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Abstract: In this paper, Laplace decomposition method is developed to solve linear and nonlinear fractional integro-
differential equations. The proposed method is based on the application of Laplace transform to nonlinear frac-
tional integro-differential equation. The nonlinear term can easily be handled with the help of Adomian polyno-
mials. The fractional derivative is described in the Caputo sense. The Laplace decomposition method is found to
be fast and accurate. Illustrative examples are included to demonstrate the validity and applicability of presented

technique and comparison is made with exacting results.
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1 Introduction

In this paper, we study the Laplace decomposition
method for a special kind of nonlinear fractional
integro-differential equation

Dy(t) = p(t)y(t) +g(t) + A/O k(t, T)F(y(7))dr
(1

and

1
D%y(t) = p(t)y(t) +g(t) + A/O k(t, T)F(y(T))dr

2
for ¢t € [0, 1], with the initial conditions

yD =6,,i=0,1,2,-- ,n—1,n—-1<a<n,neN,

where g € L2([0,1]), p € L?([0,1]), k € L?([0,1]?)
are known functions, y(¢) is the unknown function,
D* is the Caputo fractional differential operator of or-
der .

Such equations arise in the mathematical model-
ing of various physical phenomena, such as heat con-
duction in materials with memory. Moreover, these
equations are encountered in combined conduction,
convection and radiation problems [1, 2].

In recent years, the analytic results on exis-
tence and uniqueness of problems solutions to frac-
tional differential equations have been investigated by
many authors [3, 4]. Momani [5] has obtained local
and global existence and uniqueness solution of the
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integro-differential equation. Most of nonlinear frac-
tional integro-differential equations do not have ex-
act analytic solution, so approximation and numeri-
cal technique must be used. There are only a few
of techniques for the solution of fractional integro-
differential equations, since it is relatively a new sub-
ject in mathematics.

Recently, several numerical methods to solve
fractional differential equations and fractional
integro-differential equations have been given.
Nawaz [6] employed variational iteration method to
solve the problem. Seyed Alizadeh and Domairry
[7] presented the homotopy perturbation method for
solving integro-differential equations. Also, Momani
[8] and Qaralleh [9] applied Adomian polynomials
to solve fractional integro-differential equations and
systems of fractional integro-differential equations.
Zhang and Tang [10] presented homotopy analysis
method for higher-order fractional integro-differential
equations. Yang [11] applied the hybrid of block-
pulse function and Chebyshev polynomials to solve
nonlinear Fredholm fractional integro-differential
equations. In addition, the applications of collocation
method [12, 13, 14], wavelet method [15, 16, 17] and
spectral method [18, 19] for solution of fractional
integro-differential equations.

The Laplace decomposition method is a numeri-
cal algorithm to solve nonlinear ordinary, partial dif-
ferential equations. Khuri [20] used this method for
the approximate solution of a class of nonlinear ordi-
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nary differential equations. The numerical technique
basically illustrates how the Laplace transform can be
used to approximate the solution of the nonlinear dif-
ferential by manipulating the decomposition method
which was first introduced by Adomian. In 2006,
Agadjanov [21] developed this method for solution of
Diffing equation. The Laplace decomposition method
was proved to be compatible with the versatile na-
ture of the physical problems and was applied to a
wide class of functional equations [22, 23, 24, 25]. To
the best of authors knowledge no attempt have been
made to exploit this method to solve nonlinear frac-
tional integro-differential equation. Our aim in this
paper is to apply this technique to fractional integro-
differential equation.

Here we will investigate the construction of the
Padé approximate for the functions studied. The main
advantage of Padé approximation over Taylor series
approximation is that the Taylor series approxima-
tion can exhibit oscillations which may produce an
approximation error bound. Moreover, Taylor series
approximations can never blow up in a finite region.
To overcome these demerits we use the Padé approxi-
mate.

The Padé approximate is the ratio of two polyno-
mials constructed from the coefficients of the Taylor
series expansion of a function. The [L /M| Padé ap-
proximate to a formal power series y(t) = > o0 a;t’
is given by:

L
M
The two polynomials in the numerator and denomina-

tor of (4) have no common factor. This means that the
formal power series

_ Pr(t) :po+p1t+~'-+PLtL
Qum(t) 14+aqt+---+quth

3)

Pr(t)
Qum(t)

y(t) — —|—O(tL+M+1).

In this case Padé approximate [L/M] is unique deter-
mined.

In this paper, we applied Laplace transform and
Adomian polynomials to solve nonlinear integro-
differential equation of fractional order.

The paper organized as follows: In section 2, we
introduce some necessary definitions and properties of
the fractional calculus theory and Laplace transform.
In section 3, we construct our method to approximate
the solution of the fractional integro-differential equa-
tion (1) and (2). Numerical examples are given in Sec-
tion 4.
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2 Basic definitions

In this section, we give some definitions and proper-
ties of the fractional calculus and Laplace transform.

Definition 1 A real function f(t),t > 0, is said to
be in the space C\,pn € R, if there exists a real
number p > p, such that f(t) tPhy(t), where
f1(t) € C(0,00), and it is said to be in space C
if and only if f() e Cu,n e N.

Definition 2 The Riemann-Liouville fractional inte-
gral operator of order a« > 0, of a function f €
Cu, > —1, is defined as

JoF(8) :F(la)/o (t— $)*Lf(s)ds, > 0
JOf(t) =£ ().

Some properties of the operator J<, are as follows:
For f € Cy,p > —1,a,4 > 0and y > —1

JOTPf(t) = TP f(2),
JIPf(t) = JPIf(8),
I'(y+1)

—— Lot
Ila+~y+1)

Tt =

Definition 3 The fractional derivative D* of f(t) in
the Caputo’s sense is defined as

D) = /Ot(t—f)”‘“‘lf(")(f)d(f),

I'n—a
“)

forn—1<a<nmneN,t>0,f(t)eC".

Definition 4 The Laplace transform of a function
f(t),t > 0is defined as

+o0o
Z1f(t)] = F(s) = /0 et f(t)dt,

where s can be either real or complex.

The Laplace transform has several properties, as ex-
plained below:

Lemma 5 Laplace Transform of an Integral: If
F(s) = Z[f(t)] then
' _ F(s)
3[/0 f(T)dT:| =— ®)
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Definition 6 Given two functions f and g, we define,

foranyt > 0,
/ S

The function f * g is called the convolution of f and
g.

(f*g)(t g(t—x)d (6)

Theorem 7 The convolution theorem
Lf*xgl=ZL[f®)] ZL[g(t)]. (7)

Theorem 8 The Laplace transform Z[f(t)] of the
Caputo derivative is defined as [4]

n—1

s“F(s) — Z s* k=L FR)(0), (8)

k=0

ZIDf(t)]
for n—1 < a<n.

3 Analysis of the method

3.1 The method for solution of Volterra inte-
gral equation

Firstly, we consider the fractional integro-differential
equation of Volterra type. According to Laplace de-
composition method we apply Laplace transform first
on both sides of (1)

LD )] =Zpt)y@®)] + L[g(t)]
¢ &)
+Z {)\/0 k‘(t,T)F(y(T))dT] )

Using the differentiation property of Laplace trans-
form (8) we get

s*ZLy(t)] — c = Zp(t)y)] + Lg(t)]

+ & [)\ /Ot k(t, T)F(y(T))dT] | (10)

where ¢ = 377! s@#1y(*)(0). Thus, the given
equation is equivalent to

zsia + siag[p(t)y(t)] + Siai”[g(t)]

+ Siag [)\ /Otk(t,T)F(y(T))dT} .
(11)

The second step in Laplace decomposition method is
that we represent solution as an infinite series given

below
o0
=D Un
n=0

ZLy(t)]

(12)
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The nonlinear operator is decomposed as

n=0

where A, is the Adomian polynomials [26] of

Ny = (13)

Yo, Y1,Y2,"** ,Yn, - thatare given by
1 ar S
n=o [F(Z)\l%)] n=012,---.
=0 A=0

For the nonlinear function Ny = F(y) the first Ado-
mian polynomials are given by

Ag = F(yo),
Ay =y FD (yp),

1
Ay = yoF (yo) + gy%F(Z)(yo),

1
As = y3F D (yo) + y1y2F P (yo) + gyi"F(g) (40),

n

Zc(v,n)F(”)(yO).

v=1

An

The first index of c¢(v,n) is the order of derivatives
from 1 to n, and the second is the order of the Ado-
mian polynomial. The ¢(v,n) are products (or sums
of products) of v components of f whose subscripts
sum to n, divided by the factorial of the number of
repeated subscripts.

Substituting (12) and (13) into (11), we will get

(Zb)4=;+;ﬂWN
n=0
—Z [p(t)Zyn]
n=0
A ! .
+ o [/0 k(t,T);)An(y)dT] |

Matching both sides of (14) yields the following iter-
ative algorithm:

(14)

Z[yo = + P [g(t)], (15)
Zli) = 2 (0}
1 t
+S—a$ {)\/0 k(t,T)Ao(y)dT] ,  (16)
Lys] :Siaf [p(t)y1]

+ S—,,iﬂ [/\ /Otk(t,T)Al(y)dT] .47
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In general, the recursive relation is given by

Plgnni] =2 o0

+;zbﬂ%wﬂ%@w}

Applying inverse Laplace transform to (15-18), so our
required recursive relation is given below

yo(t) = H(?),

(18)

19)

and

i) =27 | L2 o] +

X t (20)
z1 {a.,? {)\/ k(t, T)An(y)dT” ,
§ 0
where H(t) is a function that arises from the source
term and the prescribed initial conditions. The initial
solution is important, the choice of (19) as the initial
solution always leads to noise oscillation during the
iteration procedure. The modified Laplace decompo-
sition method [27] suggests that the function H () de-
fined above in (19) be decomposed into two parts:

H(t) = Hi(t) + Ha(t).

Instead of iteration procedure (19) and (20), we sug-
gest the following modification

yo(t) = Hi(2), @D
n(0) = Halt) + 27 | 12 bt | +
ﬁfﬂifb%%@ﬂ%@m”, (22)
i) =27 | L2 o] +

! Llaz [)\ /0 tk:(t,T)An(y)dT” @3

The solution through the modified Laplace decompo-
sition method high depend on the choice of H;(¢) and
Hy(t). We will show how to suitably choose H;(t)
and H»(t) by examples.

3.2 The method for solution of Fredholm in-
tegral equation

Secondly, we consider the nonlinear Fredholm
integro-differential equation of fractional order. We
apply the Laplace transform to both sides of (2)

Z[D% ()] = Zp(t)y(t)] + ZL[g(t)]

1 24
+$Pﬁk@ﬂﬂmmm. &9
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Using the differentiation property of Laplace trans-
form we can get

s*Zy)] == Zp(t)y()] + L9 (t)]

+ 7 [)\ /01 k(taT)F(y(r))dT] | 25)

where ¢ = Y7 5@ k1K) (0), and
LIy =5 + L) + Lo

+;$Pﬁﬁwﬂnmmw}
(26)

In the same way, we represent solution as an infinite
series given below

[e.e]
y(t) = . 7)
n=0
The nonlinear operator is decomposed as
o
Ny = Fl(y(t)] =) _ An(y) (28)
n=0

Substituting (27)and (28) into (26), we can obtain
213 | =S 4 Lo
= s s
+ i.i” (t) i
sa b P Yn
1 1 =
+ o )\/ k(t,7) Y An(y)dr| .
0 n=0

(29)

Matching both sides of (29) yields the following iter-
ative algorithm:

Pl =5 + LI,
L) = 2 (0w

1
[)\/0 k(t,T)Ao(y)dT:| , (3D

Ly2) =—Z [p(t)y1]

Sa

(30)

+ o [)\/01 k(t,T)Al(y>dT:| . (32)
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In general, the recursive relation is given by

=2 [p(t)yn]

t
+ Sia,i” [)\/ E(t, T)An(y)dr] . (33)
0

g[yn-i-l]

Applying inverse Laplace transform to (30-33),
so our required recursive relation is given below

yo(t) = H(t), (34)

Yni1(t) = L1 [1-5/” [p(t)yn@ +

SOL

S

7 [iz [A/Ol k(t,T)An(y)dT” . (35

The function H (¢) defined in (34) can be decomposed
into two parts

H(t) = Hi(t) + Ha(t).
So, the modified recursion relation is obtained
Yo(t) = Hu(t),

n(0) = Halt) + 27| 52 bl +
71 [Sla.z [/\ /0 ki T)Ao(y)dTH ,

Yia (1) = 2 [13 [p(t)yn]] "

2! [1&3 [)\ /01 k(t,r)An(y)dT” .

S

4 Numerical examples

In order to show the effectiveness of the Laplace de-
composition method for solving integro-differential
equations of fractional order, we present some exam-
ples. All the results are calculated by using the sym-
bolic calculus software Mathematica.

Example 1 Consider the following linear fractional
Volterra integro-differential equation [12]:

69/4 —t2e!
D3y (1) = (755w
F(13t/4) 5 (36)
+ / etTy(T)dT
0
with the initial condition
y(0) =0 (37)
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and the the exact solution is y(t) = 3. First, we apply
the Laplace transform to both sides of (36)

ri) + [ (55°) o)

+ & [/Ot etTy(T)dT}

Using the property of Laplace transform and the initial
conditions (37), we get

s + [ (557 )

+.Z [ /0 t e%y(f)dT]

0l _331/4{‘3 f%] ny K_L:ev y(t)]

+ [/Ot etTy(T)dT:| }

Substituting (12) and (13) into above equation, we

have
> 1 69/4
Z Lz:%y”] - 33/4{‘3 F(13/4)]

( e t) iy] (38)

% /O etTnZ:Oyn(T)dT] }

Match both side of (38), we have the following rela-

Z[D¥y(1)] =2

Si L) =2

_l’_

tion:
Llyo] = 531 (i/;)]
a2 ()l

1
+s3/4$[ e ryo(r dT:|,

Llyn+1] = 83%3 [<5> yn]
+ ﬁz [/Ot etTyn(T)dT:| :
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Applying inverse Laplace transform to above equa-
tions we get

531/43 K_t; €t> tgﬂ

Ynt1 = 0.

Therefore, the solution is obtained to be

00
= Zyn =t
n=0

The results are better than the results of [12].

Example 2 Consider the following nonlinear Volterra
integro-differential equation with a difference kernel
[15]

D) = gt~ b [Py
T or@ss) s Y, VT WA
(39)
for 0 < ¢t < 1 and with the initial condition
y(0) = 4'(0) =0 (40)

Applying the Laplace transform to both sides of (39)
and using the initial conditions we obtain

6 o g2
53 Ly(t)] =< [2F(4/5)ts - 252]

+Z [/Ot(t - T)Z[y(T)]ng] .

Applying convolution theorem (8), we arrive at

5 4 9
SL(0) =2 [2F(4/5)t5 - 252]
+ 2Lt L [y(t)?].
Hence
Lyt)] = 83—1440 5é/5 2?/5 L [y@®)?]. @)

Substituting (12) and (13) into (41) leads to

[Zy”] = 5 M0 56/5 21/5 ZA
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So we have following relation:

2
£ o] = . 42)
2 y1] = 1440—— 56/5 321/5' ZAO . (43)
L Yns1] = 21/5 ZA >1.  (44)

Taking the inverse Laplace transform of both sides of
(42,43), and using the recursive relation (44) gives

yo = 7,
Y1 = 05
Yn+1 = 0.

Therefore, the solution is obtained to be

oo
= Z Yn = t2>
n=0

which is the exact solution.

Example 3 Consider the following Volterra integro-
differential equation of fractional order

D(t) =1+ /O y'(T)y(7)dr, (45)

for 0 <t <1, 0 < a < 1 and with the initial con-
dition y(0) = 0. Applying the Laplace transform to
both sides of (45) gives

200 - 21+ 2 | | t e

so that

or equivalently

Lly(t)] = Sa—lﬂ L1y { /0 t y'(T)y(T)dT] .

SO[
Substituting the series assumption for y(t) and the

Adomian polynomials for 'y as given above in (12)
and (13) respectively, we obtain

0 t 00
o] et
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So we can get the following relation:

1

g[y()] = @7

(46)
1 t
Dg[yn—i-l] = 7&3 [/ And7:| ,n=>0. (47)
S 0
Taking the inverse Laplace transform of both sides of
(46) and (47) gives

tCY
I'l+«)

t
o [Ler [ [ rie] | onz
§ 0

The general form of the approximation y(t) is given
by

Yo =

Yn =

y(t) = CptFe, (48)
k=0
where the coefficients are given by
1

Co TI(l1+a)

B I'(2a)
Ch —COC’oaip(l T+ 3a)

B I'(4a)
02 —(0001301 + CoCloz) F(l T 5@) y

B I'(6a)
03 —(00025a + ClC]_?)Oé + CQCUO[)m,

Cn =(CoCr(2n — a+ C1Cpr—1(2n — 2)ac+ - - -
I'(2no)
rl+@2n+1)a)

+ C()Cna)

To consider the behavior of solution of solution for
different value of o, we will take advantage of the for-
mula (48) available for 0 < a < 1, and consider the
following two special cases: First order case: Setting
a = 1in (48), we obtain the approximate solution in
a series form as

17 - 29

t 9
9520" T922680°

1, 1
y(t) = t+ 3+ —t7+

6 30 2494800t

The [5/5] Padé approximate gives

() ~ S5 —139/3780t° + 19/18t3 + ¢
YRI5 T 7 1+8/92 — 5525210
A comparison between the exact and the approximate

solutions at 10 points is demonstrated for n = 5 in Ta-
blel. From Tablel, it can be found that the obtained
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approximate solutions are very close to the exact so-
lution.

Fractional order case: In this case we will exam-
ine the equation (46). Setting o« = 1/2 andn =5

y(t) ~1.1284t"/2 + 0.9578t%/2 + 0.6504¢%/2
+0.6151t7/2 + 0.6039t%/2 + 0.8494¢11/2

For simplicity, let t'/2 = z then,

y(x) =1.1284z + 0.95782% + 0.65042° 4 0.6151z7
+0.60392° + 0.8494'1.

Calculating the [5/5] Padé approximate and recalling
that z = t1/2 | we get

(1) ~ —0.2798%/2 — 0.2529¢3/2 4 1.1283¢1/
= 1 — 1.0729¢ + 0.0863¢2

Similarly, we can get the results for « = 1/3,1/4.
The obtained numerical results for o« = 1/2,1/3,1/4
and o = 1 are summarized in Figurel. The compar-
isons how that as o« — 1, the approximate solutions
tend to y(t) = /2tan(\/2t/2), which is the exact so-
lution of the equation in the case of o = 1.

Table 1: The exact and approximate solutions of Ex-
ample 3(a = 1)

t Exact solution Numerical solution Absolute error

431

0 0 0 0

0.1 1.001670e-001  1.001670e-001 8.7624e-014
0.2 2.013440e-001  2.013440e-001 4.4005e-011
0.3 3.045825e-001  3.045825e-001 1.6426e-009
0.4 4.110194e-001  4.110194e-001 2.1086e-008
0.5 5.219305e-001  5.219303e-001 1.5085e-007
0.6 6.387957e-001  6.387949e-001 7.4741e-007
0.7 7.633858e-001  7.633829e-001 2.8841e-006
0.8 8.978815e-001  8.978722e-001 9.3090e-006
0.9 1.045043e+000 1.045016e+000  2.6341e-005

Example 4 Consider the nonlinear Fredholm frac-

tional integro-differential equation [16, 28]

where g(t) =

5 1
Dy(t) = glt) + /0 (& + 02 y(@)Pdz,  @9)

6
r1/3)

Vt—12)7 —t/4 —1/9, with the

initial condition y'(0) = y(0) = 0. First, we apply
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40

a=1 |

- - —a=1/2
- - a=1/3
+ a=1/4

35

301

25F

y@®

20+

15f

10t R

|
0.8 1

Figure 1: Comparison of approximate solution for
a=1/4,1/3,1/2,1.

Laplace transform and its properties to both sides of
(49), we have

2IDSy(t)] = 2 [gt)) -2 [ R t)z[ym]?’d:r] |

The initial conditions give

1
S2W(0) = 2 ) +2 [ [ t>2[y<x>]3d4 |

Assuming an infinite series solution of the form (27),
we have

)

1 oo
(z +1t)? Z Apdx

n=0

(50)

where the nonlinear operator F(y) = y3 is decom-
posed as in terms of the Adomian polynomials. The
first few Adomian polynomials are

Ay =3,

Ay = 3ydu,

As = 3y5y2 + 3yoys,

As = 2y5ys + 6yoy1y2 + U3,

Matching both sides of (50), the components of y(t)

E-ISSN: 2224-2880
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can be defined as follows:

2
Zyo 3 (51
1 1 1
Lpl=-—m——7— =
7s73 4s73 953
1 oo}
+ 153 [/ (x+)°> Agdz|, (52)
53 0 n=0
1 1 >
Ly =& / (@+)*> Ay adz|. (53)
§3 0 n=0

Taking the inverse Laplace transform of (51) gives
Yo = tQ.

Applying that Ay = y3, we obtain

[/Ol(m—l—t)?-a:ﬁdx].

Taking the inverse Laplace transform of both sides of
the above equation gives

1
+ 5L

S3

Yy = 0.
So we can get
Yn =10, n>1.

Therefore, the solution is obtained to be

(0.0
y(t) =y =17,
n=0

which is the exact solution.

Example 5 Consider the nonlinear Fredholm frac-
tional integro-differential equation[11, 16, 28]

1 1
D%(t)=1— Zt +/ wt[y(z))?dz, (54)
0
for 0 < o < 1 and with the initial condition y(0) = 0.

Applying the Laplace transform to both sides of (54)
gives

LIDy()] = & [1 - H +7 [ /O 1 xt[y(a;)]%a:} ,

so that

1
ZLy®)] = S(X%—W%Jrsiaz [/0 xt[y(:):)]Qd:c} :
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Assuming an infinite series solution of the form (27),
we have

> 1 1 1 =

where the nonlinear operator F(y) = y? is decom-
posed as in terms of the Adomian polynomials. The
first few Adomian polynomials are

Ay = 3,

A1 = 2yoy,

Az = 2yoya + u7,

As = 2yoys + 2y192,

Ag = 2yoys + 45 + 24143,

As = 2yoys + 2y19a + 25,

Ag = 2yoys + 25195 + 2294 + U3,

So we can get the following relation:

1
g[y(]] :Sa+17 (55)
1
Ll =- 4sat2
1 [
+ o / vty Aydx|, (56)
0 n=0
1 &
Llyn] =% /OthAnd:U n>2. (57)
n=0

The inverse Laplace transform applied to (55-57) re-
sults

ta
W =T a)
tl-l—oz
N=—"35_
AT (2 + )

1
+ 77t [la.f [/ xtAod:U” ,
s 0
1
Un =1 |:81a$ [/ l‘tAnldl‘:H ,n > 2.
0

When o = 1 in (54) we can get

Yo =t,

t2 4 [1 L
y1=—4p(3)+$ [392”[/0 t-xdx”:().

Similarly, we can obtain

Yn =10, n>1.
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So the solution is y(t) = > 2,y = t which is the
exact solution.
When o = 1/2, we can obtain

yo =1.1284t1/2,
y1 =0.1312¢%/2,
Yo =0.0557t%/2,
ys3 =0.0262t%/2,

Similarly, we can get the results for « = 1/3,1/4.
The obtained numerical results for o« = 1/2,1/3,1/4
and o = 1 are summarized in Figure 2. From Figure
2, we can see the numerical solution is in very good
agreement with the wavelet methods in [11, 20].

18 T
a=1

a=1/4
- - a=12
- - -a=3/4

16

14

12r

y(®
\

08t e o
0.6 T
0.4+ -7

’
02F/ -
-

Figure 2: The approximate solution of Example4 for
a=1/4,1/3,1/2,1.

5 Conclusion

In this paper, Laplace decomposition method has been
successfully applied to finding the approximate solu-
tion of nonlinear fractional integro-differential equa-
tion. The method is very powerful and efficient in
finding analytical as well as numerical solutions for
wide classes of linear and nonlinear fractional integro-
differential equations. It provides more realistic series
solutions that converge very rapidly in real physical
problems. Finally, the behavior of the solution can be
formally determined by using the Padé approximate.

The proposed method can be applied for other
nonlinear fractional differential equations, systems of
differential and integral equation.
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