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Abstract: This paper is concerned with a predator-prey system with Beddington-DeAngelis functional response on
time scales. Based on the theory of calculus on time scales, by using the properties of almost periodic functions
and constructing a suitable Lyapunov functional, sufficient conditions which guarantee the existence of a unique
globally attractive positive almost periodic solution of the system are obtained. Finally, an example and numerical
simulations are presented to illustrate the feasibility and effectiveness of the results.
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1 Introduction

In the natural world, there are many species whose de-
veloping processes are both continuous and discrete.
Hence, using the only differential equation or differ-
ence equation can not accurately describe the law of
their developments. Therefore, there is a need to es-
tablish correspondent dynamic models on new time
scales.

In the past few years, different types of ecosys-
tems with periodic coefficients on time scales have
been studied extensively, see, for example, [1]-[6] and
the references therein. However, upon considering
long-term dynamical behaviors, the periodic parame-
ters often turn out to experience certain perturbations,
that is, parameters become periodic up to a small er-
ror, then one has to consider the ecosystems to be al-
most periodic since there is no a priori reason to ex-
pect the existence of periodic solutions. Therefore, if
we consider the effects of the environmental factors
(e.g. seasonal effects of weather, food supplies, mat-
ing habits, and harvesting), the assumption of almost
periodicity is more realistic, more important and more
general. Due to these reasons, almost periodicity of
continuous or discrete ecosystems received more re-
cently researchers’ special attention, see [7-10] and
the references therein.

However, to the best of the authors’ knowledge,
there was few papers published on the existence of
almost periodic solution of ecosystems on time scales.

Motivated by the above, in the present paper, we
shall study an almost periodic predator-prey system
with Beddington-DeAngelis functional response on
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time scales as follows:

where ¢ € T, T is an almost periodic time scale. z(t)
denotes the density of prey specie and y(t) denote
the density of predator species. All the coefficients
a(t),b(t),c(t),ri(t),pi(t), d;(t), k;i(t)(i = 1,2) are
continuous, almost periodic functions.

For convenience, we introduce the notation

f* = sup f(), f' = inf f(0),

teT

where f is a positive and bounded function. Through-
out this paper, we assume that the coefficients of the
almost periodic system (1) satisfy

min{al,bl,cl,ﬁal)é?dl' kl'} >0,

i=1,2 v

wopuo U U U Ju LU
Z_IE{%};{CL,b,C,Ti,pi,di,kﬁZ’}<+OO-

The initial condition of system (1) in the form

x(to) = xo, y(to) = yo, to € T,
xg > 0, yg > 0. 2)
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The aim of this paper is, by using the properties
of almost periodic functions and constructing a suit-
able Lyapunov functional, to obtain sufficient condi-
tions for the existence of a unique globally attractive
positive almost periodic solution of the system (1).

For relevant definitions and the properties of al-
most periodic functions, see [11, 12]. In this paper,
for each interval I of T, we denote by It =I1NT.

2 Preliminaries

In this section, we shall first recall some basic defini-
tions, lemmas which are used in what follows.

Let T be a nonempty closed subset (time scale) of
R. The forward and backward jump operators o, p :
T — T and the graininess p : T — R™ are defined,
respectively, by o(t) = inf{s € T : s > t},p(t) =
sup{s € T:s <t} u(t) =0o(t) —t.

A point t € T is called left-dense if ¢ > infT
and p(t) = t, left-scattered if p(t) < ¢, right-dense if
t < sup T and o(t) = t, and right-scattered if o (¢) >
t. If T has a left-scattered maximum m, then T* =
T\{m}; otherwise T* = T. If T has a right-scattered
minimum m, then T, = T\{m}; otherwise T, = T.

A function f : T — R is right-dense continuous
provided it is continuous at right-dense point in T and
its left-side limits exist at left-dense points in T. If f
is continuous at each right-dense point and each left-
dense point, then f is said to be a continuous function
on T. The set of continuous functions f : T — R will
be denoted by C(T) = C(T,R).

Fory : T — Randt € T*, we define the delta
derivative of y(t), y* (), to be the number (if it exists)
with the property that for a given € > 0, there exists a
neighborhood U of ¢ such that

[y(o(t) —y(s)] =y (Do (t)

forall s € U.

If y is continuous, then y is right-dense continu-
ous, and y is delta differentiable at ¢, then y is contin-
uous at ¢.

Let y be right-dense continuous, if Y2 (¢)
then we define the delta integral by

/a L) As

Since T is almost periodic, then o(t) is almost
periodic. The basic theories of calculus on time scales,
one can see [13].

A function p : T — R is called regressive pro-
vided 14 (¢)p(t) # O forall t € T*. The set of all re-
gressive and rd-continuous functions p : T — R will

s]| < elo(t) — s

= y(t),

Y(t) - Y(a).
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be denoted by R = R(T,R). Define the set Rt =
RHT,R)={peR:1+pu)pt) >0,VteT}

If r is a regressive function, then the generalized
exponential function e, is defined by

(t,5) = exp { / 6 (r(r)AT

for all s,t € T, with the cylinder transformation

Log(1+4+hz)

_J =5, ith#0,
éh(z) { 2, if h =0.
Let p,g : T — R be two regressive functions,
define
p
pBq = p+q+upgq, ©p = — » PSq = pB(S9).
L+ pp

Lemma 1. [13] If p,q
functions, then

(i) eo(t,s) =1, ept, t)
(ii) ep(o(t),s) = (1+ (
(iii) ep(t,s) = oy = ¢
(iv) ep(t,s)ep(s,r) = ep(t,r);
( ) ep ts _ ep@q(t, S),
(vi) (ep(t, 5))% = p()ep(t, 5).
Lemma 2. [14] Assume that a > 0,b > 0 and —a €
RT. Then

: T — R be two regressive

y2(t) > ()b —ay(t), y(t) > 0, t € [to,00)r

y(0) > ()2

—1)6(_a)(t,t0)], te [t(), OO)'E.
Lemma 3. [14] Assume that a > 0,b > 0. Then

y2(t) < (2)y(t) (b—ay(a(1))),

implies

y(t) > 07 te [t07oo)'[r

y(t) < (2)2[1+(

a ay(to)_l)e@b(t’to)]’ t € [to, o0)r-

Let T be a time scale with at least two positive
points, one of them being always one: 1 € T, there
exists at least one point ¢ € T such that 0 < ¢ # 1.
Define the natural logarithm function on the time scale
T by

t
1

:/ —Ar, t € TN (0,+00).
1 7T
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Lemma 4. [15 ]NAssume that v : T — R™ is strictly
increasing and T := x(T) is a time scale. If z°(t)
exists fort € T, then

A B 2 (1)
7LT($(t)) - x(t) :

At
Lemma 5. [13] Assume that f,g : T — R are differ-
entiable att € T, then fg : T — R is differentiable
at t with

(f9)2t) = f2)gt) + f(o(t)g™(t)
= f(t)g™(t) + f2()g(o(t).

3 Main Results

Assume that the coefficients of (1) satisfy
(Hy) k¥My — a'rh > 0;
(Hs) a(r
(Hs) kéml —a"(ry + pYMs) > 0.

L —pUMy) — k¥ My > 0;

Lemma 6. Let (z(t),y(t)) be any positive solution of
system (1) with initial condition (2). If (H1) hold, then
system (1) is permanent, that is, any positive solution
(z(t),y(t)) of system (1) satisfies
mi < liminfz(t) < limsupz(t) < My, (3)
t—+00 t—+o00
me < liminf y(t) < limsupy(t) < Ms, (4)
t—+o00 t—-+00
especially if my < xg < M1, mo < yo < Mo, then
my < z(t) < My, mg < y(t) < Ma, t € [to, +00)T,

where

M= ry B k5 My 7“[2
L= o M= = o
dy a‘d;, d;,
b —ptdn kM,
T aldv
1 1
o — kymi vl 4 py My
2 = u u .
atds ds

Proof. Assume that (z(t), y(t)) be any positive solu-
tion of system (1) with initial condition (2). From the
first equation of system (1), we have

z2(t) < x(t)(r — dya(o(1)))- )
By Lemma 2, we can get
ry
limsup z(t) < = M.
t——+oo 1
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Then, for arbitrary small positive constant e > 0, there
exists a 77 > 0 such that

z(t) < My + ¢, Vt € [Th, +o0]T.

From the second equation of system (1), when ¢t €
[Tla +OO)T7

Let e — 0, then

A(0) < ot0) | L~ b (o).

(6)

By Lemma 2, we can get

kyM;
limsupy(t) = 21 ll — T—? = M.
t—+00 atdy  dy

Then, for arbitrary small positive constant e > 0, there
exists a To > 17 such that

y(t) < Ms+e, Vt e [TQ, +OO]']1*.

On the other hand, from the first equation of sys-
tem (1), when ¢ € [T, +00)T,

P20) > a(0)|r} - st + o) - TEEED
—dqfx(a(t))} :
Let ¢ — 0, then
220) 2 o)1} - o - L~ atatow))]. )
By Lemma 2, we can get
e N

Then, for arbitrary small positive constante > 0, there
exists a T3 > T5 such that

x(t) > my —e, Vt € [T3,+00|r.

From the second equation of system (1), when t €
[T37 +OO)T7

ké(ml — E)

D (M + o)

WA (t) > y<t>[

~ajy(o(0)].
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Let e — 0, then

k:l2m1

y2 (1) = y(t) —ry —pyMy —diy(a(t))|. (8)

au
By Lemma 2, we can get

klml Ty —I—p M2
li f =2 — 2 = my.
fminfy(t) = gy ds e

Then, for arbitrary small positive constante > 0, there
exists a T, > T3 such that

y(t) > mg — e, Vt € [Ty, +o0].

In special case, if m; < zog < My, ma < yp <
M>, by Lemma 2, it follows from (5)-(8) that

mi < z(t) < My, mo < y(t) < Mo, t € [to, +00)T,
This completes the proof. O

Let S(T) be the set of all solutions (z(t),y(t))
of system (1) satisfying m; < z(t) < My, mg <
y(t) < Myforallt € T.

Lemma 7. S(T) # 0.

Proof. By Lemma 6, we see that for any ¢y € T
with m; < zg < My, ma < yg < Mo, system (1)
has a solution (z(t),y(t)) satisfying m; < z(t) <
My, mg < y(t) < Mot € [t0,+00>']1'. Since a(t),
b(t), c(t), ri(t), pi(t), di(t), ki(t), o(t),i = 1,2
are almost periodic, there exists a sequence {t,},
tn, — 400 as n — +oo such that a(t + ¢,) —
a(t),b(t+tn) — b(t), c(t+1tn) = c(t), ri(t+1tn) —
T(t),pi(t + tn) — pl( ) d (t +1 ) — di(t),ki(t +
tn) = ki(t),o(t +t,) — o(t),i =1,2asn — 400
uniformly on T.

We claim that {x(t+t,)} and {y(t+1¢,)} are uni-
formly bounded and equi-continuous on any bounded
interval in T.

In fact, for any bounded interval [o, 5]y C T,
when n is large enough, o + ¢, > tg, then t + ¢,, >
to,Vt € [a, Blr. So, my < x(t +t,) < My, mg <
y(t+t,) < My forany ¢ € [, S]r, thatis, {z(t+t,)}
and {y(t + t,,)} are uniformly bounded. On the other
hand, Vt1,ts € [, )T, from the mean value theorem
of differential calculus on time scales, we have

‘I‘(tl + tn) — x(tz + tn)‘

< My |1+ (o + di)ay 4 — 120
= 1 1 1 al + blm]_ _'_ CZmZ
x|ty — to, )
ly(ts +tn) — y(t2 + tn)]

k& My
< M. U (s dY M- 2
> 2|:T2 +(p2 + 2) 2+ al+blm1+clm2:|
X’tl —t2|. (10)
E-ISSN: 2224-2880 1127
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The inequalities (9) and (10) show that {z(t + ¢,)}
and {y(t + t,)} are equi-continuous on [c, S]r. By
the arbitrary of [«, 5], the conclusion is valid.

By Ascoli-Arzela theorem, there exists a subse-
quence of {t¢,}, we still denote it as {t,, }, such that

u(t), y(t + tn) = v(t),

as n — +oo uniformly in ¢ on any bounded interval
in T. For any 8 € T, we can assume that ¢,, + 6 > tg
for all n, and let ¢ > 0, integrate both equations of
system (1) from ¢, + 6 to ¢t + t,, + 0, we have

z(t+ tp) —

x(t+t,+0)—x(t, +0)

t4+t,+0
= / x(s)[ri(s) — pi(s)z(s)
tn+0
— di(s)z(o(s))] — Frls)o(s)u(s) As

a(s) + b(s)x(s) + c(s)y(s)
t+60
= /0 x(s+tn)[ri(s + tn)

—pi(s+tp)x(s+tn) —di(s+ tn)z(o(s + tp))]
k(s +tn)z(s +ta)y(s + tn)

D(s + ty) a
and
y(t +t, +6) — y(t, +6)
t+t,+60
= / y(s)[—ra(s) — p2(s)y(s)
tn+0
— do()yo(s)] + 2D

a(s) + b(s)x(s) + c(s)y(s)
t+60
= /9 y(s + ty)[—ra(s + tn)

- pQ(s +tn)y(s +tn) — da(s + tn)y(o(s + tn))]
Fals + ) + tn)yls + 1),
O(s+ ty) '

where (s +1t,) = a(s+t,) +b(s+tn)x(s+t,) +
c(s + tn)y(s + t,,). Using the Lebesgues dominated
convergence theorem, we have
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This means that (u(t),v(t)) is a solution of system
(1), and by the arbitrary of 0, (u(t),v(t)) is a solution
of system (1) on T. It is clear that

my < U(t) < My, mo < U(t) < M, Vt €T.
This completes the proof. O

Lemma 8. In addition to the conditions (H1) — (Hs),
assume further that the coefficients of system (1) sat-
isfy the following conditions:

kLblmy kR My kY
(H4) pl + (au+buM1+cuM2) (al)2 - al > 0;
kll kéclm1
(Hs) p 2 Py vy v (@ 4b% M7 +c* My)?
ki'c* Mo

> 0.

@
Then system (1) is globally attractive.
Proof. Let z1(t) = (x1(t),y1(t)) and 22(t) =
(z2(t), y2(t)) be any two positive solutions of system
(1). By (Hy4) and (Hs), there exists a sufficient small

positive constant g (0 < g9 < min{mj,ma}) such
that

kébl(ml — 80)

r, = pt +
L= PLF u T pu (M 1 20) + v (Ma + £0))2
KUbt (Ms + 20)
L 11
(al)z al > ) ( )
Kt

Ty =: ph +

av + b4 (M + €o) + (M3 + o)
N kbcl(my — eo)
(a¥ + b4 (M7 + €9) + (M2 + €0))?
k¢ (Ma + €o)
o (d)?
It follows from (3)-(4) that for the above ¢g, there
exists a’T" > 0 such that

> 0. (12)

my —eo < x;(t) < My + €,
mo — &g < yl(t) < Mj + €y,

fort € [T, 4o00)T, i =1, 2.

Since x;(t), yi(t),i = 1,2 are positive, bounded
and differentiable functions on T, then there exists
two positive, bounded and differentiable functions
ft),g(t),t € T, such that x;(¢)(1 + f(¢)), y: (t)(1 +
g(t)),i = 1,2 are strictly increasing on T, respec-
tively. By Lemma 3 and Lemma 4, we have

L L+ 7o) = 0 4

L+ o) = 0
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Here, we can choose two functions f(¢) and g(t) such

that ‘IJ:L f((t 2)| and ‘g (( ))‘ be two bounded functions on T,

that is,

f2 )] 92 ()|
1+ /(%) 1+g(t)

for all t € T, where (;, &,¢ = 1,2 are positive con-
stants.

0<( < <&, 0< @2 <

527

Set

V(t) =

e—s(t, T)|L(z1(t)(1+ f))—Lr(z2(t)(1+ f))]
+e_s(t, T)|Lr(y1(t)(1+ g)) — Lr(y2(t) (1+ 9)),

where § > 0 is a constant (if u(¢) = 0, then § = 0;
if u(t) > 0, then 6 > 0). It follows from the mean
value theorem of differential calculus on time scales
fort € [T, 4o00)T,

1

m\ﬂfl(t) —x2(t)]
< |Ly(z1())(1 + £(2))) — Lr(z2(t)(1 + f(2)))]
< |z1(t) — w2(t)], (13)

mi1 —&o

()~ 1a(0)
< |Lr(yi(®)(L +9(t))) — Lr(y2(t)(1 + 9(2)))]
< _Eo\yl(t) — ya(t)]. (14)

Lety = min{I‘l(ml — 80>,F2<m2 — 60)}. We
divide the proof into two cases.

Case I If pu(t) > 0, set ¢ >
max{ Ml+8°)§1, (M+c0) 52,7} and 1 — p(t)d < 0.

mi1—eQ mo—eQ

Calculating the upper right derivatives of V'(¢) along
the solution of system (1), it follows from (11)-(14),
(Hy) and (Hs) that for ¢t € [T, +00)rT,

DYV (t)
(0. Tsenn(0) - 2a(0) |
(L0 (nel0) o))

t

L+ )\ =(t)
—be_s(t, T)|Lr(z1(o(t) (1 + f(o(t))))
—Ly(z2(a(t))(1 + fo(t))))]

+e—s(t, T)sgn(y1(t) — y2(t))

A1) (1) o)
+1+g<t>( ) ) ]
—be_g(t, T)|Lp(y (0(£)) (1 + g(o(t
— Le(y(o(8) (1 + g(o(1))))]
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— e (t, T)sgn(a1(t) — za(t)) [ () (1)
—x3(t)) — di(t)(w1(0(t)) — 22(0(t)))

_kl (t) <a(t) + b(t)l‘l (t) + C(t)yl (t>

_ Y2 (1) >
a(t) + b(t)xa(t) + c(t)y2(t)
N fA) i(o(t)xg 1(

1+ f(t) 1 (t
—de_s(t, T)|Ly(z1(o(t

—Lr(x2(o(t))(1+ f(o
Feos(t, T)sgn(u(t) — yalt)) [ ()
1)) — O (o(1) - plo(®)))

z1(t)
o) (e e
zo(t)

~a(t) + b(t)z2(t) + c(t)ya(t)

N g2 () yilo@®)y2(t) — 1 (t)ye (U(t))]
1+g(t) y1(t)y2(t)
—de_s(t, T)|Lr(y1(a(t))(1 + g(a(t))))
—Lr(y2(a(t))(1 4+ g(a())))]
< e_s(t, T)sgn(a (1) x2<t>>{—p1<t><x1<t>
—x9(t)) — di(t)(x1(0o(t)) — z2(o(t)))
B y1(t)
Fa(?) <a(t) +b(t)z1(t) + c(t)y1(t)
3 y2(t)
a(t) + b(t)x1(t) + c(t)yi(t)
ya(t)

My +eo
e s(t, T)sgnlun(t) — (8)) [ ()
—y2(t)) — da(t)(y1(o(t)) — y2(o(1)))

x1(t)
+ka(t) <a(t> +b(t)a1 (t) + c(t)yi(t)
xa(1)

a(t) +b(t)z1(t) + c(t)y1 ()

E-ISSN: 2224-2880
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14 g( y1(t)ya2(t)

LD (o(1)) — ya(o (1))
* y1(t)y2(t) >]
st D)3 (o) ~ (o)

k b
< —eosft. 1) (o) - PO

_ kg (t) + kz(t)b(t)l‘g(t)

a0 T O () T eBm(®) ()

A0 nol)
0 m@atd) ) 1O 720

Ei(t)

—e-s(tT) <p2“) T b0 () + O

_ki()c(®)ya2(t) n ko (t)c(t)xa(t)

2(1) 10

A1) (o)

ey y11<t>y2<t>> o (E) = 32 (0)]
e 5(t,T) ( i i —+ai)

A

Lo )|:c1<a<t>> o ()
—e_s(t,T) <

A1)

-2 ())ry (0(t)) — (o (®))

< —Ti(my —eo)e—s(t, T)|Lr(x1(t)(1 + f(t)))

—Lr(z2(t)(1+ (1))
—La(my —eo)e—s(t, T)|Lr(y1(£)(1 + g(t)))
—Lr(y2(t)(1 + g(1)))|
- (15)
where W (1) = (a(t) + b(t)z1(t) + c(t)y1 (1)) (alt)
+ b(t)w2(t) + c(t)y2(t))-
By the comparison theorem and (15), we have
V() < e(t,TV(T)
2<M1 + €0 n M; +eg
mi—¢Ep M2 — &g

) e_~(t,T),
that is,

e—s(t, T)(|Lr(z1(t)(1+ f(2)))
—Lr(z2(t) (1 + f(2)))]
+[Lr(y1(#) (1 + g(t))) — Lr(y2(t)(1 + g(t)))])
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M M
<2< 1+soJr 2+ €0
mp—egg Mg — &g

Jeate.1),

then

1 1
t) — xa(t t) —
S () = w0+ el (8)

M M.
<2( 1-|-fz‘o+ 2 1 €0
mi1 — €&o mo — €

Since 1 — pu(t)d < 0and 0 < v < 4, then (—v) ©
(—0) < 0. It follows from (16) that

t—+

t)]

> 6(_7)@(_5) (t, T) (16)

lim [ (1) — 22(t)] = 0, lim_[y1(6) — ga(t)] = 0.

Lili Wang, Meng Hu

B yo(t) )]

a(t) + b(t)x2(t) + c(t)y2(t)
H@m@—mwﬂ—mwmw—m@>
—da(t)(y1(t) — ya(t))

xl(t)
ha(?) (a(t) + b(t)x1(t) + c(t)y1(t)
:Eg(t)
a(t) + b()x1(t) + c(t)y1(t)
:Eg(t)
a(t) + b(®)x1(t) + c(t)y1(t)

_l’_

B I‘Q(t) )
a(t) + b(t)xa(t) + c(t)ya(t)

K1 (8)b()ya (t
Case II. If p(t) = 0, set 6 = 0, then o(t) = ¢ and S (pl(t) - 1()(12((2512()
e_s(t,T) = 1. Calculating the upper right derivatives k(1)
of V(t) along the solution of system (1), it follows 2
from (11)-(14), (Hy) and (Hs) that for t € [T, +00)r, ~a(t) z b(t)z1 (1) + c(t)yr(t)
- AR ) 1)~ o)
_ zf () 25(t) _ ki(t)
= sttt a0 T - 2 (»0+ sy 0 e
Ay A1) k1 (t)e(t)ya(t)
+sgn(ys (¢ )le(t y22(t ] 2 (1)
ko (t)c(t)za(t
= sgn(zi(t) — ot [ p1(t)(x1(t) — x2(2)) +2()\IJ((15))2()) ly1(t) — y2(t)]
—di () (@1(t) — 22(D)) < —Ti(m —eo)|Lr(z1(t) (1 + £(2)))

I yi(t) =Ly (z2()(1 + f(2)))]

—h(t )<a(t) +b(t)x1 () + c(t)yi(t) —Ta(ma — 60)|L1r(y1( )(L+g(1)))
B y2(t) )] —Lr(y2(t)(1 + g(t)))]

a(t) + b(t)xa(t) + c(t)y2(t) = —V(t). (17)
+sgn(y1(t) — ya2(t)) { — pa(t) (y1(t) — ya(t)) By the comparison theorem and (17), we have
—dy () (1 (t) — 2 (1)) V(t) < e, tT)V(T)

z1(t) Mi+ey | Ma+eo 0
+0) s A i et e SO
B z2(t) ) ] that i,
0+ D)2 (0) el Lo ()1 + £(6)) — Dnlza(t)(1 + £(2)
< sgn(a(t) — z2(t)) { = p1()(z1(t) — 22(t)) +|Lr(y1 (1) (1 + 9(1)) — Lr(y2(t) (1 + g(¢)))|
—dy(t) (@1 (1) — a(1)) <4M””%H%+%yﬂ@n,
y1(t) mi1 —&o mo — &g
405 o then
y2(t) 1
a0 + b (6) + B 0) Myt oo 10— 22O gl () = )
ya(t) My +eo Mz +eo .
a0+ b (6) + B ) <4mr%+mrm>”“ﬂ' a8
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It follows from (18) that

lim |z1(t) — z2(t)] =0,

t—+o00
This completes the proof. O
Theorem 9. Assume that the conditions (Hy) — (Hs)

hold, then system (1) has a unique globally attractive
positive almost periodic solution.

Proof. By Lemma 7, there exists a bounded positive
solution u(t) = (ui(t),ua(t)) € S(T), then there ex-
ists a sequence {t}.}, {t,} — +o0 as k — +o0, such
that (uy(t + ¢.), ua(t + t})) is a solution of the fol-
lowing system:

t_lggloo ly1(t) — y2(t)| = 0.

22(t) = x(t)[r1(t+ 13,) — pr(t + (D)
—dy(t + ) z(o(t + )]
B kit + )z ()y(t)
a(t + 1) +b(t+ ¢, )x(t) + c(t +t),)y(t)
y2 (1) = y(t)[—ra(t + pa(t +3,)y(t)

th) —
—da(t + t})y ( (t+13))]
ka(

. t+ 6 )(t)y(t)

From the above discussion and Lemma 1, we have
that not only {u;(t + t,)},i = 1,2 but also {u? (¢ +
t.)},¢ = 1,2 are uniformly bounded, thus {u;(t +
i)}, = 1,2 are uniformly bounded and equi-
continuous. By Ascoli-Arzela theorem, there exists
a subsequence of {u;(t + tx)} C {u;(t + t})} such
that for any € > 0, there exists a N(¢) > 0 with the
property that if m, k > N(¢) then

lui(t +tm) —ui(t +tg)| <e, i =1,2.

It shows that u;(t),7 = 1,2 are asymptotically almost
periodic functions, then, {u;(¢t +t;)},i = 1,2 are the
sum of an almost periodic function ¢;(t +t),i = 1,2
and a continuous function p;(t + tx),7 = 1,2 defined
on T, that is

ui(t + tk) = pz'(t + tk) + qz-(t + tk), vt €T,

where

lim p;(t+t) =0,

k—+o0

lm ¢ (t+tg) = qi(t),
k—4o00

qi(t) is an almost periodic function. It means that

lim ui(t + tk) = qi(t),z' = 1,2.
k——+o0
On the other hand

1 t+1t
kH-iI-loou(—i_k)

lim  lim ui(t + tk + h) - ui(t + tk)
k—+00 h—0 h
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lim Lim ui(t + tk + h) - ui(t + tk)
h—0 k—+o00 h
gi(t+h) —q(t)

h .

= lim
h—0

So, the limit g;(¢), 7 = 1, 2 exist.

Now we shall prove that (q;(t),g2(t)) is an al-
most solution of system (1).

From the properties of almost periodic function,
there exists a sequence {t,}, t, — +oo as n —
+o00, such that a(t + t,) — a(t),b(t + t,) —
b(t), c(t+tn) — c(t), ri(t+tn) — r(t), pi(t+t,) —
pi(t),di(t +tn) — di(t), ki(t + tn) — ki(t),0(t +
tn) — o(t),i = 1,2 as n — +oo uniformly on T.

It is easy to know that u;(t +t,) = ¢;(t),1 = 1,2
as n — oo, then we have

g (¢)
lim uf(t+t,)

n—-+0oo

ngrfm ur(t+tp)[r(t +tn)

—D1 (t + tn)ul(t + tn)
—di(t + tp)ur(o(t +tn))]
o /{31 (t + tn)ul (t + tn)’lLQ(t + tn)

Ot +tn)
= q(t)[r1(t) = p1()q1(t) — di(t)q1(o(t))]
B k1 (t)qi(t)g2(t)
a(t) +b(t)q1(t) + c(t)ga(t)’
g5 (t)
— ngrfoou?(t +tn)
= ngrfoo ug(t + tp)[—ra(t + tn)
—pa(t + tn)ua(t + ty)
—da(t +tn)y(o(t + t,))]
k‘z(t + tn)ul (t + tn)UQ(t + tn)
Ot +ty)
= q2(t)[—r2(t) — p2(t)q2(t) — da(t)ga(o(1))]
ka(t)q1(t)ga(t)
a(t) +b(t)q1(t) + c(t)g2(t)’
where
Ot +tn) = a(t+tn)+0b(t+tn)ui(t+ty)

+e(t + tn)ua(t + ty).

This proves that (q1(t), g2(t)) is a positive almost
periodic solution of system (1). By Lemma 8, it fol-
lows that system (1) has a unique globally attractive
positive almost periodic solution. This completes the
proof. 0
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4 An Example

Consider the following almost periodic predator-prey
system with Beddington-DeAngelis functional re-
sponse on time scales

2 (t) = x(t)[10 + cos(V2t) — z(t) — z(a(t))]
(14 0.5cost)z(t)y(t)
T 1+ 2(t) + (0.03 4+ 0.01cos t)y(t)’

y2(t) = y()[=2 — cos(V2t) — 2y(t) — y(o(t))]
(34 cost)z(t)y(t) (19)
1+ 2(t) + (0.034 0.01 cos t)y(t)
Obviously,

=11l =978 =3, 7L =1,p¥ =p} =1,
py=ph=2,d} =dj =1,dy =dy =1,

U= 1.5,k = 0.5,kY% =4, kb =2,

a'=d =1, =b =1,¢" =0.04,¢ = 0.02.

By a direct calculation, we can get

(Hy) k¥M; — alrh = 0.1634 > 0;

(Hy) a'(r — p¥My) — k¥ My = 0.0012 > 0;
(H3) kimy — a™(r% + p4 M) = 0.1232 > 0;
kL bt kbt M: kY
(H4) pll + (au+bu]2\41n;(13uM2)2 - 1(az)2 2 — (721
=0.0019 > 0;
1 K kLctm
(Hs) t ?L"er"MiJrCuMZ T (a“+bu]2\41+(1;uMz)2
— Medh  0.046 > 0.

(ah)?

That is, the conditions (H;) — (Hs) hold. Accord-
ing to Theorems 9, system (19) has a unique globally
attractive positive almost periodic solution. For dy-
namic simulations of system (19) with T = R and
T = Z, see Figures 1 and 2, respectively.

5 Conclusion

This paper is focused on the existence of a unique
globally attractive positive almost periodic solution of
a predator-prey system with Beddington-DeAngelis
functional response on time scales. The methods used
in this paper are completely new, and the methods that
can be applied to many other ecosystems.
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Figure 1: T = R. Dynamics behavior of system (19)
with initial condition (x(0),y(0)) {(1,1); (5,5);
(10,10)}.
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Figure 2: T = Z. Dynamics behavior of system (19)
with initial condition (z(1),y(1)) = {(5,5); (10, 10);
(15,15)}.
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