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Abstract: As a coarse-gained model, an anisotropic super-thin elastic rod subjected to interfacial interactions is
used to investigate the condensation of DNA segment. The interfacial pressure distributes on the surface of rod,
and is determined in terms of the Young-Laplace equation. The influences of the interfacial factor, initial curvature,
anisotropic bend ability and salt solution concentration on the formation of DNA segment are discussed, and DNA
loop under different solution environment is studied. The simulated results show that DNA segment will undergo
a series of alteration with the change of the solution environment, initial restriction, the shape of DNA rod cross-
section and ionic strength. The total size of DNA segments under the interfacial energy and elastic strain reduce
many times from the original shape, which is used to explain why several millimeter lengths of DNA can fit inside
a cell of diameter 1 µm. The DNA loop exerts diverse forces upon the protein clamp at the end under different
solution environment.

Key–Words: DNA configuration, Interfacial traction, Solution environment, Anisotropic modulus of DNA bending,
DNA loop

1 Introduction

DNA is the primary genetic material of most or-
ganisms, which is a double helix. The study of
DNA has attracted much attention in the last decades
[1, 2, 3, 4, 5, 6, 7]. The mechanical deformation of
DNA is important in many biological processes, such
as genome packaging, DNA replication, and tran-
scription. As misfolding of DNA has become the
major cause of many illnesses, such as paroxysmal
nocturnal hemoglobinuria (PNH) disease [1], and un-
derstanding the basic mechanisms of DNA folding
could lead to new ways for preventing such diseases.
The elastic rods provide idealized models to char-
acterize both macroscopically and macrocosmically,
such as flexible cables, antennas, shafts, pipes, pro-
teins, DNA double helix and so on. The available ap-

proach to research these flexible structures need to as-
sume that they are made of elasticity materials obey-
ing the appropriate laws of elasticity. Mechanics for a
super-thin rod with the biological background of DNA
supercoiling macromolecules is an interdisciplinary
frontier area of classical mechanics and molecular
biology. Elastic theories have been widely used in
studying the shape and deformation of its structures.
Several important investigations have been done on
the elastic properties of DNA chains, for example, refs
[4, 5, 6, 7]. These results can provide insights into the
mechanism of DNA.

With the advent of new modern techniques, such
as force-measuring lasertwiizers [8], real-time fluo-
rescence microscopy [25], and magnetic optical mi-
croscopy [10], researchers are presented with more
opportunities to probe into the microstructure of in-
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dividual great molecules than ever before. The ever
growing volume of experimental data and experimen-
tal phenomenon provides us with the probabilities to
improve the existing theoretical models. Kirchhoff’s
theory of elastic rod can be easily applied to many
systems with great success, leading to a simple and
elegant way for developing some insight into pos-
sible behaviors of rods. This approach is used to
research DNA configuration and successful explain
many phenomena, which are observed in experiment
[11, 12, 13, 14, 15].

Despite experimental information has offered the
valuable and well understood dates on some aspects
of the relation-ship between solution environment and
DNA segment, many puzzling date still remain, and
some data is lacking. The terrific advances of com-
puter power and software efficiency, long-time phe-
nomena such as DNA folding or phase transitions re-
main outside the limits of such approaches. Analyti-
cal models based on classical elasticity theory do not
suffer from space or time limitations.

Sequence dependence and anisotropy of bend-
ing persistence length has been widely noticed in the
base-pair steps approaches, in which relative rotation
and displacement of every two segments are defined
trough six parameters slide, shift, rise, tilt, roll and
twist [16]. These sequences dependent parameters for
individual base-pair steps had been determined from
their standard deviation in crystal complexes [17].
Anisotropic modulus of DNA bending are introduced
in our model, which is more reasonable for descrip-
tion of DNA cross-section than the isotropic.

It is well known that DNA is always in intracel-
lular solution. The conformational change between
B-DNA and Z-DNA was first discovered in 1972 by
Pohl and Jovin [10]. This transition could be involved
in the control of the structural state of the chromo-
somes which depends on several experimental param-
eters, such as temperature and salt concentration [18].
Gil Montoro and Abascal [19] computed the free ener-
gies of the transitions between B- and Z-DNA through
a thermodynamic route method which is called setup
and charge (SUCH) method. The change of solution
leads to the change of the DNA-solution interaction.
The interaction of the DNA chain with the intracel-
lular solution is a very important determinant of the
DNA configuration. Thus, it is necessary to involve
this interaction into DNA theoretical models.

The layout of this paper is as follows. Firstly, in
the next section, a model, including DNA-solution in-
teraction is introduced, and equilibrium configuration
equations of DNA are proposed. Section 3 numeri-
cally simulates DNA reconfiguration. Finally, some
conclusions are drawn.
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Fig. 1: (a) A fragment of DNA elastic rod with
the elliptical cross-section, the length of central line
ds,Cand C ′ are the cross sections on the two ends. (b)
The left cross section of the rod. When the cross sec-
tion moves along the central line from the left end to
the right end, P changes toP ′.

2 The Elastic Rod Model For DNA
As a coarse-grained description, a DNA can be ap-
proximately regarded as a thin flexible and inexten-
sible rod or string [12, 13, 14]. The classical theory
of elasticity describes the geometry of an elastic rod
in terms of its centerline R = (x(s), y(s), z(s)), a
three-dimensional curve parameterize by its arclength
s. And a frame of three unit vectors α, β, γ associ-
ated with each cross section of the rod, where α = Ṙ
be the tangent vector (Ṙ denotes the derivative of R
with respect to s which is the arclength of the central
line of the rod), β = α̇ be the main normal vector and
γ = α×β be the binormal vector, between those unit
vectors, these are the Frenet formulaes: dα/ds = κβ,
dβ/ds = −κα+τγ and dγ/ds = −τβ, where κ and
τ are the curvature and torsion of the central line R,
respectively [20]. In local orthonormal basis O-xyz,
the x− and y− axes are the two principal inertial axes
of the cross-section through the point O. The angle
between the principal normal β and the x-axis (or the
binormal γ and y-axis) is called the twisting angle,
denoted by χ. The cross section is elliptical due to the
anisotropic modulus of DNA bending, and the semi
axis lengths of ellipse are a and b.

As shown in Fig. 1, point P is fixed on the cross
section ring (on the left end of the rod) and the angle
between −−→OP and β is θ. When the cross section ring
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moves along the central line from the left end to the
right end, P changes to P ′. For convenience we will
study a simplified 2D model which is referred in ref
[11]. It follows that τ = 0 and χ = 0. In this pro-
cess, the angular displacement of point P in the local
coordinates (x, y, z) is dθ. The shape of the rod sur-
face can be obtained by this way: the central point of
a ring with the elliptical cross-section moves along a
line R and keeps the ring upright to the tangent of R.
It means the ring is in the normal plane of the central
line R. Let Y be the shape of the rod surface, there is

Y = R+ r = R+ a cos θβ + b sin θγ, (1)

where the parameter 0 ≤ θ < 2π, and b ≥ a > 0.
Making use of the Frenet formulae, we obtain the

first fundamental quantity of surface

E = Ys · Ys = (1− aκ cos θ)2,
F = Ys · Yθ = 0,
G = Yν · Yθ = a2 sin2 θ + b2 cos2 θ,

(2)

where Ys =
∂Y
∂s .

The second fundamental quantity of surface

L = Ys,s · n = − bκ cos θ(1−aκ cos θ)√
a2 sin2 θ+b2 cos2 θ

,

M = Ys,θ · n = 0,

N = Yθ,θ · n = ab√
a2 sin2 θ+b2 cos2 θ

,

(3)

where n is the main normal vector of the rod surface

n =
Ys × Yθ

|Ys × Yθ|
(4)

=

{
0,
−b cos θ√

H
,
−a sin θ√

H

}
,

where H = a2 sin2 θ + b2 cos2 θ.
Consequently we can easily get the mean curva-

ture at the point P

Λ =
LG− 2MF +NE

2(EG− F 2)

=
b

2
√
H

[ −κ cos θ
1− aκ cos θ

+
a

H

]
. (5)

In this paper, we characterize the interactions of
DNA with solution by interfacial traction between a
rod and the solution surrounding the rod, which is
consistent with ref [11]. Following the Young-Laplace
formula [21], the interfacial traction at point P reads

p = σ(κ1 + κ2) = 2σΛ

= σ
b√
H

[ −κ cos θ
1− aκ cos θ

+
a

H
,

]
(6)

where p denotes the normal traction on the interfa-
cial surface between the rod and the solution. κ1, κ2
are two principal curvatures of the surface at point
P , and σ is the interfacial energy factor, which is a
positive constant and represents a composite effect of
hydrophilic and hydrophobic patches along the DNA
surface, and relates to the solution environment.

In coordinates P−xyz, Eq. 6 can be decomposed
into

p1 = −σ b√
H

[
−κ cos θ

1−aκ cos θ +
a
H

]
cos θ,

p2 = −σ b√
H

[
−κ cos θ

1−aκ cos θ +
a
H

]
sin θ,

p3 = 0.

(7)

Integrate the above equations along the perimeter
of the cross-section of the rod, through the software
Mathematica 7.0, the traction on the central axis curve
R(s, t) can be obtained

f1 =

∫ 2π

0
−σb

[ −κ cos θ
1− aκ cos θ

+
a

H

]
cos θdθ

= − b
a

2πσ

aκ
(1− 1√

1− a2κ2
), (8)

f2 =

∫ 2π

0
−σb

[ −κ cos θ
1− aκ cos θ

+
a

H

]
sin θdθ

= 0

f3 = 0

It is worth noting that the calculation of the inter-
facial traction is not correct in ref [11], f1 = 2πσ

rκ (1−
1√

1−r2κ2
) when a = b = r. The miscalculation of the

integration of Eq. (10) in ref [11] is the cause of the
error. when the curvature κ = 0,

f1(0) = lim
κ→0
− b
a

2πσ

aκ
(1− 1√

1− a2κ2
) = 0. (9)

This is to say for a straight rod, the interfacial traction
is zero, which is canceled out around the rod. How-
ever, zero is the singularity of f1 = 2πσ

rκ . The curva-
ture cannot be zero, which is inconsistent with reality.
In the following, the equilibrium configuration equa-
tions of the simplified model which follows that τ = 0
and χ = 0 can be get

dF1

ds
+ (κ0 + κ)F3

− b
a
2πσ
aκ (1− 1√

1−a2κ2
) = 0,

dF3

ds
− (κ0 + κ)F1 = 0,

B
dκ

ds
+ F1 = 0,

dx

ds
= cos θ,

dy

ds
= sin θ,

dθ

ds
= κ+ κ0,

(10)
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Fig. 2: Original configuration of a DNA segment.

where Fi (i = 1, 3)are the stress resultant acting at
the center of cross section, κ0 denotes the curvature
of the original configuration of the rod. x, y are the
horizontal and vertical coordinates of the central axis
curve R in the plane, respectively. The bending stiff-
ness B = πEa3b/4, and E is Young’s modulus.

3 Numerical results
In this section, firstly, we use the values of ref [11] to
numerically solve the above equilibrium configuration
equations. The aim is to show the configuration under
the correct interfacial traction. In ref [11], the initial
condition is F1(0) = F3(0) = 0, κ(0) = 0, x(0) =
y(0) = 0 and θ(0) = 0.

3.1 The reconfiguration under correct trac-
tion

In this section, One can choose a = b = 1nm, the
original configuration of a DNA segment consists of
two inextensible circular one-quarter arcs, as shown
in Fig. 2. The initial curvatures of both arcs are all
0.006 nm−1, which is consistent with ref [11].

Consider the interfacial energy factor σ =
5.0 × 10−4nN/nm, and Young’s modulus E =
0.16nN/nm2. Using the classical Runge-Kutta algo-
rithm [22], we calculate the configuration correspond-
ing to the original configuration in Fig. 2. From the
result which is shown in Fig. 3, ones can see that the
DNA segment does not coil into a ”toroid” as shown
in Fig 3(b) spontaneously. Clearly, the reconfiguration
of DNA is different greatly with respect to Fig. 3(b).
This shows that the interfacial traction has a signifi-
cant influence on the conformation of DNA and the
correct traction is important for the DNA configura-
tion research. However, the shape of the DNA seg-
ment changes and the area occupied by the DNA seg-
ment decrease comparing with the original configu-

Fig. 3: (a)DNA configuration under revised trac-
tion. (b)DNA configuration under incorrect traction
in ref [11] with σ = 5.0 × 10−6 nN/nm,E =
1.6nN/nm2.

ration. The reconfiguration of DNA segments differ
with the one in ref [11] when σ = 5.0×10−6nN/nm,
E = 1.6nN/nm2 and σ = 5.0 × 10−8nN/nm,
E = 16nN/nm2, respectively.

Now, we take the value of the interfacial energy fac-
tor σ = 4.5 × 10−2 nN/nm, and Young’s modulus
E = 1.6 nN/nm2, a = 1 nm, b = 3/2 nm, the orig-
inal configuration is a semi-circular arcs with initial
curvature 0.001 nm−1. The result of DNA reconfigu-
ration under interfacial energy factor σ = 4.9× 10−2

nN/nm is shown in Fig. 4, the toroidal DNA are
observed which was found by many investigators in
experiments [23, 24, 25, 26] and its outer diameter
is about 36.85 nm. This initial value problem of the
equilibrium configuration equations is essentially one
boundary value problem with the beginning endpoint
fixed and another endpoint free. Next we study the
effect of interfacial energy on the DNA reconfigura-
tion. Fig.5 and 6 take the interfacial energy factor
σ = 4.6×10−2 nN/nm and σ = 4.2×10−2 nN/nm,
respectively. Fig. 4-6 reveal that DNA segments un-
dergo different reconfiguration with different σ. How-
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ever, the reconfigurations of DNA segments keep the
ring in Fig. 5 and 6, and the outer diameter are about
50.77 nm and 75.44 nm, respectively.

Fig. 4: DNA configuration with interfacial energy fac-
tor σ = 4.9× 10−2 nN/nm.

Fig. 5: DNA configuration with interfacial energy fac-
tor σ = 4.6× 10−2 nN/nm.

Fig. 6: DNA configuration with interfacial energy fac-
tor σ = 4.2× 10−2 nN/nm.

These show that interfacial energy is a signifi-
cant factor for DNA configuration which is on be-
half of different solution environments qualitatively.
As is known that the interfacial tension between so-
lution and DNA segment is difficult to measure [27],
but κ(0), Young’s modulus E, the semi axis lengths
of cross-section and the outer diameter of toroid are
measured easily. If κ(0) and E are known, we can
estimate the interfacial tension according to the outer
diameter of DNA toroid. This will provide a method
to estimate the interfacial tension.

It is worth noting that the rod, which of one
end of the rod is fixed and another free end, is con-
trolled by the interfacial traction. In the following,
we will discuss the effect of initial curvature on DNA
configuration. we take the interfacial energy factor
σ = 4.0 × 10−2 nN/nm and change the initial cur-
vature κ(0) in this section. When the initial curvature
κ= 0, DNA configuration is shown in Fig. 7, which
illustrates that the toroidal DNA is destroyed. How-
ever, when the initial curvature κ= 0.005 nm−1 and
κ= 0.05 nm−1, the reconfigurations of ”toroid” are
appeared in Fig. 8 and 9, and the outer diameter are
about 53.68 nm and 28.31 nm, respectively. From
Fig. 7-9, the configuration of DNA segment changes
a lot, which means that the initial curvature is also a
significant factor for DNA configuration and on behalf
of the initial restriction.

3.2 Effects of anisotropic bendability
Until recently, the experimental data on DNA bend-
ing have been interpreted in terms of a single effec-
tive bending modulus [29], and many theoretical stud-
ies used the approximation of isotropically bendable
DNA [12, 13]. However, the atomic structure of DNA
helix exhibits two sugar-phosphate backbone strands
separated by two grooves. Clearly, bending towards
the grooves should cost less energy than bending over
the backbone [28]. It is reasonable to assume that the
cross-section is elliptic. In the following, we will dis-
cuss the effect elliptical cross-section on the reconfig-
uration of DNA segment.

Take the interfacial energy factor σ = 4.0× 10−2

nN/nm and different semi axis lengths of ellipse.
When a=1 nm and b=1.5 nm, DNA segment has ap-
peared the shape of ’8’ as shown in Fig. 10. When
a=1 nm, b=3 nm and a=1 nm, b=9 nm, the DNA
segments appear the toroidal shape with the outer di-
ameter of 90.21 nm and 80.44 nm, which are shown
in Fig. 11 and 12, respectively. From Fig. 10-12, the
shape of DNA segments undergoes essential different
reconfiguration under the interfacial energy. Thus, it
is very important for studying the reconfiguration of
DNA segment to measure the cross-sectional shape.
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Fig. 7: DNA configuration with initial curvature
κ(0)=0 nm−1.

Fig. 8: DNA configuration with initial curvature
κ(0)=0.005 nm−1.

Fig. 9: DNA configuration with initial curvature
κ(0)=0.05 nm−1.

Fig. 10: DNA configuration with a=1 nm and b=1.5
nm.

Fig. 11: DNA configuration with a=1 nm and b=3
nm.

Fig. 12: DNA configuration with a=1 nm and b=9
nm.
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3.3 Effects of salt solution concentration
A series of experiments have shown that, as a poly-
electrolyte, geometrical configuration of DNA in a
multivalent salt solution is directly influenced by the
ionic concentration of the salt solution [30, 31]. At
low salt, the DNA chain manifests itself in a sparse in-
terwound configuration; while the high salt, the DNA
condenses into a toroidal structure [32]. In this sec-
tion, we will discuss the effect of ionic concentration
on the equilibrium configuration of DNA segment.

The relationship between the interfacial tension σ
can be characterized by the Gibbs adsorption equa-
tion, which reads [33]

dσ = −RTΓsd ln c, (11)

where c is the concentration, Γ denotes adsorbed
amount, T andR are absolute temperature and the gas
constant, respectively. Calculate the above equation,
we can obtain [32]

σ = σ0 − ΓmaxRT ln(1 +Kc), (12)

where σ0 is the interfacial tension of pure solvent,
Γmax and K denote the maximum concentration
when the solution arrives at saturation state and
the absorption constant. In this calculating, Γs =
ΓmaxKc/(1 +Kc) is recalled.

The influence of ionic concentration on the elas-
tic modulus of polymer filament is not ignored, as
shown in the experiment [34], C. G. Baumann mea-
sured the elastic modulus in the salt solution with dif-
ferent ionic strength, and find that the ionic concen-
tration is lowed, the elastic modulus decreases.

Fig. 13: DNA configuration with ionic strength 1.86
mM .

Taking Γmax = 5.35× 10−6 mol/m2, K = 100,
T = 22◦C and κ(0) = κ0 = 0.01 nm−1, we consider
the reconfiguration of DNA segments in the Nacl salt

solution with ionic strength 1.86 nM and 186 nM ,
which are shown in Fig. 13 and 14. The configuration
is greatly different with each other and it is easy to
find the great influence of ionic strength on the recon-
figuration, which shows a fairly well agreement with
experimental data [31].

Fig. 14: DNA configuration with ionic strength 186
mM .

3.4 DNA loop
As is known to all, the protein–DNA interaction is at-
tracting increasing interest [35]. And a protein bind-
ing to DNA often results in formation of a DNA loop
[28, 36, 35]. A segment of DNA protein molecule
or when the DNA gets wound around a large multi-
protein aggregate, such as the nucleosome [37]. In or-
der to analyze DNA loops under different solution en-
vironment, we can establish a simplified model, which
two end points of DNA segment are fixed, to observe
DNA reconfiguration under different interfacial envi-
ronment. There are a number of approaches avail-
able for solving this type of boundary value problem
[38]. The solution steps used, based on the shooting
method, are using in the following.

we take the total arc length is 5π nm, the ini-
tial curvature 0.001 nm−1, a = b=1 nm, the coordi-
nates of both end points of DNA elastic rod are (0,0)
and (0,1) which are also the operator sites of protein
clamp. when σ = 2.6 × 10−2 nN/nm and E=0.16
nN/nm2, we can calculate that only F1(0)=0.0058
nN , F3(0)= -0.0966 nN , κ(0)=0.4929 nm−1 does
the configuration form a DNA loop with the protein
which is shown in Fig. 13. Through calculating, we
can get F1(0)=0, F3(0)=-0.0294 nN , κ(0)=0.4518
nm−1 when the interfacial energy factor reduces to
1× 10−3 nN/nm and the bending stiffness increases
to 16nm−1, which simulates the solution environment
altering. Fig. 14 compared the two curvatures of
the two cases, which shows the effect of solution on

WSEAS TRANSACTIONS on MATHEMATICS Yongzhao Wang, Qichang Zhang, Wei Wang, Dongwei Huang

E-ISSN: 2224-2880 710 Volume 13, 2014



the DNA loops configuration. It is easy to find that
the DNA loop exerts diverse forces upon the protein
clamp at the each end under different solution envi-
ronment.

-3 -2 -1 0 1 2

0

1

2

3

4

x(nm)

y(nm)

Fig. 15: DNA loop configuration with σ = 2.6×10−2

and E = 0.16nm−1.
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Fig. 16: Comparing DNA loop configuration with
σ = 2.6 × 10−2 E = 0.16nm−1 and σ = 1 × 10−3

E = 1.6nm−1.

4 Conclusion
A model of DNA elastic rod, which characterizes
DNA reconfiguration in solution, is established to de-
termine the equilibrium configuration under the action
of interfacial interactions. Some conclusions are sum-
marized as follows:

1. The traction on the central axis curve of DNA
elastic rod presented by Zaixing Huang [11] are incor-
rect, and new numerical results, which for the values
given by Zaixing Huang do not give rise to the physi-
cal behavior observed for DNA by the author.

2. Toroidal DNA was observed by new param-
eters. And the effects of solution environment, ini-
tial curvature, anisotropic modulus of DNA bending
and ionic strength on DNA reconfiguration are stud-
ied. DNA segment will undergo a series of alteration
with the change of the solution environment, initial re-
striction, the shape of DNA rod cross-section and salt
solution concentration.

3. DNA segments undergo condensed configura-
tions under the traction induced by interfacial energy
and elastic strain.

4. DNA loop exerts different forces upon the pro-
tein clamp at the each end under different solution en-
vironment.

Finally, it should be noted that, this is only a
coarse-grained model characterizing interaction po-
tentials between DNA segments and solution, and the
deformations of elastic under applied end forces[15]
should be considered into future models.
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