WSEAS TRANSACTIONS on MATHEMATICS Hao Chang, Xi-Min Rong, Hui Zhao

Optimal Investment and Consumption Decisions Under the Ho-Lee
Interest Rate Model

HAO CHANG XI-MIN RONG HUI ZHAO
Tianjin Polytechnic University Tianjin University Tianjin University
Department of Mathematics Department of Mathematics Department of Mathematics
Binshui West Road 399, 300387 Tianjin Weijin Road 72, 300072 Tianjin Weijin Road 72, 300072 Tianjin
CHINA CHINA CHINA
ch8683897@126.com rongximin@tju.edu.cn zhaohui @tju.edu.cn

Abstract: In this paper, we consider an investment and consumption problem with stochastic interest rate, in which
risk-free interest rate dynamics is driven by the Ho-Lee model,while risky asset price is supposed to follow a geo-
metric Brownian motion and be correlated with interest rate dynamics. Our goal is to seek an optimal investment
and consumption strategy to maximize the expected discounted utility of consumption and terminal wealth in the
finite horizon. Firstly, we apply dynamic programming principle to derive Hamilton-Jacobi-Bellman(HJB) equa-
tion for the value function and take power utility and logarithm utility for our analysis. Secondly, by conjecturing
the form of a solution and solving partial differential equations, we obtain the closed-form solutions to the optimal
investment and consumption strategies. Finally, we provide a numerical example to demonstrate the impact of
market parameters on the optimal investment and consumption strategy.
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1 Introduction problems with stochastic interest rates. For instance,

. Korn and Kraft(2001) considered an portfolio opti-
The first treatment of the investment and consump- mization problem with stochastic interest rates, in

tion problem .in a continuous-time setting originat@d which interest rate dynamics was driven by the Ho-
from the seminal papers of Merton(1969, 1971), in Lee model and the Vasicek model(Vasicek(1977))
which an explicit optimal investment and consump- repectively. Yet, consumption was ignored in their
thq strategy was constructe?d for power a!nd logarithm market model. Munk and Sgrensen(2004, 2010) in-
utility by applymg dynamlc programming approach vestigated an optimal consumption model, in which
apd HJ,B .equ.atlons technlqu.e. Since Mer.ton, portfo— interest rate was supposed to follow the Vasicek
hq optimization problems .Wlth consumptlop have in- model. Pang(2004, 2006) focused on an investment
spired hupdreds of extensions and .apphcatlons. Fpr and consumption problem and interest rate is assumed
examplg, Investment and'consqmptlon problems with to be driven by an ergodic Markov diffusion process,
transaction costs. were 1nvest1g'ated by Shreve and and an sub-supersolution approach was presented to
Soner(1994), Akian and Menaldi et al(1996), Janecek prove the existence of solutions of HJB equations.
and Shreve(2004) respectively. Zariphopoulou et However, they did not obtain the closed-form so-
31(1_991’ 1997) and Yao and Zhang(2005) copcerned lutions to the optimal investment and consumption
an 1pvestment gnd consumptlon problems Wlt.h bor- strategies. Liu(2007) generalized the investment and
rowing constraints r@spectwely. Further, the invest- consumption problem with stochastic interest rate
ment gnd copsumptlon problems were extended to or stochastic volatility. Fleming(2003) extended the
those in an incomplete market(referring to Chacko volatility of the stock to stochastic volatility and con-

and Viceira(2005), Sasha and Zariphop.oulou(ZOOS )- cerned an optimal consumption model, in which the
But a drawback of these market models is the assump- infinite horizon expected utility of consumption was

tion of deterministic interest rate. In this paper,our taken for the objective function. But the closed-form

main objective is to overcome this restriction. So we solution wasn’t obtained as well. Noh and Kim(2011)

assume that interest rate dynamlcs follows an Ito pro- considered an investment and consumption problem
cess and particularly consider the case of the Ho-Lee with stochastic volatility and stochastic interest rate,

model(Ho and Lee(1986)) for the short raFe. ) but they did not also derive the explicit solutions in the
There were some results on portfolio selection
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power and logarithm utility cases. In this paper, we
assume that interest rate dynamics is governed by the
Ho-Lee model and obtain the closed-form solutions to
the optimal investment and consumption strategies in
the power and logarithm utility cases by applying dy-
namic programming principle and HJB equation ap-
proach. Such problems have not been reported in the
existing literatures.

In our real life, interest rate is not always fixed
and stochastic interest rates are one of the most im-
portant factors an investor often faced with. So it is
necessary for us to investigate an investment and con-
sumption problem with stochastic interest rates. In
this paper, we are concerned with an investment and
consumption problem with stochastic interest rate, in
which interest rate is supposed to follow the Ho-Lee
model. The finite horizon expected discounted util-
ity of consumption and terminal wealth is taken as
the objective function. We apply dynamic program-
ming to derive HJB equation and try to obtain an op-
timal investment and consumption strategy to maxi-
mize the objective function. Finally, the closed-form
solutions in the power and logarithm cases are de-
rived. Moreover, we provide a numerical example to
illustrate the effect of market parameters on the opti-
mal investment and consumption strategy. There are
three main contributions: (i) We study an investment
and consumption problem with the Ho-Lee interest
rate model and obtain the closed-form solutions in the
power and logarithm cases; (ii) We use the same ap-
proach as Liu(2007) to solve the equation (9); (iii) We
provide a numerical example to illustrate our results
and present some economic implications.

The rest of this paper is organized as follows. In
section 2, we introduce the financial market and pro-
pose an investment and consumption problem with
stochastic interest rate. In section 3, we derive the
closed-form solutions to the optimal investment and
consumption strategies in the power and logarithm
utility cases by applying varable change technique.
Section 4 provides a numerical example. Section 5
concludes the paper.

2 The financial market

In this section, we formulate an investment and con-
sumption problem with stochastic interest rate and in-
terest rate dynamics is governed by the Ho-Lee model.
We consider a financial market where two assets
are traded continuously over [0, 7]. One of the assets
is a risk-free asset (i.e., bank acount) with price S; at
time ¢, whose price process S, satisfies:
dSt = Y’tStdt,

So =1, ey
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where r; > 0 is risk-free interest rate at time ¢, and r;
is supposed to be stochastic process.

In this paper interest rate is assumed to be driven
by the stochastic differential equation:

d?“t = atdt + det,

with initial condition 7o > 0 and as explicit examples
we will consider the Ho-Lee model given by a;
ay + b, where b > 0 is a constant and &; and 7, are
assumed to be deterministic and continuous function
of the time ¢.

The other asset is a risky asset (i.e., stock) with
price P; at time ¢, whose price process F; is given by
the following stochastic differential equation:

dP; = Pt[,utdt + O'tth], t e [O, T], )
where p; and o; are the appreciation rate and the
volatility of the stock respectively. In addition,
uy and o, are supposed to be deterministic and
Borel-measurable bounded functions on [0,7]. B
and W, are all one-dimensional standard Brown-
ian motions defined on complete probability space
(Q, P, Fi, { Fi }o<i<r) and there are the correlation
coefficient p, i.e., dB;dW; = pdt.

Assume that an investor invests the market value
of his wealth 7 into the stock at time ¢, t € [0, 7],
Clearly, the amount invested in the bond is X; — 7, in
which X represents the net wealth of the investor at
time ¢. Cy is the consumption rate. Suppose that short-
selling of stocks and borrowing at the interest rate of
the bond is allowed and transaction cost is ignored.
Wealth process X; corresponding to trading strategy
(¢, Cy) is subjected to the following equation:

dXi = [reXs + (e — re)me — Cyldt + mpoedWy,
Xo=x9>0.
(3)

Definition 1 (Admissible strategy) An investment and
consumption strategy (m, Cy) is admissible if the fol-
lowing conditions are satisfied:

(i) (m¢, Cy) is progressively measurable and

T T
/ (7Tt)2dt < OO,/ Cidt < o0;
0 0

(ii) E[f; (mo00)?dt] < oo;
(iii) For arbitrary trading policy (my, Cy), the
equation (3) has a pathwise unique strong solution.

Assume that the set of all admissible investment
and consumption strategies (7, Cy) is denoted by I' =
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{(m,Cy) : 0 <t < T}. Mathematically, the investor
wishes to maximize the following expected utility:

T
max E[a/ BT (C)dt+(1—a)e BT U (X)),
(m¢,Cr)eD 0
4)

where utility function U(-) is assumed to be
strictly concave and continuously differentiable on
(=00, +00) and 3 is the subjective discount. The pa-
rameter « determines the relative importance of the
intermediate consumption and the terminal wealth.
Since U(+) is strictly concave, there exists a unique
optimal trading strategy (7, C;) which maximizes the
problem (4).

3 Optimal investment and consump-
tion decisions

In this section, we apply dynamic programming to ob-
tain the HIB equation for the value function and in-
vestigate the optimal investment and consumption de-
cisions in the power and logarithm utility cases.
The value function H (¢, 7, x) is defined as
H(t,r,z)=

sup Ela fOTe_ﬂtUl(Ct)dt

(m¢,Cr)el
+(1 = a)e PTUy(X7) | re = r, Xy = ],
)
with boundary condition given by H(T',r,z) = (1 —
a)e PTUy ().
According to dynamic programming princi-
ple(referring to Yong and Zhou(1999)), we derive the
following theorem.

Theorem 2 Assume that H(t,r,x) is continuously
differentiable with respect to t € [0,T], and twice
continuously differentiable with respect to (r,z) €
R X R, then H(t,r,x) satisfies the following HJB
equation:

87H + aiH + 87H + 1[72 62H+
"oz T %o 727 92

0H 0H

Oée_BtU]_ (Ct) - Ct% + (/‘Lt - ’r‘)ﬂ't%

1 °H 2
5(7Tt0t)27 0

(m¢,Cr)el

_|_

with boundary condition given by H(T,r,z) = (1 —
Oz)e_BTUQ(:C) where 9H 0H OH 9°H 9°H 0*H

_ e 5t bz Or 0z2 o2 ) Oxdr
represent partial derivatives of first-order and second-
order with respect to the variables t, r, x respectively.
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Proof. According to Theorem 3.1 of Lin and
Li(2011), we assume that

H(t,r,z)= sup E[H(O,r(0), X" ).

(m¢,Cr)el
For any stopping time 0 e ¢ v, where R; 7 repre-
sents the set of all stopping time valued in ¢, T].

Considering the time § = t + h, for arbitrary
(m¢, Cy) € T', we have

H(t,r,x) > E[H(t + h,r(t + h), X" (t + h))].
Applying It0's formula between ¢ and ¢ + h, we have

H(t+ h,r(t+h), X" (t + b)) = H(t,r,x)+

t+h OH
/t (Br *

+ local martingale,

where ¢™:Ct H is defined by

O H ) (u, (), X () )

OH OH 1
O = X, T % il
V4 Ttax+atar+2b +

_ OH
ae BtUl(Ct) - Ct%
1 O*H
5(7Tt0t)2

Then we obtain

t+h OH
[ (B *

Dividing by h and letting h — 0, this leads to

¥ (= )
Ht Tﬂtax

0’H
orox

0z2

+ bpmioy
O H (u, (), X ™0 (1)) du < 0.

0H
— + Y H <0.
5 T 0

On the other hand, suppose that (7}, C}) € I'is
an optimal investment and consumption policy, then
we have

H(t,r,x) = EH(t + h,r(t + ), X7 (t + h))].
By similar arguments as above, we obtain

OH

— 49 H = 0.
ot "

Summarizing the above arguments, we obtain that
H(t,r, z) should satisfy

H
on + sup (O H =0.
ot (m¢,C¢)el
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This completes the proof of Theorem 1. O
The first-order maximizing conditions of the op-
timal value are

of = _dere OH/0r by O°H[Owdr

t of O?H[ox? ot H[0x2’ ()
OH |0z

UL(CY) = o5

Letting 0; = £, and putting (6) into the above HIB
equation, we obtain a second-order nonlinear partial
differential equation for the value function H (¢, r, x):

(0H /0x)?
02H [ 0>
(0H [92)(9°H [0xdr) 1,9 9(8°H [0xdr)?
B Ty 2V°P" s o2
2
tar Q2 + 1020 — Cr 9 4 e PtUL(CF) = 0.
(N

In this paper we choose power utility and loga-
rithm utility function for our analysis. Note that the
equation (7) is a non-linear second-order partial differ-
ential equation, which is hard to solve directly. In the
subsection, we will apply variable change technique
to solve it and obtain the optimal investment and con-
sumption strategy in the power and logarithm utility
cases.

%—i] +rx— — th

3.1 Power utility

Power utility is defined by
=
1—7’
Assume that the value function H(t,r, ) is conjec-
tured to have the form

H(t,r,x) —e‘ﬁm f(t )7,
T = (-
Then we have
6H__B ﬁtw f(t )Y + e~ 5“” Wf(t )T 1%{7

o =’ Wf(t, )7,

Ui(z) = Us(x) = v>0, ~v#1.

(®)

9 ettty

U — ye Pt f(t,ry 1YL,

PAL — e Pla f(t,r) 14,

G =y = De e f(t,r)2(5E)?

_ 1— _10
e (g 12,

Further, the optimal consumption and the optimal
portfolio are given by

* (1 pe—=re bj_af/ar
Tt = (7 o2 + ot f L
1
Cf=avfla.
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Introducing these derivatives into (7), we derive
e PR TG+ S+ (530 - 0)f
2
+(2bpb + ar) G + 30254
af/or)? L
o R 5 Y
Eliminating the dependence on z, we obtain
) 92
G+ S (530 - D + 3 2
<1 bt -+ )5+ (1 ) 1) L0

+om=0

J(Tr) = (1= a)7.
©)
This is a nonlinear second-order partial differen-
tial equation, which is difficult to solve. In this paper,
inspired by the paper of Liu(2007), we conjecture a
solution to (9) with the following structure

T
ft,r) = s / fu,r)du+(1 —a)%f(t,r). (10)
t
After some calculation, we find that f(¢,r) satisfies

8+ f+ (50— 2)f

(1 'prgt + CLt) 1b2 gig

an
R - )P,
f(T,r) =1.

In fact, when we define a differential operator V
on any function f(¢,r) by

Vi = Srrf+ (53600 -0)f
+(52bply + ar) 9L + L0254
F520 =) (2 - )P

We obtain
g{+w—o f(T,r)=1.

On the other hand, we find that
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Namely, f(t,r) satisfies
0 1
8{+Vf+cw—0 f(T,r)y=(1-a).

Therefore, the equation (11) holds.
For the equation (11), we try to fit a solution of
the form

f(t,r) = exp{D(t) + E(t)r},
D(T)=0, E(T)=0. (12)
Putting (12) into (11), we derive
flx]=0
where
X = D)+ (1—wath +ay)E(t

)
1722 2 204) 4+ L
+*b ( — 0%+ NER(t) + 5707
/ 1=y
+r(BWH+52).
Furthermore, we obtain the following two ordinary
differential equations:

DI(t) + (A2bpty + ) E(H)
+50%(p? — p* + ) B (1) + 5367 — £ =0,
D(T) = 0.

Solving the above two equations, we obtain

E(t) = 1;WT 1), (13)
T 1_
D)= [ 1 b+ a) (o) +
t Y
3b2( 2 yp? 4+ 7)E%(s) + _702—§}ds (14)
500" ="+ 52 Us :

Finally, we can summarize the optimal portfolio of the
problem (4) under power-type utility function in the
following theorem.

Theorem 3 If utility function is given by Ui(x) =
Us(x) = "”11_—_;, v > 0 and vy # 1, then the optimal

investment and consumption decision for the problem
(4) is

T = <“17 Mz e bp Gf]/cé?T)X,
CifZOﬂf Xt,

15)

where | )

f=ar fT eP)+E(s)r gg + (1 _ a);eD(t)-i—E(t)r’
D(t) and E(t) are determined by (14) and (13) re-
spectively.
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Remark 4 Noting that these assumptions ~ >
0, 0 < a < 1 and obvious conclusion f(t,r) > 0, we
get

8%‘;’” = a7 ftT E(s)ePE+ECds 4 (1 —
)7 E(t)ePO+EDOT sphere B(t) = =2(T — ).

5
This implies that as the risk aversion coefficient

0<7y<1= E(t)>0,and 2t g,
1<~y = E(t) <0,and 2t < g,

From the explicit solution (15) we can see that the
optimal investment strategy m; consists of two terms.
The first term coincides with the classical optimal one
in Merton(1969, 1971) . The second term can be in-
terpreted as a correction term which is determined by
p and b. The correction term exists when there is ad-
ditional interest rate risk in the financial market. The
correction term vanishes when risk-free interest rate is
not stochastic process.

In order to compare the results obtained by Theo-
rem 1 with those in the existing literatures, we analyze
several special cases.

Special case 1. When a« = 0 and 8 = 0, the
problem (4) is reduced to a dynamic asset allocation
problem with stochastic interest rates. Then the opti-
mal consumption strategy is C; = 0, and f(¢t,7) =
ePO+E@)r % — E(t)eD(t)+E(t)r and
p) f;ar .

, We obtain

= E(t). So the optimal investment strategy is
given by

DT

O't2 o f

This implies that an investor is not consume any
wealth and invests all his wealth in stock and bond. In
addition, if risk-free interest rate is a constant or de-
terministic function of the time ¢, i.e., b = 0 or p = 0,
then we have

Mt — Tt

1
== 5
Y (o

X

This is the well-known result in the power utility the-
ory.

Special case 2. When b = 0 and a; = 0, risk-free
interest rate is a constant and the problem (4) is de-
generated to an investment and consumption problem
with constant interest rate. Then we have

- [ [t -2

1—v
T(T—t).

B(t) =
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Denote 7(t) by

and we obtain

1

f(t7T) =7 / ef n(z dzdS + (1 — Oé) @fsTn(Z)dz
t

Therefore, the optimal investment and consumption
strategy is given by

T i : o2 Xt,
Cr = [/ f.sT”(z)dst—f-(l;a)wef n(z)dz 1Xt.
Special case 3. If v — 1, we have

E(t)=0, D(t)=p(t—T),
ft,r) = %(1 — P 4 (1 — @)1,
Therefore, (15) can be rewritten as
T = “;}” X,
' (16)

Cr =

o
2 (1=ePETN) 4 (1—a)ePE=T) Xi.

It is well known that when v — 1 power utility
is degenerated to logarithm utility function. So we
find that the optimal strategy (16) is consistent with
those under logarithm utility function in the following
subsection.

3.2 Logarithm utility

If logarithm utility is defined as
Ur(z) = Us(z) = Inx,

we try to fit a solution to (7) with the following form

g(t)e
9(T)=1—«a, h(T,r)=0.

H(t,r,x) = g 4 h(t,r),

Then we have

OH s s Oh
5 =9 (t)e " Inx — Bg(t)e ™ Inz + e
0H 1 0°H 1
2 g(H)e Pt T _g(e Pt~
et P el
oH _on FH _oh  oH _
or  or’ o2 or2’  dxdor
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So the optimal investment and consumption strat-
egy is

Mt — T «
= - z, Cg‘zﬁx.

Introducing these derivatives into (7), we derive

oh oh
e Ptinx (g (t) — Bg(t)+a)+g+atg
+302 5+ (r + §67)e” ﬁtg()
+ae” th(lna—lng() 1) =

So we can obtain the following two equations

g(t) —Bgt)+a=0, g(T)=1-a; (17)
% + at gi} 1b26 Q + (r %93)6‘“9(15)
+ae Pt(lna —Ing(t) — 1) = 0, (18)

h(T,r) = 0.
The solution to (17) is given by

— (1 — e BTt _ & (—B(T-t) _
g(t) = (1 —a)e t 3 (e t 1) .

Suppose that the solution to (18) is of the structure
h(t,r) = A(t) + B(t)r,
Putting this in (18), we derive

r(B'(t) + g(t)e™
+a;B(t) + ae Pt (Ina —

)+ A () + 5629 ()™
Ing(t) —1) =0.

We can split (19) into two equations in order to elimi-
nate the dependence on 7.

B'(t) + g(t)e

19)

:0,

1
A'(t) + 5079t + aB(t)+

Ptlna —Ing(t) —1) =0, A(T) =0.

Solving the equations, we obtain

B = | " g,

At) = /tT (%Hfg(t)e_ﬂt + a:B(t)+

Ing(t) — 1))dt.

Finally, we conclude the results of the problem
(4) in the logarithm utility case.

ae P(Ina —
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Theorem 5 If utility function is given by Ui(x)
Us(x) = Inx, then the optimal investment and con-
sumption strategy of the problem (4) is

Ht—Tt
Jt2 Xt7

s

o (20)

- /3(1—a)e_ﬂ(T_t?—ﬁa(e_B(T_t)—1) Xt.
Remark 6 It can be seen from (20) that the optimal
investment strategy under logarithm utility function is
coincides with the classical optimal one in Merton
(1969, 1971). It implies that additional risk of interest
rate cannot produce an effect on an investor. There-
fore, when the risk preference of an investor is deter-
mined by logarithm utility function, an investor need
not take additional risk of interest rate into consider-
ation.

4 Numerical analysis

This section provides a numerical example to demon-
strate the effect of market parameters on the optimal
investment and consumption strategy. Take power
utility for example, through the numerical analysis,
unless otherwise stated, the basic parameters are given
by: a; = 0.06, b = 0.12, rg = 0.05, py = 0.12,
0t =020,p=06,t=0,T7=1,a=0.6,8=0.5,
v =2, xz9 = 100.

4.1 The impact on the optimal investment
strategy

Fig.1-Fig.6 provides the effect of main market param-
eters on the optimal investment strategy. We can ob-
tain some sensitivity analysis and economic implica-
tions from the graphs of the Fig.1-Fig.6.

(al) The optimal investment strategy m; de-
creases with respect to the parameter b in the positive
correlation setting, while 7} increases with respect to
the value of b in the negative correlation setting. This
is to say, when p > 0, the larger the value of b, the
less the amount invested in the stock; when p < 0, the
amount invested in the stock is increasing as the value
of b becomes bigger. From the Ho-Lee model, we can
see that the parameter b represents the risk of interest
rate. When p > 0, the bigger the value of b, the bigger
the risk of interest rate. As the same time, the volatil-
ity of the stock will become bigger. These factors lead
to that the investor will invest less money in the stock.
In addition, we can conclude that the amount invested
in the stock in the negative correlation setting is more
than that in the positive correlation setting.

(a2) 7} decreases in the value of o4, and the
amount invested in the stock in the negative correla-
tion setting is larger than that in the positive corre-
lation setting. When the value of o, becomes more
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and more bigger, the amount investing the stock be-
comes more and more less. In fact, the parameter oy
represents the volatility of the stock. The bigger the
value of o, the more investment risk the investor is
faced with. Therefore, the investor wishes to invest
less money in the stock.

(a3) 7} increases with respect to p¢. It means that
when the value of ;; becomes more and more bigger,
the amount invested in the stock becomes bigger as
well.

(a4) 7} decreases with respect to the time ¢ when
p < 0, while 7} increases with respect to the time ¢,
when p > 0.

(a5) my is decreasing as the value of v is increas-
ing. Meantime, the amount invested in the stock in
the positive correlation setting is bigger than that in
the negative correlation setting when 0 < v < 1; the
amount invested in the stock is contrary to it when
~ > 1. On the other hand, it is well known that power
utility is degenerated to logarithm utility when v — 1.
In a result, it can be seen that when 0 < v < 1, the
optimal investment strategy in the power utility case
is larger than that in the logarithm utility case. From
economic implication of the parameter +, when the
value of v become bigger, the risk aversion of the in-
vestor is more and more bigger, which leads to that
the investor will invest less amount of the wealth in
the stock.

(a6) m; increases with respect to the parameter
p when 0 < v < 1; 7} decreases with respect to the
parameter p when v > 1.

8

H
wwgwww

optimal investment strategy
=
8 8

o

|
a
=]

Figure 1: The impact of b on 7}

4.2 The impact on the optimal consumption
strategy

The graphs in the Fig.7-Fig.12 illustrate the effect of

main market parameters on the optimal consumption

strategy. We can obtain the following conclusions
from the Fig.7-Fig.12.
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(bl) The optimal consumption strategy C; de-
creases with respect to the parameter b, and the
amount the investor consumes in the negative corre-
lation setting is larger than that in the positive correla-
tion setting. It tells us that the more the risk of interest
rate, the less the investor wishes to consume.

(b2) Cf is decreasing as the value of oy is in-
creasing. In addition, the amount invested in the stock
in the negative correlation setting is more than that
in the positive correlation setting. It displays that the
bigger the volatility of the stock, the less the amount
consumed by the investor.

(b3) Cf increases with respect to the parameter
. It implies that when the appreciation rate of the
stock becomes more and more bigger, the amount in-
vested in the stock is increasing as well.

(b4) Cf is increasing as the value of the time ¢
becomes bigger.

(bS) Cf firstincreases then slowly decreases with
respect to the parameter . It means that the investor
consumes initially the more amount of money and
later slowly decreases the amount to consume as the
value of v becomes more and more bigger.

(b6) Cy is slowly decreasing in the parameter
p. It demonstrates that the correlation of interest rate
and stock price becomes bigger, the investor wishes to
consume less money.

5 Conclusion

This paper investigates an investment and consump-
tion problem with stochastic interest rate, in which
interest rate is assumed to follow the Ho-Lee model
and be correlated with stock price. The optimal in-
vestment and consumption strategies for power and
logarithm utility function are derived by applying dy-
namic programming and variable change technique.
A numerical example is given to illustrate the impact
of market parameters on the investment and consump-
tion strategy.

In future research, we try to treat the solutions of
the problem with other stochastic interest rate models,
such as the investment and consumption problem with
Cox-Ingersoll-Ross model(CIR(1985)) and stochastic
volatility, which will lead to a more sophisticated HIB
equation and cannot tackle it. We leave this point for
future research.
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