of finding
a point x* with the property

2" e C and Az € Q

where C' = Hy,Q = {b} C Ha.
This implies that x* is the solution of system of
2
linear equations Ax = b, and x* = | =5
3
Then by Theorem 4.1, the sequence {x,,} is generated

by
Tn+1

= (I- 1

2(n+2)
P ( L Py L
C\Tn 9 Tn 9

1)

As n — oo, we have {x,} — x* = (2,—5,3)T.

Table 1: 2 = (0,1,1)7

n(iterative number) Error(n)

55 9.85x1073
550 9.899x10~4
2200 0.9885x107°

Table 2: xo = (0,1,1)7

n(iterative number) x,(iterative point)

55 (1.9905, —4.9901, 2.9905)7
550 (1.9989, —4.9990, 2.9985)T
2200 (1.9999, —4.9998, 2.9998)

From the computer programming point of view, the
algorithms are easier to implement in this paper.

6 Conclusion

Methods for solving constrained convex minimiza-
tion problem have been extensively studied in Hilbert
space. But to the best of our knowledge, in this pa-
per, it would probably be the first time in the litera-
ture that we use the idea of regularization to establish
a different hybrid method for finding a minimizer of
constrained convex minimization problems and also
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prove some strong convergence theorems. Finally, we
apply this algorithm to the split feasibility problem.
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