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1 Introduction

Fractional differential equations have recently
proved to be valuable tools to the modeling of
many physical phenomena, and have been the
focus of many studies due to their frequent ap-
pearance in various applications in physics, biol-
ogy, engineering, signal processing, systems iden-
tification, control theory, finance and fractional
dynamics. Many articles have investigated some
aspects of fractional differential equations, such
as the existence and uniqueness of solutions to
Cauchy type problems, the methods for explicit
and numerical solutions, and the stability of so-
lutions [1-8]. Among the investigations for frac-
tional differential equations, research for seeking
exact solutions and numerical solutions of frac-
tional differential equations has been an impor-
tant task of many researchers. Many powerful
and efficient methods have been proposed to ob-
tain numerical solutions and exact solutions of
fractional differential equations so far. For ex-
ample, these methods include the Adomian de-
composition method [9,10], the variational iter-
ative method [11-13], the homotopy perturba-
tion method [14,15], the differential transforma-
tion method [16], the finite difference method [17],
the finite element method [18], the fractional sub-

equation method [19-21] and so on. Based on
these methods, a variety of fractional differential
equations have been investigated.

In this paper, we propose a new fractional
sub-equation method to establish exact solutions
for fractional partial differential equations in the
sense of modified Riemann-Liouville derivative by
Jumarie [22], which is the fractional version of
the known (G’/G) method [23-29]. The main
idea of this method lies in that by a traveling
wave transformation ξ = ξ(t, x1, x2, ..., xn), cer-
tain fractional partial differential equations ex-
pressed in independent variables t, x1, x2, ..., xn
can be turned into fractional ordinary differential
equations in ξ, the solutions of which are supposed
to have the form

U(ξ) =

m∑
i=0

ai[
Dα

ξG(ξ)

G(ξ)
]i,

where G(ξ) satisfies the following fractional ordi-
nary differential equation:

D2α
ξ G(ξ) + λDα

ξG(ξ) + µG(ξ) = 0, (1)

Dα
ξG(ξ) denotes the modified Riemann-Liouville

derivative of order α for G(ξ) with respect to ξ,
and the integerm can be determined by the homo-
geneous balancing principle. By the general solu-
tions of Eq. (1) we can deduce the expression for
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Dα
ξ G(ξ)

G(ξ) , and then the exact solutions for the origi-

nal fractional partial differential equations can be
established.

The Jumarie’s modified Riemann-Liouville
derivative of order α is defined by the following
expression:

Dα
t f(t) =


1

Γ(1−α)
d
dt

∫ t
0 (t−ξ)

−α(f(ξ)−f(0))dξ,

0 < α < 1,

(f (n)(t))(α−n), n ≤ α < n+1, n ≥ 1.

We list some important properties for the modi-
fied Riemann-Liouville derivative as follows:

Dα
t t

r =
Γ(1 + r)

Γ(1 + r − α)
tr−α, (2)

Dα
t (f(t)g(t)) = g(t)Dα

t f(t) + f(t)Dα
t g(t), (3)

Dα
t f [g(t)] = f ′g[g(t)]D

α
t g(t) = Dα

g f [g(t)](g
′(t))α.

(4)

The rest of this paper is organized as fol-
lows. In Section 2, we present the expression

for
Dα

ξ G(ξ)

G(ξ) related to Eq. (1). In Section 3,

we give the description of the fractional sub-
equation method for solving fractional partial dif-
ferential equations. Then in Section 4 we apply
this method to establish exact solutions for the
space-time fractional generalized Hirota-Satsuma
coupled KDV equations and the space-time frac-
tional (2+1)-dimensional breaking soliton equa-
tions. Some conclusions are presented at the end
of the paper.

2 General expression for
Dα

ξG(ξ)

G(ξ)

In order to obtain the general solutions for Eq.
(1), we suppose G(ξ) = H(η), and a nonlinear

fractional complex transformation η = ξα

Γ(1+α) .

Then by Eq. (2) and the first equality in Eq. (4),
Eq. (1) can be turned into the following second
ordinary differential equation

H ′′(η) + λH ′(η) + µH(η) = 0. (5)

By the general solutions of Eq. (5) we have

H ′(η)

H(η)
=



−λ
2 +

√
λ2−4µ
2 ×(

C1 sinh

√
λ2−4µ
2

η+C2 cosh

√
λ2−4µ
2

η

C1 cosh

√
λ2−4µ
2

η+C2 sinh

√
λ2−4µ
2

η

)
,

λ2 − 4µ > 0,

−λ
2 +

√
4µ−λ2

2 ×(
−C1 sin

√
4µ−λ2

2
η+C2 cos

√
4µ−λ2

2
η

C1 cos

√
4µ−λ2

2
η+C2 sin

√
4µ−λ2

2
η

)
,

λ2 − 4µ < 0,

−λ
2 + C2

C1+C2η
, λ2 − 4µ = 0,

(6)

where C1, C2 are arbitrary constants.
Since Dα

ξG(ξ) = Dα
ξH(η) = H ′(η)Dα

ξ η =

H ′(η), we obtain

Dα
ξ G(ξ)

G(ξ) =

−λ
2 +

√
λ2−4µ
2 ×(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
,

λ2 − 4µ > 0,

−λ
2 +

√
4µ−λ2

2 ×(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
,

λ2 − 4µ < 0,

−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
, λ2 − 4µ = 0.

(7)

3 Description of the fractional
sub-equation method

In this section we give the main steps of the frac-
tional sub-equation method for finding exact so-
lutions of fractional partial differential equations.

Suppose that a fractional partial differen-
tial equation, say in the independent variables
t, x1, x2, ..., xn, is given by

P (u1, ...uk, D
α
t u1, ..., D

α
t uk, D

α
x1
u1, ..., D

α
x1
uk, ...,

Dα
xn
u1, ..., D

α
xn
uk, D

2α
t u1, ..., D

2α
t uk, D

2α
x1
u1, ...) = 0,

(8)
where ui = ui(t, x1, x2, ..., xn), i = 1, ..., k are
unknown functions, P is a polynomial in ui and
their various partial derivatives including frac-
tional derivatives.

Step 1. Suppose that

ui(t, x1, x2, ..., xn) = Ui(ξ),

ξ = c
1
α t+ k

1
α
1 x1 + k

1
α
2 x2 + ...+ k

1
α
n xn + ξ0. (9)
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Then by the second equality in Eq. (4), Eq. (8)
can be turned into the following fractional ordi-
nary differential equation with respect to the vari-
able ξ:

P̃ (U1, ..., Uk, cD
α
ξ U1, ..., cD

α
ξ Uk, k1D

α
ξ U1, ...,

k1D
α
ξ Uk, ..., knD

α
ξ U1, ..., knD

α
ξ Uk, c

2D2α
ξ U1, ...,

c2D2α
ξ Uk, k

2
1D

2α
ξ U1, ...) = 0. (10)

Step 2. Suppose that the solution of (10) can be

expressed by a polynomial in (
Dα

ξ G

G ) as follows:

Uj(ξ) =

mj∑
i=0

aj,i(
Dα

ξG

G
)i, j = 1, 2, ..., k (11)

where G = G(ξ) satisfies Eq. (1), and aj,i, i =
0, 1, ...,m, j = 1, 2, ..., k are constants to be deter-
mined later with aj,m ̸= 0. The positive integer
m can be determined by considering the homoge-
neous balance between the highest order deriva-
tives and nonlinear terms appearing in (10).

Step 1. Substituting (11) into (10) and using
(1), collecting all terms with the same order

of (
Dα

ξ G

G ) together, the left-hand side of (10) is

converted into another polynomial in (
Dα

ξ G

G ).
Equating each coefficient of this polynomial
to zero, yields a set of algebraic equations for
λ, µ, aj,i, i = 0, 1, ...,m, j = 1, 2, ..., k.

Step 4. Solving the equations system in Step 3,
and using (7), we can construct a variety of exact
solutions for Eq. (8).

Remark 1 If we set α = 1 in Eq. (1), then it
becomes G′′(ξ) + λG′(ξ) + µG(ξ) = 0, which is
the foundation of the known (G’/G) method for
solving partial differential equations (PDEs). So
in this way, the described fractional sub-equation
method above is the extension of the (G’/G)
method to fractional case.

4 Applications of the method

4.1 Space-time fractional generalized
Hirota-Satsuma coupled KDV
equations

We consider the following space-time fractional
generalized Hirota-Satsuma coupled KDV equa-

tions [20]:
Dα

t u− 1
2D

3α
x u+ 3uDα

xu− 3Dα
x (vw) = 0

Dα
t v +D3α

x v − 3uDα
xv = 0

Dα
t w +D3α

x w − 3uDα
xw = 0

(12)
where 0 < α ≤ 1. In [20], the authors solved
Eqs. (12) by a proposed fractional sub-equation
method based on the fractional Riccati equation,
and established some exact solutions for it. Now
we will apply the described method in Section 3
to Eqs. (12). Suppose u(x, t) = U(ξ), v(x, t) =

V (ξ), w(x, t) =W (ξ), where ξ = k
1
αx+ c

1
α t+ ξ0,

k, c, ξ0 are all constants with k, c > 0. Then by
use of the second equality in Eq. (4), Eqs. (12)
can be turned into

cDα
ξ U −

1
2k

3D3α
ξ U

+3kUDα
ξ U − 3kDα

ξ (VW ) = 0,

cDα
ξ V + k3D3α

ξ V − 3kUDα
ξ V = 0,

cDα
ξW + k3D3α

ξ W − 3kUDα
ξW = 0.

(13)

Suppose that the solution of Eqs. (13) can be
expressed by

U(ξ) =
m1∑
i=0

ai(
Dα

ξ G

G )i,

V (ξ) =
m2∑
i=0

bi(
Dα

ξ G

G )i,

W (ξ) =
m3∑
i=0

ci(
Dα

ξ G

G )i.

(14)

Balancing the order of D3α
ξ U and Dα

ξ (VW ),

D3α
ξ V and UDα

ξ V , D3α
ξ W and UDα

ξW in Eqs.

(13) we deduce m1 = m2 = m3 = 2. So
U(ξ) = a0 + a1(

Dα
ξ G

G )1 + a2(
Dα

ξ G

G )2,

V (ξ) = b0 + b1(
Dα

ξ G

G )1 + b2(
Dα

ξ G

G )2,

W (ξ) = c0 + c1(
Dα

ξ G

G )1 + c2(
Dα

ξ G

G )2.

(15)

Substituting (15) into (13), using Eq. (1) and
collecting all the terms with the same power of

(
Dα

ξ G

G ) together, equating each coefficient to zero,
yields a set of algebraic equations. Solving these
equations with the aid of the mathematical soft-
ware Maple, yields the following families of values
of λ, µ, ai, bi, ci, i = 0, 1, 2:

Case 1.

a0 =
2k3µ+ c+ k3λ2

3k
, a1 = 2k2λ, a2 = 2k2,
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b0 = b0, b1 = b1, b2 = 0,
λ = λ, µ = µ,

c0 = −k(−k3b1λ3+4k3b1λµ−4cb1λ+b0k3λ2)
3b21

+4b0k3µ−4b0c
3b21

,

c1 =
k(k3λ2−4k3µ+4c)

3b1
, c2 = 0,

where b0, b1, λ, µ are arbitrary constants with
b1 ̸= 0.

Case 2.

a0 =
k3λ2+8k3µ+c

3k , a1 = 4k2λ,

a2 = 4k2, µ = µ,

b0 =
2k(k3c2λ2+8k3c2µ−6c0k3+4cc2)

3c22
, λ = λ,

b1 =
4k4λ
c2
, b2 =

4k4

c2
,

c0 = c0, c1 = c2λ, c2 = c2,

where c0, c2, λ, µ are arbitrary constants with
c2 ̸= 0.

Substituting the results above into (15), and
combining with (7) we can obtain the following
two families of exact solutions to Eqs. (12).

Family 1:
When λ2 − 4µ > 0,

u1(x, t) =
2k3µ+c+k3λ2

3k

+2k2λ[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]1

+2k2[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]2,

(16)

v1(x, t) = b0 + b1[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]1,

(17)

w1(x, t) = −k(−k3b1λ3+4k3b1λµ−4cb1λ+b0k3λ2)
3b21

+4b0k3µ−4b0c
3b21

+ k(k3λ2−4k3µ+4c)
3b1

[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]1,

(18)

where ξ = k
1
αx+ c

1
α t+ ξ0.

When λ2 − 4µ < 0,

u2(x, t) =
2k3µ+c+k3λ2

3k

+2k2λ[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]

+2k2[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]2,

(19)

v2(x, t) = b0

+b1[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
],

(20)

w2(x, t) = −k(−k3b1λ3+4k3b1λµ−4cb1λ+b0k3λ2)
3b21

+4b0k3µ−4b0c
3b21

+ k(k3λ2−4k3µ+4c)
3b1

[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
],

(21)

where ξ = k
1
αx+ c

1
α t+ ξ0.

When λ2 − 4µ = 0,

u3(x, t) =
2k3µ+c+k3λ2

3k

+2k2λ[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]

+2k2[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]2,

(22)

v3(x, t) = b0 + b1[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
], (23)

w3(x, t) = −k(−k3b1λ3+4k3b1λµ−4cb1λ+b0k3λ2)
3b21

+4b0k3µ−4b0c
3b21

+k(k3λ2−4k3µ+4c)
3b1

[
−λ

2 + C2Γ(1+α)
C1Γ(1+α)+C2ξα

]
,

(24)

where ξ = k
1
αx+ c

1
α t+ ξ0.

Family 2:

When λ2 − 4µ > 0,
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u4(x, t) =
k3λ2+8k3µ+c

3k

+4k2λ[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]

+4k2[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]2,

(25)

v4(x, t) =
2k(k3c2λ2+8k3c2µ−6c0k3+4cc2)

3c22

+4k4λ
c2

[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]

+4k4

c2
[−λ

2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]2,

(26)

w4(x, t) = c0 + c2λ[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]

+c2[−λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]2,

(27)

where ξ = k
1
αx+ c

1
α t+ ξ0.

When λ2 − 4µ < 0,

u5(x, t) =
k3λ2+8k3µ+c

3k

+4k2λ[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]

+4k2[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]2,

(28)

v5(x, t) =
2k(k3c2λ2+8k3c2µ−6c0k3+4cc2)

3c22

+4k4λ
c2

[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]

+4k4

c2
[−λ

2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]2,

(29)

w5(x, t) = c0

+c2λ[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]

+c2[−λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]2,

(30)

where ξ = k
1
αx+ c

1
α t+ ξ0.

When λ2 − 4µ = 0,

u6(x, t) =
k3λ2+8k3µ+c

3k

+4k2λ[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]

+4k2[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]2,

(31)

v6(x, t) =
2k(k3c2λ2+8k3c2µ−6c0k3+4cc2)

3c22

+4k4λ
c2

[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]

+4k4

c2
[−λ

2 + C2Γ(1+α)
C1Γ(1+α)+C2ξα

]2,

(32)

w6(x, t) = c0

+c2λ[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]

+c2[−λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]2,

(33)

where ξ = k
1
αx+ c

1
α t+ ξ0.

Remark 2 As a different method from [20] is
used here, the established solutions above for the
space-time fractional generalized Hirota-Satsuma
coupled KDV equations are essentially different
from the results in [20], and furthermore, are new
exact solutions so far in the literature.
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4.2 Space-time fractional (2+1)-
dimensional breaking soliton
equations

We consider the space-time fractional (2+1)-
dimensional breaking soliton equations{

∂αu
∂tα + a ∂3αu

∂x2αyα
+ 4au ∂αv

∂xα + 4a∂αu
∂xα v = 0,

∂αu
∂yα = ∂αv

∂xα ,
,

(34)
where 0 < α ≤ 1. (34) is a variation of the (2+1)-
dimensional breaking soliton equations equation
[30-33]{

ut + auxxy + 4auvx + 4auxv = 0,

uy = vx.
(35)

For Eqs. (35), some periodic wave solutions, non-
traveling wave solutions, and Jacobi elliptic func-
tion solutions were found in [19-22]. But we notice
so far no research has been paid for Eqs. (34). In
the following, we will apply the described frac-
tional sub-equation method in Section 3 to Eqs.
(34).

To begin with, we suppose

u(x, y, t) = U(ξ), v(x, y, t) = V (ξ),

where ξ = k
1
α
1 x+k

1
α
2 y+ c

1
α t+ ξ0, k1, k2, c, ξ0 are

all constants with k1, k2, c > 0. Then by use of
the second equality in Eq. (4), Eqs. (34) can be
turned into

cDα
ξ U + ak21k2D

3α
ξ U + 4ak1UD

α
ξ V

+4ak1V D
α
ξ U = 0,

k2D
α
ξ U = k1D

α
ξ V.

(36)

Suppose that the solution of Eqs. (36) can be
expressed by

U(ξ) =
m1∑
i=0

ai(
Dα

ξ G

G )i,

V (ξ) =
m2∑
i=0

bi(
Dα

ξ G

G )i.
(37)

Balancing the order of D3α
ξ U and UDα

ξ V , Dα
ξ U

and Dα
ξ V in (37) we have m1 = n1 = 2. So U(ξ) = a0 + a1(

Dα
ξ G

G )1 + a2(
Dα

ξ G

G )2,

V (ξ) = b0 + b1(
Dα

ξ G

G )1 + b2(
Dα

ξ G

G )2.

(38)

Substituting (38) into (36), using Eq. (1) and
collecting all the terms with the same power of

(
Dα

ξ G

G ) together, equating each coefficient to zero,
yields a set of algebraic equations. Solving these
equations yields:

a0 = a0, a1 = −3
2k

2
1λ, a2 = −3

2k
2
1,

b0 = −
8ak21k2µ+ak21k2λ

2+c+4aa0k2
4ak1

,

b1 = −3
2k1k2λ, b2 = −3

2k1k2,

λ = λ, µ = µ,

where λ, µ, a0 are arbitrary constants.
Substituting the result above into Eqs. (38),

and combining with (7) we can obtain the follow-
ing exact solutions to Eqs. (34).

When λ2 − 4µ > 0,

u1(x, y, t) = a0

−3
2k

2
1λ[−λ

2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]

−3
2k

2
1[−λ

2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]2,

(39)

v1(x, y, t) = −
8ak21k2µ+ak21k2λ

2+c+4aa0k2
4ak1

−3
2k1k2λ[−

λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]

−3
2k1k2[−

λ
2 +

√
λ2−4µ
2(

C1 sinh

√
λ2−4µ

2Γ(1+α)
ξα+C2 cosh

√
λ2−4µ

2Γ(1+α)
ξα

C1 cosh

√
λ2−4µ

2Γ(1+α)
ξα+C2 sinh

√
λ2−4µ

2Γ(1+α)
ξα

)
]2,

(40)

where ξ = k
1
α
1 x+ k

1
α
2 y + c

1
α t+ ξ0.

When λ2 − 4µ < 0,

u2(x, y, t) = a0

−3
2k

2
1λ[−λ

2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]

−3
2k

2
1[−λ

2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]2,

(41)
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v2(x, y, t) = −
8ak21k2µ+ak21k2λ

2+c+4aa0k2
4ak1

−3
2k1k2λ[−

λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]

−3
2k1k2[−

λ
2 +

√
4µ−λ2

2(
−C1 sin

√
4µ−λ2

2Γ(1+α)
ξα+C2 cos

√
4µ−λ2

2Γ(1+α)
ξα

C1 cos

√
4µ−λ2

2Γ(1+α)
ξα+C2 sin

√
4µ−λ2

2Γ(1+α)
ξα

)
]2,

(42)

where ξ = k
1
α
1 x+ k

1
α
2 y + c

1
α t+ ξ0.

When λ2 − 4µ = 0,

u3(x, y, t) = a0 − 3
2k

2
1λ[−λ

2 + C2Γ(1+α)
C1Γ(1+α)+C2ξα

]

−3
2k

2
1[−λ

2 + C2Γ(1+α)
C1Γ(1+α)+C2ξα

]2,

(43)

v3(x, y, t) = −
8ak21k2µ+ak21k2λ

2+c+4aa0k2
4ak1

−3
2k1k2λ[−

λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]

−3
2k1k2[−

λ
2 + C2Γ(1+α)

C1Γ(1+α)+C2ξα
]2,

(44)

where ξ = k
1
α
1 x+ k

1
α
2 y + c

1
α t+ ξ0.

Remark 3 The established solutions for the
space-time fractional (2+1)-dimensional breaking
soliton equations are new to our best knowledge.

5 Conclusions

We have proposed a new fractional sub-equation
method for solving fractional partial differential
equations successfully, which is the fractional ver-
sion of the known (G’/G) method. As applica-
tions, some new exact solutions for the space-
time fractional generalized Hirota-Satsuma cou-
pled KDV equations and the space-time frac-
tional (2+1)-dimensional breaking soliton equa-
tions have been established. As this method is
based on the homogeneous balancing principle, so
it can also be applied to other fractional partial
differential equations where the homogeneous bal-
ancing principle is satisfied.
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[21] B. Lu, Bäcklund transformation of fractional
Riccati equation and its applications to non-
linear fractional partial differential equa-
tions, Phys. Lett. A, 376, 2012, pp.2045-2048.

[22] G. Jumarie, Modified Riemann-Liouville
derivative and fractional Taylor series of non-
differentiable functions further results, Com-
put. Math. Appl., 51, 2006, pp.1367-1376.

[23] M. L. Wang, X. Z. Li, J. L. Zhang,
The (G’/G)-expansion method and travelling
wave solutions of nonlinear evolution equa-
tions in mathematical physics. Phys. Lett. A,
372, 2008, pp.417-423.

[24] E. M .E. Zayed, M. Abdelaziz, Exact
traveling wave solutions of nonlinear vari-
able coefficients evolution equations with
forced terms using the generalized (G’/G)-
expansion method, WSEAS Transactions on
Mathematics, 10(3), 2011, pp.115-124.

[25] M. L. Wang, J. L. Zhang, X. Z. Li, Appli-
cation of the (G’/G)-expansion to travelling
wave solutions of the Broer-Kaup and the ap-
proximate long water wave equations. Appl.
Math. Comput., 206, 2008, pp.321-326.

[26] E. M. E. Zayed, A further improved (G’/G)-
expansion method and the extended tanh-
method for finding exact solutions of nonlin-
ear PDEs, WSEAS Transactions on Mathe-
matics, 10(2), 2011, pp.56-64.

[27] I. Aslan, Discrete exact solutions to some
nonlinear differential-difference equations via
the (G’/G)-expansion method, Appl. Math.
Comput., 215, 2009, pp.3140-3147.

[28] B. Ayhan, A. Bekir, The (G’/G)-expansion
method for the nonlinear lattice equations,
Commun. Nonlinear Sci. Numer. Simulat.,
17, 2012, pp.3490-3498.

[29] E.M.E. Zayed, K.A. Gepreel, The modified
(G’/G)-expansion method and its applica-
tions to construct exact solutions for nonlin-
ear PDEs, WSEAS Transactions on Mathe-
matics, 10(8), 2011, pp.270-278.

[30] S. Zhang, New exact non-traveling wave
and coefficient function solutions of the
(2+1)-dimensional breaking soliton equa-
tions, Phys. Lett. A, 368, 2007, pp.470-475.

[31] Y. Z. Peng, E. V. Krishnan, Two classes
of new exact solutions to (2+1)-dimensional
breaking soliton equation, Commun. Theor.
Phys. (Beijing, China), 44, 2005, pp.807-809.

[32] Y. J. Ren, S. T. Liu, H. Q. Zhang, On a
generalized improved F-expansion method,
Commun. Theor. Phys. (Beijing, China), 45,
2006, pp.15-28.

[33] Y. Chen, B. Li, H. Q. Zhang, Symbolic Com-
putation and Construction of Soliton-Like
Solutions to the (2+1)-Dimensional Break-
ing Soliton Equation, Commun. Theor. Phys.
(Beijing, China), 40, 2003, pp.137-142.

WSEAS TRANSACTIONS on MATHEMATICS Chuanbao Wen, Bin Zheng

E-ISSN: 2224-2880 571 Issue 5, Volume 12, May 2013




