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Abstract: In this paper, the following system of a fractional boundary value problem with fractional integral
condition

CDαu(t) = f(t, v(t),C Dpv(t)), CDβv(t) = g(t, u(t),C Dqu(t)), t ∈ (0, 1),

u(0) = a1I
α−1u(η), u(1) = b1I

α−1u(ξ), v(0) = a2I
β−1v(η), v(1) = b2I

β−1v(ξ)

is considered, where α, β, p, q, ξ, η, a1, a2, b1, b2 satisfy certain conditions. By using Schauder fixed point theo-
rem, we establish sufficient conditions for the existence of solutions for the above system.

Key–Words: Integral condition; Fractional Caputo derivative; Coupled system; Schauder fixed point theorem.

1 Introduction
Fractional differential equations arise in various fields
of science and engineering such as rheology, fluid
flows, electrical networks, viscoelasticity, chemical
physics, biosciences, signal processing, systems con-
trol theory, electrochemistry, mechanics and diffusion
processes. Fractional differential equations also serve
as an excellent tool for the description of hereditary
properties of various materials and processes. In con-
sequence, fractional differential equations have be-
come a very important and useful area of mathematics
over the last few decades. For details, see [1-9, 22-40]
and the references therein.

Integral boundary conditions have various appli-
cations in applies fields such as blood flow problems,
chemical engineering, thermoelasticity, underground
water flow, population dynamics, and so on. we refer
the reader to [10-15] for more details of nonlocal and
integral boundary conditions.

In recent years, some authors have studied frac-
tional boundary value problem with integral boundary
conditions. Bashir Ahmad and Juan J. Nieto [16] stud-
ied the existence results for a nonlinear fractional in-
tegrodifferential equation with integral boundary con-
ditions
CDqx(t) = f(t, x(t), χ(x)(t)), 0 < t < 1, 1 < q ≤ 2,

αx(0) + βx′(0) =

∫ 1

0
q1(x(s))ds,

αx(1) + βx′(1) =

∫ 1

0
q2(x(s))ds.

where CDq is the Caputo fractional derivative. α >
0, β ≥ 0 are real numbers.

χ(x)(t) =

∫ t

0
r(t, s)x(s)ds.

Bashir Ahmad, Sotiris K. Ntouyas, Ahmed Al-
saedi [17] discussed the existence and uniqueness of
solutions for a boundary value problem of nonlinear
fractional differential equations of order q ∈ (1, 2]
with three point integral boundary conditions given by

CDqx(t) = f(t, x(t)), 0 < t < 1, 1 < q ≤ 2,

x(0) = 0,

x(1) = α

∫ η

0
x(s)ds, 0 < η < 1.

where CDq denotes the Caputo fractional derivative.
α ∈ R is such that α ̸= 2

η2
.

Meiqiang Feng, Xuemei Zhang, Weigao Ge [18]
studied the following higher-order singular boundary
value problem of fractional differential equations

Dα
0+x(t) + g(t)f(t, x(t)) = 0, 0 < t < 1,

x(0) = x′(0) = · · · = x(n−2)(0) = 0,
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x(1) =

∫ 1

0
h(t)x(t)dt,

where Dα
0+ is the standard Riemann-Liouville frac-

tional derivative of order n− 1 < α < n, n ≥ 3.
With the wide application of fractional differen-

tial and integral, some authors began to study the frac-
tional boundary value problem with fractional integral
condition.

A. Guezane-Lakouda, R. Khaldi [19] considered
a fractional boundary value problem generated by a
fractional differential equation and a fractional inte-
gral condition

CDq
0+u(t) = f(t, u(t),C Dσ

0+u(t)) = 0,
0 < t < 1,

u(0) = 0,
u′(1) = Iσ0+u(1),

where 1 < q < 2, 0 < σ < 1.
Bashir Ahmad, Juan J Nieto [20] studied the ex-

istence and uniqueness of solutions for the following
nonlinear fractional integro-differential equation

Dαu(t) = f(t, u(t), (ϕu)(t), (ψu)(t)),
t ∈ [0, T ], α ∈ (1, 2],

Dα−2u(0+) = 0,
Dα−1u(0+) = vIα−1u(η), 0 < η < T,

where Dα denotes the standard Riemann-Liouville
fractional derivative.

Motivated by the above works, in this paper, we
study the following coupled system of nonlinear frac-
tional differential equations with fractional integral
condition

CDαu(t) = f(t, v(t),C Dpv(t)), 0 < t < 1, (1)

CDβv(t) = g(t, u(t),C Dqu(t)), 0 < t < 1, (2)

u(0) = a1I
α−1u(η), u(1) = b1I

α−1u(ξ), (3)

v(0) = a2I
β−1v(η), v(1) = b2I

β−1v(ξ), (4)

where CDα, CDβ denote the Caputo fractional
derivative, 1 < α, β ≤ 2, 0 < η < ξ < 1, ai (i =
1, 2) and bi (i = 1, 2) are arbitrary real constants,
p, q > 0, α−q ≥ 1, β−p ≥ 1, and f, g : [0, 1]×R→
R are given continuous functions. It is important to
note that the nonlinear terms in the coupled system in-
volve the fractional derivatives of the unknown func-
tions.

As we all know, when the integral conditions are
allowed to depend on the fractional integral Iα−1u,
difficulties arise immediately. In this paper, we use
the properties of Caputo fractional derivative and
Riemann-Liouville fractional integral to overcome the

difficulties. To the best knowledge of the authors, no
work has been done for the fractional system (1)- (4)
by use of Schauder fixed point theorem. The aim of
this paper is to fill the gap in the relevant literature.

2 Preliminaries and Lemmas

The material in this section is basic in some sense. For
the reader’s convenience, we present some necessary
definitions from fractional calculus theory and prelim-
inary results.

Definition 1 If f ∈ C[a, b] and α > 0, then the
Riemann-Liouville fractional integral is defined as

Iαf(t) =
1

Γ(α)

∫ t

0

f(s)

(t− s)1−α
ds.

Definition 2 Let α > 0, n = [α] + 1. If f ∈
ACn[a, b], then the Caputo’s fractional derivative of
order α of f defined by

CDαf(t) =
1

Γ(n− α)

∫ t

0

f (n)(s)ds

(t− s)α+1−n
ds,

exist almost everywhere on [a, b] ([α] is the entire part
of α).

Lemma 3 [21] Let α, β > 0 and n = [α] + 1, then
the following relations hold:

CDαtβ−1 =
Γ(β)

Γ(β − α)
tβ−α−1, β > n

and

CDαtk = 0, k = 0, 1, 2, · · ·, n− 1.

Lemma 4 [21] For α > 0, f(t) ∈ C(0, 1), then the
homogenous fractional differential equation

CDαf(t) = 0

has a solution

f(t) = c1 + c2t+ c3t
2 + · · ·+ cnt

n−1, ci ∈ R,

i = 1, 2, · · · , n, n = [α] + 1.

Lemma 5 [21] Let α > 0, then

Iα CDαu(t) = u(t)+ c1 + c2t+ c3t
2 + · · ·+ cnt

n−1

for some ci ∈ R, i = 1, 2, · · · , n, n = [α] + 1.
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Denote by L′([0, 1], R) the Banach space of
Lebesgue integrable functions from [0, 1] into R with
the norm ∥f∥L′ =

∫ 1
0 |f(t)|dt.

The following Lemmas give some properties of
Riemann-Liouville fractional integrals and Caputo
fractional derivative.

Lemma 6 [21] Let p, q ≥ 0, f ∈ L′[a, b]. Then

IpIqf(t) = Ip+qf(t) = IqIpf(t)

and
CDqIqf(t) = f(t), t ∈ [a, b].

Lemma 7 [21] Let β > α > 0, f ∈ L′[a, b]. Then

CDαIβf(t) = Iβ−αf(t), t ∈ [a, b].

Let C(J) denote the space of all continuous func-
tions defined on J = [0, 1]. Let

X =
{
u(t) | u ∈ C(J); CDqu ∈ C(J)

}
be a Banach space endowed with the norm

∥u∥X = max
t∈J
|u(t)|+max

t∈J
|CDqu(t)|

where 1 < α < 2, 0 < q ≤ α− 1 and

Y =
{
v(t) | v ∈ C(J);C Dpv ∈ C(J)

}
be a Banach space endowed with the norm

∥v∥Y = max
t∈J
|v(t)|+max

t∈J
|CDpv(t)|

where 1 < β < 2, 0 < p ≤ β − 1.
Thus,(X × Y, ∥ · ∥X×Y ) is a Banach space with

the norm defined by

∥(u, v)∥X×Y = max{∥u∥X , ∥v∥Y }

for (u, v) ∈ X × Y.

Lemma 8 Let h(t) ∈ C[0, 1] and 1 < α ≤ 2, then
the unique solution of the linear fractional boundary
value problem

CDαu(t) = h(t), 0 < t < 1, (5)

u(0) = a1I
α−1u(η), u(1) = b1I

α−1u(ξ), (6)

where 0 < η < ξ < 1 is

u(t) =
1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds

+
a1
△

(
1− b1ξ

α

Γ(α+ 1)

)
I2α−1h(η)

+
a1
△

ηα

Γ(α+ 1)
(b1I

2α−1h(ξ)− Iαh(1))

+
t

△

(
1− a1η

α−1

Γ(α)

)
b1I

2α−1h(ξ)

− t

△

(
1− a1η

α−1

Γ(α)

)
Iαh(1)

−a1t
△

(
1− b1ξ

α−1

Γ(α)

)
I2α−1h(η),

(7)
where

△ =

(
1− b1ξ

α−1

Γ(α)

)
a1η

α

Γ(α+ 1)

+

(
1− a1η

α−1

Γ(α)

)(
1− b1ξ

α

Γ(α+ 1)

)
.

Proof: We may apply Lemma 5 to reduce (5) to an
equivalent integral equation

u(t) = Iαh(t) + C1 + C2t.

Since

u(0) = C1, u(η) = Iαh(η) + C1 + C2η,

From (6), we deduce that

C1 = a1
1

Γ(α− 1)

∫ η

0
(η − s)α−2u(s)ds

= a1
1

Γ(α−1)

∫ η

0
(η−s)α−2(Iαh(s)+C1+C2s)ds

= a1I
2α−1h(η) +

a1C1η
α−1

Γ(α)
+

a1C2η
α

Γ(α+ 1)
.

(8)
Finally, condition u(1) = b1I

α−1u(ξ) implies that

Iαh(1) + C1 + C2

= b1I
2α−1h(ξ) +

b1C1ξ
α−1

Γ(α)
+

b1C2ξ
α

Γ(α+ 1)
.

(9)

So, expression (8),(9) imply that

C1 =
a1
△

(
1− b1ξ

α

Γ(α+ 1)

)
I2α−1h(η)

+
a1
△

ηα

Γ(α+ 1)
(b1I

2α−1h(ξ)− Iαh(1)),

C2 =
1

△

(
1− a1η

α−1

Γ(α)

)
b1I

2α−1h(ξ)
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− 1

△

(
1− a1η

α−1

Γ(α)

)
Iαh(1)

−a1
△

(
1− b1ξ

α−1

Γ(α)

)
I2α−1h(η).

This completes the proof. ⊓⊔
Similarly, the general solution to equation

CDβv(t) = h(t), 0 < t < 1,

v(0) = a2I
α−1v(η), v(1) = b2I

α−1v(ξ),

where 0 < η < ξ < 1 is

v(t) =
1

Γ(β)

∫ t

0
(t− s)β−1h(s)ds

+
a2
Λ

(
1− b2ξ

β

Γ(β + 1)

)
I2β−1h(η)

+
a2
Λ

ηβ

Γ(β + 1)
(b2I

2β−1h(ξ)− Iβh(1))

+
t

Λ

(
1− a2η

β−1

Γ(β)

)
b2I

2β−1h(ξ)

− t
Λ

(
1− a2η

β−1

Γ(β)

)
Iβh(1)

−a2t
Λ

(
1− b2ξ

β−1

Γ(β)

)
I2β−1h(η),

where

Λ =

(
1− b2ξ

β−1

Γ(β)

)
a2η

β

Γ(β + 1)

+

(
1− a2η

β−1

Γ(β)

)(
1− b2ξ

β

Γ(β + 1)

)
.

Consider the coupled system of integral equations

u(t) =
1

Γ(α)

∫ t

0
(t− s)α−1f(s, v(s),C Dpv(s))ds

+
a1
△

(
1− b1ξ

α

Γ(α+ 1)

)
I2α−1f(η, v(η),C Dpv(η))

+
a1
△

ηα

Γ(α+ 1)
(b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

−Iαf(1, v(1),C Dpv(1)))

+
t

△

(
1− a1η

α−1

Γ(α)

)
b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

− t

△

(
1− a1η

α−1

Γ(α)

)
Iαf(1, v(1),C Dpv(1))

−a1t
△

(
1− b1ξ

α−1

Γ(α)

)
I2α−1f(η, v(η),C Dpv(η)),

(10)

v(t) =
1

Γ(β)

∫ t

0
(t− s)β−1g(s, v(s),C Dqv(s))ds

+
a2
Λ

(
1− b2ξ

β

Γ(β + 1)

)
I2β−1g(η, v(η),C Dqv(η))

+
a2
Λ

ηβ

Γ(β + 1)
(b2I

2β−1g(ξ, v(ξ),C Dqv(ξ)

−Iβg(1, v(1),C Dqv(1)))

+
t

Λ

(
1− a2η

β−1

Γ(β)

)
b2I

2β−1g(ξ, v(ξ),C Dqv(ξ))

− t
Λ

(
1− a2η

β−1

Γ(β)

)
Iβg(1, v(1),C Dqv(1))

−a2t
Λ

(
1− b2ξ

β−1

Γ(β)

)
I2β−1g(η, v(η),C Dqv(η)).

(11)

Lemma 9 Assume that f, g : [0, 1] × R × R → R
are continuous functions. Then (u, v) ∈ X × Y is a
solution of (1)- (4) if and only if (u, v) ∈ X × Y is a
solution of (10), (11).

Proof: The proof is immediate from Lemma 8, so we
omit it.

Let us define an operator T : X × Y → X × Y
as

T (u, v)(t) = (T1v(t), T2u(t)), (12)

where

T1v(t) =
1

Γ(α)

∫ t

0
(t− s)α−1f(s, v(s),C Dpv(s))ds

+
a1
△

(
1− b1ξ

α

Γ(α+ 1)

)
I2α−1f(η, v(η),C Dpv(η))

+
a1
△

ηα

Γ(α+ 1)
(b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

−Iαf(1, v(1),C Dpv(1)))

+
t

△

(
1− a1η

α−1

Γ(α)

)
b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

− t

△

(
1− a1η

α−1

Γ(α)

)
Iαf(1, v(1),C Dpv(1))

−a1t
△

(
1− b1ξ

α−1

Γ(α)

)
I2α−1f(η, v(η),C Dpv(η)),

(13)

T2u(t) =
1

Γ(β)

∫ t

0
(t− s)β−1g(s, v(s),C Dqv(s))ds

+
a2
Λ

(
1− b2ξ

β

Γ(β + 1)

)
I2β−1g(η, v(η),C Dqv(η))
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+
a2
Λ

ηβ

Γ(β + 1)
(b2I

2β−1g(ξ, v(ξ),C Dqv(ξ)

−Iβg(1, v(1),C Dqv(1)))

+
t

Λ

(
1− a2η

β−1

Γ(β)

)
b2I

2β−1g(ξ, v(ξ),C Dqv(ξ))

− t
Λ

(
1− a2η

β−1

Γ(β)

)
Iβg(1, v(1),C Dqv(1))

−a2t
Λ

(
1− b2ξ

β−1

Γ(β)

)
I2β−1g(η, v(η),C Dqv(η)).

(14)

The continuity of f, g, it follows that T is continuous.
Moreover, by Lemma 9, the fixed point of the operator
T is the solution of (1)- (4).

We give the growth conditions on f and g as:
(H1) there exists a nonnegative function a(t) ∈
L(0, 1) such that

|f(t, x, y)| ≤ a(t) + ε1|x|ρ1 + ε2|y|ρ2 ,

ε1, ε2 > 0, 0 < ρ1, ρ2 < 1.

(H2) there exists a nonnegative function b(t) ∈
L(0, 1) such that

|g(t, x, y)| ≤ b(t) + δ1|x|σ1 + δ2|y|σ2 ,

δ1, δ2 > 0, 0 < σ1, σ2 < 1.

For convenience, we introduce the following nota-
tions.

Λ1 =
1

Γ(α+ 1)
+

∣∣∣∣a1△
(
1− b1ξ

α

Γ(α+ 1)

)∣∣∣∣ η2α−1

Γ(2α)

+

∣∣∣∣a1△
∣∣∣∣ b1η

α

Γ(α+ 1)

ξ2α−1

Γ(2α)
+

∣∣∣∣a1△
∣∣∣∣ ηα

Γ2(α+ 1)

+

∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ ξ2α−1

Γ(2α)

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(α+ 1)

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ η2α−1

Γ(2α)

+
1

Γ(α− q + 1)
+

1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ ξ2α−1

2α− 1

+
1

Γ(2− q)
1

Γ(α+ 1)

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
+

1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ η2α−1

2α− 1
, (15)

Λ2 =
1

Γ(β + 1)
+

∣∣∣∣∣a2Λ
(
1− b2ξ

β

Γ(β + 1)

)∣∣∣∣∣ η2β−1

Γ(2β)

+

∣∣∣∣a2Λ
∣∣∣∣ b2η

β

Γ(β + 1)

ξ2β−1

Γ(2β)
+

∣∣∣∣a2Λ
∣∣∣∣ ηβ

Γ2(β + 1)

+

∣∣∣∣∣b2Λ
(
1− a2η

β−1

Γ(β)

)∣∣∣∣∣ ξ2β−1

Γ(2β)

+

∣∣∣∣∣ 1Λ
(
1− a2η

β−1

Γ(β)

)∣∣∣∣∣ 1

Γ(β + 1)

+

∣∣∣∣∣a2Λ
(
1− b2ξ

β−1

Γ(β)

)∣∣∣∣∣ η2β−1

Γ(2β)

+
1

Γ(β − p+ 1)
+

1

Γ(2− p)
1

Γ(2β − 1)∣∣∣∣∣b2Λ
(
1− a2η

β−1

Γ(β)

)∣∣∣∣∣ ξ2β−1

2β − 1

+
1

Γ(2− p)
1

Γ(β + 1)

∣∣∣∣∣ 1Λ
(
1− a2η

β−1

Γ(β)

)∣∣∣∣∣
+

1

Γ(2− p)
1

Γ(2β − 1)∣∣∣∣∣a2Λ
(
1− b2ξ

β−1

Γ(β)

)∣∣∣∣∣ η2β−1

2β − 1
, (16)

µ =
1

Γ(α)

∫ 1

0
(1− s)α−1a(s)ds

+

∣∣∣∣a1△
(
1− b1ξ

α

Γ(α+ 1)

)∣∣∣∣
1

Γ(2α− 1)

∫ η

0
(η − s)2α−2a(s)ds

+

∣∣∣∣a1△
∣∣∣∣ b1η

α

Γ(α+ 1)

1

Γ(2α− 1)
×∫ ξ

0
(ξ − s)2α−2a(s)ds

+

∣∣∣∣a1△
∣∣∣∣ ηα

Γ(α+ 1)

1

Γ(α)

∫ 1

0
(1− s)α−1a(s)ds

+

∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(2α−1)
×∫ ξ

0
(ξ−s)2α−2a(s)ds

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(α)

∫ 1

0
(1− s)α−1a(s)ds

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(2α−1)
×∫ η

0
(η−s)2α−2a(s)ds

+
1

Γ(α− q)

∫ 1

0
(1− s)α−q−1a(s)ds
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+
1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
∫ ξ

0
(ξ − s)2α−2a(s)ds

+
1

Γ(2− q)
1

Γ(α)

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣×∫ 1

0
(1− s)α−1a(s)ds

+
1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣
∫ η

0
(η − s)2α−2a(s)ds,

(17)

ν =
1

Γ(β)

∫ 1

0
(1− s)β−1b(s)ds

+

∣∣∣∣∣a2Λ
(
1− b2ξ

β

Γ(β + 1)

)∣∣∣∣∣×
1

Γ(2β − 1)

∫ η

0
(η − s)2β−2b(s)ds

+

∣∣∣∣a2Λ
∣∣∣∣ b2η

β

Γ(β + 1)

1

Γ(2β − 1)

∫ ξ

0
(ξ − s)2β−2b(s)ds

+

∣∣∣∣a2Λ
∣∣∣∣ ηβ

Γ(β + 1)

1

Γ(β)

∫ 1

0
(1− s)β−1b(s)ds

+

∣∣∣∣∣b2Λ
(
1− b2η

β−1

Γ(β)

)∣∣∣∣∣ 1

Γ(2β−1)

∫ ξ

0
(ξ−s)2β−2b(s)ds

+

∣∣∣∣∣ 1Λ
(
1− a2η

β−1

Γ(β)

)∣∣∣∣∣ 1

Γ(β)

∫ 1

0
(1− s)β−1b(s)ds

+

∣∣∣∣∣a2Λ
(
1− b2ξ

β−1

Γ(β)

)∣∣∣∣∣ 1

Γ(2β−1)

∫ η

0
(η−s)2β−2b(s)ds.

(18)

Define a ball B in the Banach space X × Y as

B =

{
(u(t), v(t))|(u(t), v(t)) ∈ X × Y,

∥(u(t), v(t))∥X×Y ≤ R, t ∈ J
}
,

where

R ≥ max

{
(3Λ1ε1)

1
1−ρ1 , (3Λ1ε2)

1
1−ρ2 ,

(3Λ2δ1)
1

1−σ1 , (3Λ2δ2)
1

1−σ2 , 3µ, 3ν

}
.

3 Main result

Theorem 10 Assume that the hypotheses (H1) and
(H2) hold. Then there exists a solution for the cou-
pled system (1)-(4).

Proof: Firstly, we prove that T : B → B, using the
Lemmas 6, 7, we obtain

|T1v(t)| ≤
1

Γ(α)

[∫ t

0
(t− s)α−1a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ t

0
(t− s)α−1ds

]
+

∣∣∣∣a1△
(
1− b1ξ

α

Γ(α+ 1)

)∣∣∣∣
1

Γ(2α− 1)

[∫ η

0
(η − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ η

0
(η − s)2α−2ds

]
+

∣∣∣∣a1△
∣∣∣∣ b1η

α

Γ(α+ 1)

1

Γ(2α− 1)

[∫ ξ

0
(ξ − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ ξ

0
(ξ − s)2α−2ds

]
+

∣∣∣∣a1△
∣∣∣∣ ηα

Γ(α+ 1)

1

Γ(α)

[∫ 1

0
(1− s)α−1a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ 1

0
(1− s)α−1ds

]
+

∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
1

Γ(2α− 1)

[∫ ξ

0
(ξ − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ ξ

0
(ξ − s)2α−2ds

]
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(α)

[∫ 1

0
(1− s)α−1a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ 1

0
(1− s)α−1ds

]
+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣
1

Γ(2α− 1)

[∫ η

0
(η − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ η

0
(η − s)2α−2ds

]
≤ 1

Γ(α)

∫ 1

0
(1− s)α−1a(s)ds

+

∣∣∣∣a1△
(
1− b1ξ

α

Γ(α+ 1)

)∣∣∣∣
1

Γ(2α− 1)

∫ η

0
(η − s)2α−2a(s)ds

+

∣∣∣∣a1△
∣∣∣∣ b1η

α

Γ(α+ 1)

1

Γ(2α− 1)

∫ ξ

0
(ξ − s)2α−2a(s)ds

+

∣∣∣∣a1△
∣∣∣∣ ηα

Γ(α+ 1)

1

Γ(α)

∫ 1

0
(1− s)α−1a(s)ds
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+

∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
1

Γ(2α− 1)

∫ ξ

0
(ξ − s)2α−2a(s)ds

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(α)

∫ 1

0
(1− s)α−1a(s)ds

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣
1

Γ(2α− 1)

∫ η

0
(η − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
[

1

Γ(α+ 1)
+∣∣∣∣a1△

(
1− b1ξ

α

Γ(α+ 1)

)∣∣∣∣ η2α−1

Γ(2α)

+

∣∣∣∣a1△
∣∣∣∣ b1η

α

Γ(α+ 1)

]
ξ2α−1

Γ(2α)

+

∣∣∣∣a1△
∣∣∣∣ ηα

Γ2(α+ 1)

+

∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ ξ2α−1

Γ(2α)

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(α+ 1)

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ η2α−1

Γ(2α)

]

and

|CDqT1v(t)| ≤C DqIαf(t, v(t),C Dpv(t))

+

[∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ I2α−1f(ξ, v(ξ),C Dpv(ξ))

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ Iαf(1, v(1),C Dpv(1))

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ I2α−1f(η, v(η),C Dpv(η))

]
×CDqt

≤ Iα−qf(t, v(t),C Dpv(t))

+
1

Γ(2− q)

[∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
×I2α−1f(ξ, v(ξ),C Dpv(ξ))

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ Iαf(1, v(1),C Dpv(1))

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ I2α−1f(η, v(η),C Dpv(η))

]

≤ 1

Γ(α− q)

[∫ t

0
(t− s)α−q−1a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ t

0
(t− s)α−q−1ds

]
+

∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(2− q)
1

Γ(2α− 1)

[∫ ξ

0
(ξ − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ ξ

0
(ξ − s)2α−2ds

]
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(2− q)
1

Γ(α)

[∫ 1

0
(1− s)α−1a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ 1

0
(1− s)α−1ds

]
+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ 1

Γ(2− q)
1

Γ(2α− 1)

[∫ η

0
(η − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)
∫ η

0
(η − s)2α−2ds

]
≤ 1

Γ(α− q)

∫ 1

0
(1− s)α−q−1a(s)ds

+
1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
∫ ξ

0
(ξ − s)2α−2a(s)ds

+
1

Γ(2− q)
1

Γ(α)

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣∫ 1

0
(1− s)α−1a(s)ds

+
1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣
∫ η

0
(η − s)2α−2a(s)ds

+(ε1|R|ρ1 + ε2|R|ρ2)[
1

Γ(α− q + 1)
+

1

Γ(2− q)
1

Γ(2α− 1)∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣ ξ2α−1

2α− 1

+
1

Γ(2− q)
1

Γ(α+ 1)

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)∣∣∣∣∣
+

1

Γ(2− q)
1

Γ(2α− 1)
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∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)∣∣∣∣∣ η2α−1

2α− 1

]
.

Thus,

∥T1v(t)∥X = max
t∈J
|T1v(t)|+max

t∈J
|CDqT1v(t)|

≤ µ+ (ε1|R|ρ1 + ε2|R|ρ2)Λ1

≤ R
3 + R

3 + R
3 = R.

Similarly, it can be show that

∥T2u(t)∥Y ≤ ν + (δ1|R|σ1 + δ2|R|σ2)Λ2 ≤ R.

Hence, we conclude that ∥T (u, v)∥X×Y ≤ R. Since,
T1v(t), T2u(t),

CDqT1v(t),
CDpT2u(t) are contin-

uous on J, therefore, T : B → B.
Now we prove that T is a completely continuous

operator. For that, we denote

M = max
t∈J
|f(t, v(t),C Dpv(t)|,

N = max
t∈J
|g(t, u(t),C Dqu(t)|.

For (u, v) ∈ B, t1, t2 ∈ J, (t1 < t2),

|T1v(t2)− T1v(t1)|

≤
∣∣∣∣∫ t2

0

(t2 − s)α−1

Γ(α)
f(s, v(s),C Dpv(s))ds

−
∫ t1

0

(t1 − s)α−1

Γ(α)
f(s, v(s),C Dpv(s))ds

∣∣∣∣
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

∣∣∣∣∣
×|t2 − t1|

+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
Iαf(1, v(1),C Dpv(1))

∣∣∣∣∣
×|t2 − t1|

+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)
I2α−1f(η, v(η),C Dpv(η))

∣∣∣∣∣
×|t2 − t1|

≤M
[∣∣∣∣∣
∫ t2

t1

(t2 − s)α−1

Γ(α)
ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t1

0

(t2 − s)α−1 − (t1 − s)α−1

Γ(α)
ds

∣∣∣∣∣
]

+

[∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)
ξ2α−1

Γ(2α)

∣∣∣∣∣
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
1

Γ(α+ 1)

∣∣∣∣∣
+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)
η2α−1

Γ(2α)

∣∣∣∣∣
]
M |t2 − t1|.

Clearly, the right hand side of the above inequality
tends to zero independently of v as t2 → t1,

|CDqT1v(t2)−C DqT1v(t1)|
≤ Iα−qf(t2, v(t2),

C Dpv(t2))

−Iα−qf(t1, v(t1),
C Dpv(t1))

+

[∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

∣∣∣∣∣
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
Iαf(1, v(1),C Dpv(1))

∣∣∣∣∣
+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)
I2α−1f(η, v(η),C Dpv(η))

∣∣∣∣∣
]

× t
1−q
2 − t1−q

1

Γ(2− q)

≤
∣∣∣∣∫ t2

0

(t2 − s)α−q−1

Γ(α− q)
f(s, v(s),C Dpv(s))ds

−
∫ t1

0

(t1 − s)α−q−1

Γ(α− q)
f(s, v(s),C Dpv(s))ds

∣∣∣∣
+

[∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
b1I

2α−1f(ξ, v(ξ),C Dpv(ξ))

∣∣∣∣∣
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
Iαf(1, v(1),C Dpv(1))

∣∣∣∣∣
+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)
I2α−1f(η, v(η),C Dpv(η))

∣∣∣∣∣
]

× t
1−q
2 − t1−q

1

Γ(2− q)

≤M
[∣∣∣∣∣
∫ t2

t1

(t2 − s)α−q−1

Γ(α− q)
ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t1

0

(t2 − s)α−q−1 − (t1 − s)α−q−1

Γ(α)
ds

∣∣∣∣∣
]

+
M

Γ(2− q)

[∣∣∣∣∣b1△
(
1− a1η

α−1

Γ(α)

)
ξ2α−1

Γ(2α)

∣∣∣∣∣
+

∣∣∣∣∣ 1△
(
1− a1η

α−1

Γ(α)

)
1

Γ(α+ 1)

∣∣∣∣∣
+

∣∣∣∣∣a1△
(
1− b1ξ

α−1

Γ(α)

)
η2α−1

Γ(2α)

∣∣∣∣∣
]
(t1−q

2 − t1−q
1 ).

Obviously, the right hand side of the above inequality
tends to zero independently of v as t2 → t1. Thus, it
follows by the Arzela-Ascoli theorem that T1 is com-
pletely continuous.

Similarly, it can be proved that

|T2u(t2)− T2u(t1)|
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≤ N
[∣∣∣∣∣
∫ t2

t1

(t2 − s)β−1

Γ(β)
ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t1

0

(t2 − s)β−1 − (t1 − s)β−1

Γ(β)
ds

∣∣∣∣∣
]

+

[∣∣∣∣∣b2Λ
(
1− a2η

β−1

Γ(β)

)
ξ2β−1

Γ(2β)

∣∣∣∣∣
+

∣∣∣∣∣ 1Λ
(
1− a2η

β−1

Γ(β)

)
1

Γ(β)

∣∣∣∣∣
+

∣∣∣∣∣a2Λ
(
1− b2ξ

β−1

Γ(β)

)
η2β−1

Γ(2β)

∣∣∣∣∣
]
N |t2 − t1|.

|CDpT2u(t2)−C DpT2u(t1)|

≤ N
[∣∣∣∣∣
∫ t2

t1

(t2 − s)β−p−1

Γ(β − p)
ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t1

0

(t2 − s)β−p−1 − (t1 − s)β−p−1

Γ(β)
ds

∣∣∣∣∣
]

+
N

Γ(2− p)

[∣∣∣∣∣b2Λ
(
1− a2η

β−1

Γ(β)

)
ξ2β−1

Γ(2β)

∣∣∣∣∣
+

∣∣∣∣∣ 1Λ
(
1− a2η

β−1

Γ(β)

)
1

Γ(β + 1)

∣∣∣∣∣
+

∣∣∣∣∣a2Λ
(
1− b2ξ

β−1

Γ(β)

)
η2β−1

Γ(2β)

∣∣∣∣∣
]
(t1−p

2 − t1−p
1 ).

So, it follows by the Arzela-Ascoli theorem, we con-
clude that T2 is completely continuous. Therefore,
the operator T is a completely continuous operator.
Hence, by Schauder fixed point theorem, there exists
a solution of (1)-(4). This completes the proof.

4 Conclusion
This paper is motivated from some recent papers treat-
ing the fractional boundary value problem with frac-
tional integral condition. We first give some notations,
recall some concepts and preparation results. Second,
some sufficient conditions for the existence of solu-
tions of coupled system of a fractional boundary value
problem with fractional integral condition are estab-
lished by applying fixed point theorem. Our results
complements previous work in the area of fractional
integral condition of fractional order. When the in-
tegral conditions are allowed to depend on the frac-
tional integral Iα−1u, difficulties arise immediately.
In this paper, we use the properties of Caputo frac-
tional derivative and Riemann-Liouville fractional in-
tegral to overcome the difficulties. To the best knowl-
edge of the authors, no work has been done for the

fractional system (1)- (4) by use of Schauder fixed
point theorem.
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