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Abstract: In this paper, the following system of a fractional boundary value problem with fractional integral

condition

CDu(t) = f(t,v(t),C

w(0) = a1 tu(n), u(l) = biI* tu(), v(0) = a2 I’ tu(n),

DPu(t)), CDPu(t)

= g(t,u(t),” Dlu(t)), t e (0,1),

v(1) = boI*Lo(€)

is considered, where «, 3, p, q,&,n, a1, as, b1, ba satisfy certain conditions. By using Schauder fixed point theo-
rem, we establish sufficient conditions for the existence of solutions for the above system.
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1 Introduction

Fractional differential equations arise in various fields
of science and engineering such as rheology, fluid
flows, electrical networks, viscoelasticity, chemical
physics, biosciences, signal processing, systems con-
trol theory, electrochemistry, mechanics and diffusion
processes. Fractional differential equations also serve
as an excellent tool for the description of hereditary
properties of various materials and processes. In con-
sequence, fractional differential equations have be-
come a very important and useful area of mathematics
over the last few decades. For details, see [1-9, 22-40]
and the references therein.

Integral boundary conditions have various appli-
cations in applies fields such as blood flow problem:s,
chemical engineering, thermoelasticity, underground
water flow, population dynamics, and so on. we refer
the reader to [10-15] for more details of nonlocal and
integral boundary conditions.

In recent years, some authors have studied frac-
tional boundary value problem with integral boundary
conditions. Bashir Ahmad and Juan J. Nieto [16] stud-
ied the existence results for a nonlinear fractional in-
tegrodifferential equation with integral boundary con-
ditions

“Dx(t) = f(t, x(t),
azx(0) + Bz’ (0 /Olql

x(@)(t),0<t<1,1<q<2,
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ax(1) + Bz (1) = /01 g (2(s))ds.

where ¢ D1 is the Caputo fractional derivative. o >
0, 8 > 0 are real numbers.

(@) (t) = /0 Ut 5)(s)ds.

Bashir Ahmad, Sotiris K. Ntouyas, Ahmed Al-
saedi [17] discussed the existence and uniqueness of
solutions for a boundary value problem of nonlinear
fractional differential equations of order ¢ € (1,2]
with three point integral boundary conditions given by

CDg(t) = f(t,xz(t), 0 <t <1, 1<q<2,

"
z(1) = a/ x(s)ds, 0 <n < 1.
0

where ¢ D? denotes the Caputo fractional derivative.
« € Ris such that o # 77%

Meiqgiang Feng, Xuemei Zhang, Weigao Ge [18]
studied the following higher-order singular boundary
value problem of fractional differential equations

Dg x(t) +g(t)f(t,z(t) =0,0<t <1,

2(0) =2/ (0) = - - - = 22 (0) = 0,
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where D@, is the standard Riemann-Liouville frac-
tional derivative of ordern — 1 < a < n, n > 3.

With the wide application of fractional differen-
tial and integral, some authors began to study the frac-
tional boundary value problem with fractional integral
condition.

A. Guezane-Lakouda, R. Khaldi [19] considered
a fractional boundary value problem generated by a
fractional differential equation and a fractional inte-
gral condition

CDY,ult) = £(t,u(t).C Dg,u(t)) = 0,
0<t<l,

u(0) =0,

w/(1) = Ig,u(1),

wherel < ¢g<2,0<0o<1.

Bashir Ahmad, Juan J Nieto [20] studied the ex-
istence and uniqueness of solutions for the following
nonlinear fractional integro-differential equation

Du(t) = f(t, u(t), (¢u)(t), (Yu)(t)),
te[0,T], a €(1,2],

Da72u(0+) =0,

Dty (0F) = vl u(n), 0 <n < T,

where D® denotes the standard Riemann-Liouville
fractional derivative.

Motivated by the above works, in this paper, we
study the following coupled system of nonlinear frac-
tional differential equations with fractional integral
condition

“Du(t) = f(t,v(t).C DPu(t), 0 <t <1, (1)
“DPu(t) = g(t,u(t),” Diu(t)), 0<t <1, (2)
u(0) = a1 I tu(n), w(l) = by I* tu(€), 3)
v(0) = ax I’ (), v(1) = b IPT0(E), (@)

where ©D®, ©DB denote the Caputo fractional
derivative, 1 < o, <2, 0<n<¢<1, a4 (i =
1,2) and b; (¢ = 1,2) are arbitrary real constants,
p,q>0,a—qg>1, f—p>1l,and f,g: [0,1]xR —
R are given continuous functions. It is important to
note that the nonlinear terms in the coupled system in-
volve the fractional derivatives of the unknown func-
tions.

As we all know, when the integral conditions are
allowed to depend on the fractional integral 1 lu,
difficulties arise immediately. In this paper, we use
the properties of Caputo fractional derivative and
Riemann-Liouville fractional integral to overcome the
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difficulties. To the best knowledge of the authors, no
work has been done for the fractional system (1)- (4)
by use of Schauder fixed point theorem. The aim of
this paper is to fill the gap in the relevant literature.

2 Preliminaries and Lemmas

The material in this section is basic in some sense. For
the reader’s convenience, we present some necessary
definitions from fractional calculus theory and prelim-
inary results.

Definition 1 If f € Cla,b] and o > 0, then the
Riemann-Liouville fractional integral is defined as

oppy L[t ()
o f(t) = F(oz)/o ot
Definition2 Let « > 0, n = [a] + 1. If f €

AC™[a, b], then the Caputo’s fractional derivative of
order a of f defined by

“Df(t) =

t fn)
1 / U (s)ds ds,
0

I'(n—«) (t — s)atl-n

exist almost everywhere on [a, b] ([a] is the entire part

of o).

Lemma 3 [21] Let o, f > 0 and n = [a] + 1, then
the following relations hold:

Cpegh-t = il g
«

and
Dtk =0, k=0,1,2,---,n— 1.

Lemma 4 [21] For a > 0, f(t) € C(0,1), then the
homogenous fractional differential equation

“DYf(t) =0
has a solution

ft) =c1+eat +eat’ +--- 4 cnt" !, ¢ €R,

Lemma 5 [21] Let o > 0, then

I°CD(t) = u(t) + 1+ cot + st + -+ cpt™ !

forsomec; € R, i=1,2,--- ,n,n=[a] + 1.
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Denote by L/'([0,1],R) the Banach space of
Lebesgue integrable functions from [0, 1] into R with

the norm |||z = fy |£(¢)ldt.

The following Lemmas give some properties of
Riemann-Liouville fractional integrals and Caputo
fractional derivative.

Lemma 6 [21] Letp,q >0, f € L'[a,b]. Then
IPIOf() = 1P £(1) = TP (1)

and

CDquf(t) = f(t)a le [av b]
Lemma 7 [21] Let 8 > a >0, f € L'[a,b]. Then
CDIPF(t) = IP~f(t), t € [a,b).

Let C(J) denote the space of all continuous func-
tions defined on J = [0, 1]. Let

X = {u(t) |ue C(J); “Due C(J)}
be a Banach space endowed with the norm
Jullx = masx u(t)] + max |° D)
where l < a <2, 0<g<a—1and
Y ={o@) |ve () DPvec()}
be a Banach space endowed with the norm
lolly = max|v(t)] + max |“DPu(t)]

where 1 < <2, 0<p<pB—1.
Thus,(X X Y, || - ||xxy) is a Banach space with
the norm defined by

[(w; 0) [ xxy = max{]|ullx, [[o]ly}

for (u,v) € X x Y.

Lemma 8 Ler h(t) € C[0,1] and 1 < o < 2, then
the unique solution of the linear fractional boundary
value problem

CDu(t) = h(t), 0 <t <1, 5)

u(0) = a1 I Yu(n), w(l) = by I* tu(€),  (6)
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where 0 <n < €< 1lis

1 ¢ a 1
u(t) = oy ) (=9 hs)as
a o
A(l a+1 >IQ 1h(n)
ai 20—1 «
A Ty (R — 1h(1)
t am“ ! 20—1
t ama 1 o
N (@) I*h(1)
a t blfa 1 20—1
(7
where
B b\ an®
A= <1_ T(a) ) T(a+ 1)
ain® b1&
*(1_ I'(a) <1_r(a+1))'

Proof: We may apply Lemma 5 to reduce (5) to an
equivalent integral equation

u(t) = Ih(t) + C1 + Cat.
Since
u(0) = C1, u(n) = I*h(n) + C1 + Can,
From (6), we deduce that

1

77 —
7F(a Y /0 (n—2s) 2u(5)d8
1/77(77—3)%2(16%(8)—&—0 +Cos)ds
T(a—1) Jo e

= a1I2"‘_1h(n) +

C’1:a1

a;Con®
Ma+1)

a1 Cyn*~
I'(a)

®)
Finally, condition u(1) = by 1% 1u(&) implies that

I?h(1) + C1 + Cy

P biC1&t | biCyer )
=0T MO+ T T Tk
So, expression (8),(9) imply that

Ca(_BE Y e

N (1 r(a+1)) I i)
77a 200—1 _ o

+Zﬁ(b1[ h(§) — I*h(1)),

1 an! 20—1

Cy N <1 T'(a) ) bl h(§)
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1 a nafl N
N (1_ (o) >I A1)
a a—1
_Zl <1 _ b;ia) ) IQa_lh(T]).

This completes the proof. O
Similarly, the general solution to equation

“DPu(t) =h(t), 0 <t <1,

v(0) = a2l (), v(1) = beI* tu(€),
where 0 <n <& <1is

o) = F(lﬁ) /Ot(t_s)ﬂlh(s)ds
+‘fr(ﬁ”i 5 (B2 th() = °R(1)
+% 1-“%% bo 121 h()
- (1 B
where
A:<Lﬁ§;1r$fn
a277'371

bot”
+(1- 1-— .

( I'(8) < F(5+1)>
Consider the coupled system of integral equations
u(t) =

[ (s 00).C Dol
— - s,v(8), v s
I'(@) Jo

a bice
+a (1 - (Ji 1)) 12271 f(n, w(n),C DPu(n))
al n* a—
AT O €0 Du(e)
—I°f(1,v(1),Y DPu(1)))
P (1= b et e () € DPo(e))
A T(a) )™ OASh EY
t alna_l «
‘A(L‘rm>>IﬂLwnpD%U»
a b a—1
—it (1 - f@ ) 12271 £(n, v(n),¢ DPo(n)),
(10)
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u(t) =
F(lﬁ)/ot(t_ $)P1g(s,v(s),C DIu(s))ds
+GX2 (1 - r(?i 1)) 1*1g(n,v(n)," D%(n))
+% F(ﬁn+ 1) (b2I*71g(&,0(£)," DIw(E)
~1Pg(1,0(1),Y D% (1)))

t agnP~1 28—1 C g
T\ Ty ) (6 v D)

t aﬁﬁ_l q
—A<L—;w)>ﬂﬂLWUFDU@D
aot

—§<1

 begP!
I'(8)
Lemma 9 Assume that f,g : [0,1] x Rx R — R
are continuous functions. Then (u,v) € X XY isa
solution of (1)- (4) if and only if (u,v) € X XY isa
solution of (10), (11).

) 1251 g(n, v(n).C D% ().
11

Proof: The proof is immediate from Lemma 8, so we
omit it.

Let us define an operator 7': X xY — X xY
as

T(u,v)(t) = (T1v(t), Tau(t)), (12)
where

Tiv(t) =

11 (t) - . o
e [ 7 a0 PP
+3 F(o7+ gy Bl ” D)
—Iaf(l,v(l),cgpv(l)))
+£ (1 - a;’za) ) b f (€ 0(€),C DPu(€))
_i (1 B alna—1> I°£(1,0(1) CDpv(l))

A I(a) ’ '

ai a—1 B
_Kt (1 - blrg(a) ) = f(n,v(n),° D”v(?(?i;;
Tgu(t) =
F(lﬂ)/o (t— 3)5_1g(s,v(3),c D%(s))ds

a B
X (1 - r(bﬂQi 1)) *=g(n, v(n),” D(n))
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a n®
R 0. D)
—I’Bg(l,v(l),ﬁgqv(l)))
+A:p4§m>mﬂﬁb@wafmwm
asn?~1
_% <1 _ lgjéﬂ) > I%g(1,v(1),Y D(1))

baéP 1
L'(B)

a2t
1=
A (

) 1*P=1g(n,v(n), D%(n)).

(14)

The continuity of f, g, it follows that 7" is continuous.
Moreover, by Lemma 9, the fixed point of the operator
T is the solution of (1)- (4).
We give the growth conditions on f and g as:
(Hp) there exists a nonnegative function a(t) €

L(0,1) such that

[f(t,2,y)| < a(t) + ezl +eafyl™,

€1, &2 >07 0<P17P2 <1.

(Hg) there exists a nonnegative function b(t) €

L(0,1) such that

lg(t, @, y)| < b(t) + dufx]7" + daly[™2,

01, 62 >0, 0 < 01,09 < 1.

For convenience, we introduce the following nota-

tions.
A=
;4— al(l— blga )‘nZal
M(a+1) A N —|— 1) I'(2«)
N ﬂ b17] §2a 1 a
A T(a+1) 2 ) Fg(a +1)
b 200—1
L 61177 §
A I'(2«)
1 am 1
+
( ) MNa+1)
b a— 1 2a—1
n a1 15 7
I'(2a)
1 1

2—q)I'(2a—1)
§2a 1

b1 a177
N L
2 ()

+
F(a—q+ ) F

200 — 1

1 1 1 ain® 1
Te- ¢ T(a+1)|A (1 () )‘
1 1
+F(2 —¢)T'2a—1)
ay blga—l 772@—1
A (1 "~ T(a) ) 200 — 1’ (15)
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Ao =
2 . N % . bg&ﬁ n2ﬂ—1
Np+1) A L(B+1))|(26)
Llaa| _ben® €7 aal
AT(B+1)T(268) |[A[T2(B+1)
n by 1 aon? =1\ | €21
A T(5) )| T(2B)
1 aznﬁ_l 1
*A(“‘H@)LW+D
% B b256—1 n25—1
+A<l H@)I@@
1 n 1 1
L-p+1) T(2-pI'(28-1)
by (| aan® 1| €2
A L'(B) 28 —1
N 1 1 1l asnP!
F2-p)L(B+1) A L'(B)
1 1
+r<z»rgq1>w 1
as bo&7™ nrT
A(L‘Nm>2&4’ (o
hE
a—1
e 0 ?@ (s)ds
ay 1
" A1<1_ F(a+l)>

_ /n(n — 5)22724(s)ds
'2a—1) Jo
aq blna 1

AlTlat+ DI2a—1) "
— 5)29724(s)ds

o\
N
—
72

al 77& 1

! a—1
T A T@rD F(a)/o (1 —5)*"a(s)ds
b ain®?! 1
1A (1_ ) ) F(2a—1)

—5)* La(s)ds

1 ain®t 1 1
’ A<1‘ T(a) ) i J, 0
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an

bon” 1 ¢
(/3 + DIE8-1) /0 (€ —)*b(s)ds

1 5 1

ﬁ+1& r(E) [a- g "
L ) m; o [, (€ 2(s)as
1 1
)
1

as
TIAlT

A I'(B)

1 aon’!
A (1‘ T(5) )
as bogB
by <1_ I (3) )

(1—5)°"1b(s)ds

r(25-1

Define a ball B in the Banach space X x Y as

B = { (o), v(®)(u(®)v(6)) € X x,
I(u(®) o)y < Byt T},
where
R> max{(?)Alsl)llPl, (3A129) 772,

(3A251)ﬁ, (3A252)ﬁ y S,U,, 3V}.

3 Main result

Theorem 10 Assume that the hypotheses (Hi) and
(H3) hold. Then there exists a solution for the cou-
pled system (1)-(4).
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Proof: Firstly, we prove that T': B — B, using the
Lemmas 6, 7, we obtain

(0] < s | [ 0= 97 o)

+(e1|R|P* + e2| R|P?) /Ot(t - S)a1d8:|

ai b€~

A (1 T T(a+ 1)>
1 n o

m [/0 (n— 3)2 za(s)ds

el R+ el ) [ - 9|

@
A

+

bin® 1 ¢ o
F(01+ )T(2a—1) [/0 (€ —5)** %a(s)ds

3
(EﬂR’pl +€2‘R’p2)/ (f )2a zds}

) [ s)ds
+(=1|RIP + eo| RIP )/ o 1ds}

B
1 oa—
(2o —1) [/0 (& — 8)2 2a(s)als
1R + ol RIP) /0 (e s s
1 a 770( 1
N (1_ o)

+(e1|R|* + e2| R|?)

a b§a1
A(l_ lr(a)>

F(2a1—1) [/On(n — 5)2972q(s)ds

P1 P2 K _ o)2a—2
+(e1|R|”" + e2|R| )0(77 s)™ s

+

a+1

+ — [/ (1—s)*"ta(s)ds

I(a)

1

Oc 1d8:|

+

< F(la)/ola — 5)*la(s)ds
+|3 (1 - r(l;:i))
F( 2a1— 5 /0 "0 $)202a(s)ds
7y r(lz;n:n F(2a1— ) /;(5 — ) als)ds
| 1&1@/01(15)a—1a(5)d5
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by ain®!
21y _
1A ( I'(a)

3
F(Qal— 1)/0 (€ — 5)>*2a(s)ds

1 (11770‘71 1 ! a—1
+ A<1_ s ) o [0 atsgas

ai g !
A (1 " T( )

F(zal_l) /O "0 — 5)22q(s)ds
IR+ el RIP) | +
2 (o) |
+|3 r(l;li 1)]52(;;)

+2 r2(2a+ )

b a nafl 52(171
13 (1_ ) ) T(20)

1 ain®! 1
* A(l_ o) ) T(a+ 1)

aq blfa—l 7]204—1
A (1 " T(a) ) F(2a)]

| DT o(t)| <© DT f(t,v(t),C DPo(t))
| b a1 "\ | oa »

I (1— e ) 227 f(&,0(8), DPo(g))
1 a na 1
A (1 T )
a beol
1z (1 T >

x© Dt
< I79f (¢, 0(t), DPo(t))

1 b ain®t
*U(l‘ Mo >>

+

I°f(1,v(1),Y DPu(1))

P, o().S Do()|

['(2—q)
X177 (€, 0(€),% DPo(€))

P ()|
2 W)
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+(e1|R|”* + e2| R|P?) /Ot(t - s)a_q_lds}
by (1 _ ama1> 1
A I(a) J{T(2—-q)
1 ¢ a—
T2a—1) [/0 (€ — 5)**2a(s)ds

HalR + el [(€ - o2 2]

1 (1 _ ama1> 1

A ING)! I'2-q)

1
F(loz) [/0 (1—s)*"ta(s)ds
+(e1|R|P* + 2| R|P?) /01(1 - s)o‘_lds}
ai (1 _ 51§a1> 1
A I'(«) I'2-q)
1 " .

T2a—1) [/0 (n — 5)%*2a(s)ds

n
e R+ ealB) [ 57 2ds]

1 ! a—q—1
< F(a—q)/o (1—23s) a(s)ds

1 1
r'2—q¢r'2a—-1)

a a—1 13
(156 )| e ot
1 1 |1 ain®!
Te-g A(l‘ I(a) )
/1(1 —5)% La(s)ds
0
1 1

r'2—-—q)r'2a—1)

] —
+(e1|R|”* + 2| R|P?)

_|_

+

+

+

1 1 1
[F(a i+ 1) Te—gT@a-1
bl ) alna—l 5204—1
A\ T(a) 20 —1
1 1 1 ain®!
T 9T+ A (1 © () )
1 1
+

r'2—-—q)r'2a—1)
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n2a71 :l
200 —1]°

a [, e
A(“‘ﬂ@)

Tyo(t = Tyo(t CDITyv(t
IT1v(t) |l x rgleaJXI w()que«%}]XI 10(t)]

<+ (e1]|R|PY + &2 R|P2) Ay
<f+4+4=R

Thus,

Similarly, it can be show that
[Tou()]ly < v+ (01|R|7 + 6| R|7?)Az < R.

Hence, we conclude that ||T"(u,v)||xxy < R. Since,
Tyu(t), Tou(t),  DITyv(t), € DPTyu(t) are contin-
uous on J, therefore, T': B — B.

Now we prove that 7' is a completely continuous
operator. For that, we denote

M = max|F(t,0(t)© DPo(0))

N = t,u(t),C Du(t)].
max [g(t, u(?),” Du(t)]
For (u,v) € B, t1, t2 € J, (t1 < t2),
‘Tl'l)(tQ) — Tl’U(tl)‘

to — 3 a—1
/0 (2 =)™ ¢5 0(5).C DPu(s))ds

= (o)

t1 — 3 a—1
—A U =3 s 0(5).C DPu(s))ds

1 an® b, 201 ¢ pr
+ A - F(Oé) 1 f({,'l}(f), U(f))
X|t2 — t1|

a1n® 1

e —
X |ty — t1]
N a (- b1£Y™ 12071 () w(n),C DPu(n))

A () GRS K
X |ty — t1]

t2 (ty — s)1
SMMI T
t1 (t2 — s)afl — (tl — S)ail

+A T(a) “}

_ bl alna_l §2a—1
+_A<1 rmo)rmw
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Clearly, the right hand side of the above inequality
tends to zero independently of v as to — t1,

| DT v(ty) = DITyv(ty)]

< I (Lo, v(t2),C DPu(ty))

—I79f(ty, v(tl),c DPu(t1))

+“1 <1_a1n‘kl> b1l f(€,0(€) CDpv(ﬁ))‘
LA I'(a) CT

1 a—1

+A<Lﬂ§@>pﬂ“ﬂ”®%mﬁ

a a—1
+|= (1 _ e ) o= f(n,o(n),© D”v(n))H

< tATQ(bZ__S)aqles,v(s)fjl?pv(s))ds

t1 — 3 a—q—1
_/0 Mf(s,v(s),chv(s))ds

_ i (1_(117]06—1) b I2w1f(€ v(f) CDpv(ﬁ))‘
A\ T(a) ) o

e (1 _ ama_l> I°f(1,0(1) CD”U(l))|
A T(a) B

|9 (108D 2,00, D)
A () ’ ’
ty 1 —t°
I'(2-q)
to t o Oé—q—l
/ —( k) ds
t1 F(a - Q)
t1 to — o—q1 _ _ a—q—1
N / (t2 —s) (t1 — ) s
0 ()
M { bl ) alna—l g?a—l
'2—-gq)l|A INa) | T'(2a)
1 1 ain® 1 1
A MNa) ) T(a+1)
b a—1 2a—1 _ _
D=0 ) Lo |67 -6,
A I'(a) | I'(2c)
Obviously, the right hand side of the above inequality
tends to zero independently of v as to — ¢;. Thus, it
follows by the Arzela-Ascoli theorem that 77 is com-

pletely continuous.
Similarly, it can be proved that

< |

|

+

+

_|_

|T2u(t2) — Tgu(tl)’
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< N[ /: (t"’r_(;))ﬂlds

N /Otl (ty — s)ﬁ—lr(—ﬁgtl — S)B_lds}
)

i (-2 o5

R o

| DPThyu(ty) —¢ DPThu(ty)|

<[ e

N /Otl (ty — s)B—P—lr(—ﬁgtl - S)B_p_ldsj|
el () o

+3 <1 - a;?gl) D

R e

So, it follows by the Arzela-Ascoli theorem, we con-
clude that 75 is completely continuous. Therefore,
the operator 7" is a completely continuous operator.
Hence, by Schauder fixed point theorem, there exists
a solution of (1)-(4). This completes the proof.

4 Conclusion

This paper is motivated from some recent papers treat-
ing the fractional boundary value problem with frac-
tional integral condition. We first give some notations,
recall some concepts and preparation results. Second,
some sufficient conditions for the existence of solu-
tions of coupled system of a fractional boundary value
problem with fractional integral condition are estab-
lished by applying fixed point theorem. Our results
complements previous work in the area of fractional
integral condition of fractional order. When the in-
tegral conditions are allowed to depend on the frac-
tional integral 1~ 1u, difficulties arise immediately.
In this paper, we use the properties of Caputo frac-
tional derivative and Riemann-Liouville fractional in-
tegral to overcome the difficulties. To the best knowl-
edge of the authors, no work has been done for the
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fractional system (1)- (4) by use of Schauder fixed
point theorem.

Acknowledgements: The research was supported
by Tianjin University of Technology and in the case
of the first author, it was also supported by the
National Natural Science Foundation of China (No.
(11071014)) and a project of Shandong province
Higher Educational Science and Technology program
(JI1LAO7). The authors thank the referee for his/her
careful reading of the paper and useful suggestions.

References:

[1] R.L. Bagley, A theoretical basis for the appli-
cation of fractional calculus to viscoelasticity,
Journal of Rheology, 27(3), 1983, pp. 201-210.

[2] N. Engheta, On fractional calculus and fractional
multipoles in electromagnetism, /[EEE Trans.,
44(4), 1996, pp. 554-566.

[3] R. Hilfer, Application of Fractional Calculus in
Physics, World Scientific, Singapore, 2000.

[4] F. Mainardi, Fractals and Fractional Calculus
in Continuum Mechanics, Springer, New York,
1997.

[5] R. Magin, Fractional calculus in bioengineering,
Crit. Rev. Biom. Eng., 32(1), 2004, pp. 1-104.

[6] K. Nishimoto, Fractional Calculus and its Appli-
cations, Nihon University, Koriyama, 1990.

[7] K. B. Oldham, Fractional Differential Equations
in Electrochemistry, Advances in Engineering
Software, 2009.

[8] L. Podlubny, Fractional Differential Equations,
Mathematics in Science and Engineering, Aca-
demic Press, New York, London, Toronto, 1999.

[9] J. Sabatier, O.P. Agrawal, J.A.T. Machado, Ad-

vances in Fractional Calculus, Springer-Verlag,

Berlin, 2007.

B. Ahmad and A. Alsaedi, “Existence of approx-

imate solutions of the forced Duffing equation

with discontinuous type integral boundary con-
ditions,” Nonl. Anal.: RWA, 10(1), 2009, pp.

358-367.

A. Boucherif, Second-order boundary value

problems with integral boundary conditions,

Nonl. Anal.: TMA, 70(1), 2009, pp. 364-371.

Y. K. Chang, J. J. Nieto, W.-S. Li, On im-

pulsive hyperbolic differential inclusions with

nonlocal initial conditions, J. Optimiz. Theory.

Appl., 140(3), 2009, pp. 431-442.

Y. K. Chang, J. J. Nieto, W. S. Li, Controllability

of semilinear differential systems with nonlocal

initial conditions in Banach spaces, J. Optimiz.

Theory. Appl., 142(2), 2009, pp. 267-273.

[10]

[11]

[12]

[13]

Volume 13, 2014



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

WSEAS TRANSACTIONS on MATHEMATICS

M. Feng, B. Du, and W. Ge, Impulsive bound-
ary value problems with integral boundary con-
ditions and one-dimensional p-Laplacian, Nonl.
Anal.: TMA,70(9),2009, pp. 3119-3126.

Z. Yang, Existence of nontrivial solutions for
a nonlinear Sturm-Liouville problem with in-
tegralboundary conditions, Nonl. Anal.: TMA,
68(1), 2008, pp. 216-225.

Bashir Ahmad, Juan J. Nietom, Existence Re-
sults for Nonlinear Boundary Value Problems
of Fractional Integro-differential Equations with
Integral Boundary Conditions , Boundary Value
Problems, 2009, pp. 1-11.

Bashir Ahmad, Sotiris K. Ntouyas, Ahmed Al-
saedi, New Existence Results for Nonlinear
Fractional Differential Equations with Three-
Point Integral Boundary Conditions, Advances
in Difference Equations, 2011, pp. 1-11.
Meiqgiang Feng, Xuemei Zhang, WeiGao Ge,
New Existence Results for Higher-Order Non-
linear Fractional Differential Equation with In-
tegral Boundary Conditions, Boundary Value
Problems, 2011, pp. 1-20.

A. Guezane-Lakouda, R. Khaldi, Solvability of
a fractional boundary value problem with frac-
tional integral condition, Nonl. Anal.: TMA, 75,
2012, pp. 2692-2700.

Bashir Ahmad, Juan J Nieto, Riemann-Liouville
fractional integro-differential equations with
fractional nonlocal integral boundary conditions,
Boundary Value Problems, 2011:36, 2011, pp. 1-
11.

A. Kilbas, Hari M. Srivastava, Juan J. Trujillo,
Theory and Applications of Fractional Differen-
tial Equations, in: North-Holland Mathematics
Studies, 204, Elsevier Science, B.V. Amsterdam,
2006.

Z. Zhang, J. Wang, Positive solutions to a sec-
ond order three-point boundary value problem,
J. Math. Anal. Appl., 285, 2003, pp. 237-249.

Z. Bai, On positive solutions of a nonlocal frac-
tional boundary value problem, Nonlinear Anal.:
TMA, 72, 2010, pp. 916-924.

J. R. L. Webb, G. Infante, Positive solutions of
nonlocal boundary value problems: a unified ap-
proach, J. Lond. Math. Soc., 74, 2006, pp. 673-
693.

G. Infante, J. R. L. Webb, Nonlinear nonlocal
boundary value problems and perturbed Ham-
merstein integral equations, Proc. Edinb. Math.
Soc., 49, 2006, pp. 637-656.

J. R. L. Webb, G. Infante, Nonlocal boundary
value problems of arbitrary order, J. Lond. Math.
Soc., 79, 2009, pp. 238-258.

E-ISSN: 2224-2880

766

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

Dehong Ji, Weigao Ge

D. Ji, W. Ge, Multiple positive solutions for
some p-Laplacian boundary value problems,
Appl. Math. Comput., 187, 2007, pp. 1315-1325.

D. Ji, Y. Tian, W. Ge, Positive solutions for one-
dimensional p-Laplacian boundary value prob-
lems with sign changing nonlinearity, Nonlinear
Anal., 71, 2009, pp. 5406-5416.

H. Biagioni, T. Gramcheyv, Fractional derivative
estimates in Gevrey spaces, global regularity and
decay for solutions to semilinear equations in
R™, J. Diff. Equa., 194, 2003, pp. 140-165.

Arturo de Pablo, Fernando Quirés, Ana Ro-
drtguez, Juan Luis Vazquez, A fractional porous
medium equation, Adv. Math., 226, 2011,
pp. 1378-1409.

H. Biagioni, T. Gramcheyv, Fractional derivative
estimates in Gevrey spaces, global regularity and
decay for solutions to semilinear equations in
R™, J. Diff. Equa., 194, 2003, pp. 140-165.

Arturo de Pablo, Fernando Quirés, Ana Ro-
drtguez, Juan Luis Vazquez, A fractional porous
medium equation, Adv. Math., 226, 2011,
pp. 1378-1409.

R. P. Agarwal, M. Benchohra, B. A. Slimani,
Existence results for differential equations with
fractional order and impulses, Mem. Differential
Equations Math. Phys., 44, 2008, pp. 1-21.

B. Ahmad, S. Sivasundaram, Existence results
for nonlinear impulsive hybrid boundary value
problems involving fractional differential equa-
tions, Nonlinear Anal. Hybrid Syst., 3, 2009,
pp. 251-258.

B. Ahmad, S. Sivasundaram, Existence of solu-
tions for impulsive integral boundary value prob-
lems of fractional order, Nonlinear Anal. Hybrid
Syst., 4, 2010, pp. 134-141.

G. M. Mophou, Existence and uniqueness of
mild solutions to impulsive fractional differ-
ential equations, Nonlinear Anal., 72, 2010,
pp- 1604-1615.

Y. K. Chang, J. J. Nieto, Existence of solutions
for impulsive neutral integrodifferential inclu-
sions with nonlocal initial conditions via frac-
tional operators, Numer. Funct. Anal. Optim., 30,
2009, pp. 227-244.

Y. T. Yang, EW. Meng, Positive solutions for
nonlocal boundary value problems of fractional
differential equation, WSEAS Transactions on
Math., 12,2013, pp. 1154-1163.

D. H. Ji, W. G. Ge, On four-point nonlocal
boundary value problems of nonlinear impulsive
equations of fractional order, WSEAS Transac-
tions on Math., 8, 2013, pp. 819-828.

Volume 13, 2014



WSEAS TRANSACTIONS on MATHEMATICS Dehong Ji, Weigao Ge

[40] D. H. Ji, W. G. Ge, Existence of positive so-
lutions to a four-point boundary value prob-
lems, WSEAS Transactions on Math., 9 (11),
2012,pp. 796-805.

E-ISSN: 2224-2880 767 Volume 13, 2014





