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1 Introduction

Fractional differential equations have recently
proved to be valuable tools to the modeling of
many physical phenomena, and have been the
focus of many studies due to their frequent ap-
pearance in various applications in physics, biol-
ogy, engineering, signal processing, systems iden-
tification, control theory, finance and fractional
dynamics. Many articles have investigated some
aspects of fractional differential equations, such
as the existence and uniqueness of solutions to
Cauchy type problems, the methods for explicit
and numerical solutions, and the stability of so-
lutions [1-8]. Among the investigations for frac-
tional differential equations, research for seeking
exact solutions and numerical solutions of frac-
tional differential equations has been an impor-
tant task of many researchers. Many powerful
and efficient methods have been proposed to ob-
tain numerical solutions and exact solutions of
fractional differential equations so far. For ex-
ample, these methods include the Adomian de-
composition method [9,10], the variational iter-
ative method [11-13], the homotopy perturba-
tion method [14,15], the differential transforma-
tion method [16], the finite difference method [17],
the finite element method [18], the fractional sub-
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equation method [19-21] and so on. Based on
these methods, a variety of fractional differential
equations have been investigated.

In this paper, we propose a new fractional
sub-equation method to establish exact solutions
for fractional partial differential equations in the
sense of modified Riemann-Liouville derivative by
Jumarie [22], which is the fractional version of
the known (G’/G) method [23-29]. The main
idea of this method lies in that by a traveling
wave transformation & = £(¢, 21,29, ..., Zy), cer-
tain fractional partial differential equations ex-
pressed in independent variables t,x1,x9,..., Ty
can be turned into fractional ordinary differential
equations in £, the solutions of which are supposed
to have the form

m DG .
U(e) = Zai[g(f)]a
=0

where G(&) satisfies the following fractional ordi-
nary differential equation:

D{*G(€) + ADEG(E) + nG(§) =0, (1)

DgG(§) denotes the modified Riemann-Liouville
derivative of order « for G(§) with respect to &,
and the integer m can be determined by the homo-
geneous balancing principle. By the general solu-
tions of Eq. (1) we can deduce the expression for

Issue 5, Volume 12, May 2013



WSEAS TRANSACTIONS on MATHEMATICS

DgG(6)
G
nal fractional partial differential equations can be
established.
The Jumarie’s modified Riemann-Liouville
derivative of order « is defined by the following
expression:

and then the exact solutions for the origi-

ey o (=)~ (F(&) - F(0))de,

O<a<l,

Dif(t) =

(fM@)) e, n<a<ntl, n>1.

We list some important properties for the modi-
fied Riemann-Liouville derivative as follows:

PA+r) a

DOétT:
t F(l+r—a) '

(2)

Dy (f(t)g(t)) =

D flg(t)] = f4lg()] D g(t)

g(O)Dft) + f(1)Dig(t),  (3)

= Dg flg(®)](g'(£))".
(4)

The rest of this paper is organized as fol-
lows In Section 2, we present the expression

G(©)
for G(g) related to Eq. (1).

we give the description of the fractional sub-
equation method for solving fractional partial dif-
ferential equations. Then in Section 4 we apply
this method to establish exact solutions for the
space-time fractional generalized Hirota-Satsuma
coupled KDV equations and the space-time frac-
tional (2+1)-dimensional breaking soliton equa-
tions. Some conclusions are presented at the end
of the paper.

In Section 3,

DgG(E)

2 General expression for

In order to obtain the general solutions for Eq.
(1), we suppose G(§) = H(n), and a nonlinear
fractional complex transformation n = I‘(lijmz)
Then by Eq. (2) and the first equality in Eq. (4),
Eq. (1) can be turned into the following second
ordinary differential equation

H"(n) + XH'(n) + pH (n) = 0. (5)

By the general solutions of Eq. (5) we have
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( /N2 _
2+ /\ Fx

C sinh ¥ —dp n+C2 cosh Y~—5—*F )‘274 Ly
)
C1 cosh \/ —41 | Oy sinh Va2 4”77
)

\Ap—A2
—5 + Y x
1/ 2 NI
(—Cl sin %774—6’2 cos %n

C'1 cos Mﬁ—i—CQ sin Mﬂ
N —4p <0,
—4p =0,

)

_Cy 2
T2 + C1+Can? A

where C1, Cs are arbitrary constants.
Since D?G({) = D?H(n) = H'(n)Dg‘n =
H'(n), we obtain

Ay VAR
2t T
<C’1 sinh 7‘74"50‘4-02 cosh ¥ 74“5“ )

2 (1+«) 2I'(1+a)

C1 cosh VA2 —dy £24+Co sinh ;/F(lli‘)‘ga

A2 —4p >0,

2T (1+ o)

\Ap—A2
_% _|_ H X
—C sin Y §°‘+Cg cos YAu— A2 >

2F(1+a) 2F(1+a)
C1 cos ;/1‘(1-5-(1) £a+Cy sin 21"(q+a) I3
N —4p <0,
Col'(1+a) 2 _
-2 5+ T (iza)tcsear A — 4 =0.

(7)

3 Description of the fractional
sub-equation method

In this section we give the main steps of the frac-
tional sub-equation method for finding exact so-
lutions of fractional partial differential equations.

Suppose that a fractional partial differen-
tial equation, say in the independent variables

t,x1,T9,..., Ty, is given by
(0% o (0% 03
P(uy, ..ug, Di'uy, ..., Ditug, D3 vy, ..., Dg ug, ...,
2 2 2a
Dg uy, ..., Dy ug, Di%uy, ..., Diug, D% uy, ...) = 0,
(8)
where u; = u;(t,z1,xo,....,xy), i = 1,....,k are

unknown functions, P is a polynomial in u; and
their various partial derivatives including frac-
tional derivatives.

Step 1. Suppose that

ui(t, L1y L2y uny xn) =

1 1 1
E=cot+kiz+hSao+ ... +hizn+&. (9)
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Then by the second equality in Eq. (4), Eq. (8)
can be turned into the following fractional ordi-

nary differential equation with respect to the vari-
able &:

P(Uy, ..., Uy, DU, ..., cDEUy, k1 DEUY, ..,
k1DgUp, ..., knDEUL, ..., knDgUy, 2 DEUn, ...,
DUy, ki DUy, ...) = 0. (10)

Step 2. Suppose that the solution of (10) can be

DgG
expressed by a polynomial in (——) as follows:

i DG .
Uj(g)zzaj,i(%)a j=1,2,...k (11
=0

where G = G(§) satisfies Eq. (1), and a;,, i =
0,1,....,m, 7 =1,2, ...,k are constants to be deter-
mined later with a;,, # 0. The positive integer
m can be determined by considering the homoge-
neous balance between the highest order deriva-
tives and nonlinear terms appearing in (10).

Step 1. Substituting (11) into (10) and using
(1), collecting all terms with the same order
of (%) together, the left-hand side of (10) is
. . . DG
converted into another polynomial in (—&—).
Equating each coefficient of this polynomial
to zero, yields a set of algebraic equations for
)\, My Gji, 1= 0, 1, ceey T, ] = 1,2, ...,k.

Step 4. Solving the equations system in Step 3,
and using (7), we can construct a variety of exact
solutions for Eq. (8).

Remark 1 If we set « = 1 in Eq. (1), then it
becomes G" (&) + AG'(€) + pG(§) = 0, which is
the foundation of the known (G’/G) method for
solving partial differential equations (PDEs). So
in this way, the described fractional sub-equation
method above is the extension of the (G’/G)
method to fractional case.

4 Applications of the method

4.1 Space-time fractional generalized
Hirota-Satsuma coupled KDV
equations

We consider the following space-time fractional
generalized Hirota-Satsuma coupled KDV equa-
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tions [20]:

Dfu — D3y + 3uD%u — 3D2 (vw) = 0
D&y + D3% — 3uD%v = 0

D¢w + D3%w — 3uD%w = 0

(12)
where 0 < a < 1. In [20], the authors solved
Eqgs. (12) by a proposed fractional sub-equation
method based on the fractional Riccati equation,
and established some exact solutions for it. Now
we will apply the described method in Section 3
to Egs. (12). Suppose u(z,t) = U(), v(z,t) =
V(€), wlw,t) = W(E), where £ = ko +cat +&,
k, ¢, & are all constants with k, ¢ > 0. Then by
use of the second equality in Eq. (4), Egs. (12)
can be turned into

cDU — 3K DU

+3kUDZU — 3kDg (VW) =0,
cDEV + k*DV — 3kUDZV =0,
cDgW + k3 D*W — 3kUDgW = 0.

(13)

Suppose that the solution of Egs. (13) can be
expressed by

U =3, ai( 25y,
V(E) = ﬁ)bi(’)ég)% (14)
W(E) = fizci<D§G>l

Balancing the order of Dg’O‘U and Dg(VW),
DV and UDZV, D*W and UD¢W in Egs.
(13) we deduce m; = mg = ms3 = 2. So

U(€) =ao + al(%G)l + 02(%%2,

V(©) = bo+ () +ba( )2, (19)

W(E) = co+er( ) +eal )2
Substituting (15) into (13), using Eq. (1) and

collecting all the terms with the same power of

(DEGG) together, equating each coefficient to zero,
yields a set of algebraic equations. Solving these
equations with the aid of the mathematical soft-
ware Maple, yields the following families of values
of A, u, a;, b;, ¢;, 1 =0,1,2:

Case 1.

2B+ e+ k3N
B 3k

ca1 = 2K%\, as = 2k2,

ao
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bo = by, b1 = b1, by =0,

A=A p=p,
 E(=k3bi A3 4-4k3by Au—4chy \-bok3\2)
== 302
1
4bo k3 pu—A4bgc

g,

k(k3A2—4k3 u+4
o =M 3by L) ey =0,

where by, b1, A, p are arbitrary constants with
b1 # 0.

Case 2.

E3A2+8k3 pt-c
ag = 3k = ’

2
Gz = 4k y =W,
bO _ 2k(k3ca\2+8k3copu— 660k3+4002) )= )\7

= 4k2),

362
by — 4k _ 4kt
1 = cg 2 = cg ?

cp = Cp, C1 = C2\, C2 = C2,

where cg, co, A, p are arbitrary constants with
co # 0.

Substituting the results above into (15), and
combining with (7) we can obtain the following
two families of exact solutions to Eqgs. (12).

Family 1:

When A\ — 41 > 0,

2k3 pc+k3A2

ur(@,t) = g

2 A VAR
2k N[5 + Y 5—

Cy sinh 7§m+a) €¥+C3 cosh VQF(I e

\/>‘ —4p é'a

VA2
C'1 cosh ST (TFa)

FTTag £ +Casinh
A2—4
_’_2]{/_2[_7 + @
V24 e VA2 Ay ea
Cysinh 2F(1+al;f +C2 cosh Jrsh €° }2

\/ —4 @ \/ —4 @
C4 cosh Wﬂgﬁ +C sinh 2F(1+of)L§

vi(z,t) = by + b1[—5 + #

+C5 cosh Y—F5

2F(1+a) }1
9

C1 sinh mga (17)

—4p ga

V2 VA2—ap
C1 cosh mﬁ +C5 sinh A ATa)

 R(=k3bi A3+ 4k3by Au—4cbi A+bokPA2)

wi(z,t) = 552
+ 4bo k3 pu—4boc + k(k3\2—4k3 pd-4c) [_ AL A AZ—4p
362 3b1 2 2
VA2 — A2
Cy sinh 2r(1+i*; £%+C5 cosh 2F>El+i‘; €%\
C cosh 7;/1“(14,-04) £*+Cy sinh \2/1"(1+a) g
(18)
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where & = kax + cat + &.
When A2 — 44 < 0,

s (g; t) 2k3 1 Jg;c+k3/\2

RN 4 VX
Viap—2 £44-Cy cos Y=t~ {"‘

—Cisin 2 (1ta) 2F(1+a) ]

C1 cos %E”‘-‘r(h sin %fa (19)

2
V4u—\2 §°‘+C’gcos V4pu—A2 I3

—C1sin 2T (1+a) 2T (1+a) 2
B\ ] ’

+Cj5 sin 7\2/”1+a) 1Sa

C' cos 7\2/1"(14»04) o

va (e,

t) =
+b1[— ;‘ VAnTX

’ (20)
R 6040 cos YA e ]

—(C1 sin

2F(1+a) 2 (14a)

£x+Cs sin %ga

Viap
O cos Yizay

le(—k3by A3 +4k3by Ap—A4chy A+bok3A2)

3b7
\/ 4u A2

wo(x,t) = —

4bo k3 p—4boc k(k3X2— 4k3u+4c
+ 3b3 + 3b1

2
2
—(C1 sin 52 {O‘—i-Cg cos 2F(1+a) )

2F(l+a)

Ap— A2
2F(1+a)

f"‘ +C9 sin

Vap
Ci cos 2F(1+(x)

(21)
where £ = kax + cat + &.
When A2 — 4, =0,

u3 (.T t) QkSM—EC,:-kS)\Q

2 A Col'(14+-a)
+2k° M=% + erira) i)

21 A Col'(1+a) 2
+2k [_5 + le(i-i-a)—i-aCQE“]

(22)

CQF(1+C¥) ]

va(,t) = bo + b1[=3 + Zrriiray s oo

(23)

 k(=k3bi A3 4k3by Au—4chi A+bokPA2)

w3($a t) = 3b2
4bok® u—4bgc
L
k(322 —4k3 pt-4c) Col'(1+a)
T |72 T orratce
(24)
where £ = kox +cat + &o.
Family 2:
When A2 — 4, > 0,
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k3\24+-8k3
ug(x, t) = FATGEAEe

FARIA[-) 4+ Y

C1 sinh ¥ 74“5"‘+C2 cosh Y22 —4p e

2T (1+a) 2T (1+a)

C1 cosh %£O‘+Cz sinh Va2 WESETFE

oT(1ta)
2_
AR ¢ VA

C' sinh

VA2 4y o \/;
T (iFa) & TC2 cosh 5 7€ }2

C1 cosh %ﬁ +C5 sinh \2{“(1;‘%‘ e

2k (k3ca 2 +8k3copu—6cok3+4cca
’U4($, t) = 2 3c3 )
k4>\[ + 7\/4u
c2 2
C1 sinh 2vr(1;4‘; §*+C3 cosh 3 1;2) }
Cq cosh 2F(1+a) Kgat Oy sinh \/ —4;L£a

I'(l+a)
)\2 4
Yot lad

(' sinh Y _4”5 +C5 cosh —F5 _4“

2F(1+o¢) 2F(1+a) }2

4 N2
C'1 cosh 21—‘(1+of)t £>+Cy sinh \/ 1+i’)j‘§°‘

2__
wy(z,t) = co + A [~ + Y2

2
Cq sinh Y 74“5"‘—&-6’2 cosh YA =2k ca

2T (14+«) 2F(1+a) }
C1 cosh Vo2 —4 oy O sinh V2 —4b fa

2I'(14«) 2l (1+«)

oo~ + L2

C' sinh Y 74“&"‘—&-02 cosh ¥ 74“{"‘

2T (17a) 2T (1t a) }2
\/ % \/ —4 e%
C' cosh mf +C5 sinh 2F(1+a!;§

where £ = kaa + cat + &o.
When A2 — 44 < 0,

us(z,t) = 7k3)\2—§%€k3#+c

FARIA[-) 4 VX

—Clsiniwfa—&-Czcos VETES

2T (1+a) 2F(1+a) ]

—2 )
Cq cos 7\2/;1(‘{_‘_2) £24-Cy sin 7;/1“(14_&) g

FAR2[—2 4 VX

2
—(C1 sin YA/~ E“—&-Cz cos Y 5‘*

2F(1+a) 2F(1+a)

2
\/ « N \/ « ] ’
C'1 cos mf +C5 sin mf
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2 3 2 3 _ 3 4
U5(l‘,t) _ k(k°caA*+8k?cop—6cok>+4cca)

3c§
FRELOVED WL
2

Cc2

—C1 sin 7M§Q+Cz cos YAu—AZ A2 I

2I'(14+-«) 2F(1+a) ]

\/4 7>‘2 @ N \/ «
Cq cos mﬁ +Cgsmm§

44T N | V/AR—A?
g+

Cc2

(29)

s VA—A2 .o Vg o
—C1sin 2I‘(l{+o¢) £+ cos 2F(1+a) 5
Vap—22
2I'(14«)

1%,

C1 cos %fa

£x+C sin

ws(z,t) = co
teN[—) 4 YN

2
Viap—22 fa-‘rCQCOS v

2T (1+a) 2F(1+a) ]

%f“ (30)

—(C'1 sin

C1 cos

\2/1"(1+a) £24-Cy sin

top[—) 4 VX

V4p—A2 E“+Cgcos V4pu—A2

2F(1+a 2T (1+a) £ ]2

C1 cos m{ +C5 sin m&

—(C'1 sin

)

where £ = kax + cat + &o.
When A2 — 4, =0,

(iL' t) k3A2+8k3u+c

CoI'(14+«
KA + —Clr@;)@a] (31)

2 Col'(14-a) 2
+4k [_5 + ClF(i—i—a)—i-aCQﬁa] ’

o 2k(k302)\2+8k302,u7600k3+4ccz)
(33, t) - 303
kAT A Col'(1+a)
e [_2 + 01F(1+a)+02§f¥] (32)

4k* 7 X Col'(14+a) 2
+% 73 T oriray o)

we(z,t) = o

by Col'(14-a)
+e2A[=3 + arirarome) (33)

D Col'(1+a) 2
te2l=3 + oriray e

where £ = kax + cat + &.

Remark 2 As a different method from [20] is
used here, the established solutions above for the
space-time fractional generalized Hirota-Satsuma
coupled KDV equations are essentially different
from the results in [20], and furthermore, are new
exact solutions so far in the literature.
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4.2 Space-time  fractional  (2+1)-
dimensional breaking soliton
equations

We consider the space-time fractional (241)-
dimensional breaking soliton equations

9% _
{ o ta axm 5+ daudzt + dafito = 0,

0% _ 0% ’
aya — Ox«?
(34)

where 0 < o < 1. (34) is a variation of the (2+1)-
dimensional breaking soliton equations equation
[30-33]

{ Ut + QUggy + 4auv, + 4augv = 0, (35)

Uy = Vg

For Egs. (35), some periodic wave solutions, non-
traveling wave solutions, and Jacobi elliptic func-
tion solutions were found in [19-22]. But we notice
so far no research has been paid for Egs. (34). In
the following, we will apply the described frac-
tional sub-equation method in Section 3 to Egs.
(34).
To begin with, we suppose

u(z,y,t) =U(E), v(x,y,t)=V(E),

1 1
where ¢ = kfw+k§y+cét+§o, ki, ko, c, & are
all constants with k1, k2, ¢ > 0. Then by use of
the second equality in Eq. (4), Eqs. (34) can be
turned into

DU + ak3ks DU + dakiUDEV
+4akyVDEU =0, (36)
ks DEU = ki DV.

Suppose that the solution of Egs. (36) can be
expressed by

U = 3 a2y,
. (37)

D¢G
V(&) = ;}bl( G
Balancing the order of Dg’O‘U and U Dg‘V, D?U
and DgV in (37) we have my = ny = 2. So

DgG

) +a( a )7
V(&) = bo + by (%5,

Substituting (38) into (36), using Eq. (1) and
collecting all the terms with the same power of

U(€) = ag + a1 (252 )

G
é)—l—bz

E-ISSN: 2224-2880
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a

DG
(—&—) together, equating each coefficient to zero,
yields a set of algebraic equations. Solving these
equations yields:

_ _ 312 _ 312
apg = ap, a1 = _§k1)‘7 as = _§k17
b — Sak%k2u+ak%k2/\2+c+4aaok2

0= 4aky )

by = —3kikoX, by = —3kiks,

A=A p=p,

where A, p, ag are arbitrary constants.
Substituting the result above into Egs. (38),
and combining with (7) we can obtain the follow-
ing exact solutions to Egs. (34).
When A2 — 44 > 0,

u1($7y>t) = Qg

3.2 A VAR 4
—gkiAl-g +
C1 sinh 2\‘1—‘(1;4#; £*+C9 cosh m&a
C1 cosh %E‘H—CQ sinh g/l“(ljri‘;{a (39)
2 VAP—dp
—3ki[-5 + ¥
VA2 —ap o m
(1 sinh 21"(1+o¢l) £*+C9 cosh 2F(1+of) 9
C1 cosh \2/F<1J_ril; £>+(C9 sinh \/Alli‘; 138
8ak2k2u+ak2k2>\2+c+4aaokg
7)1(:1:7 Y, t) = - ! ilakl
3 A VAR
—iklkg)\[—* + B a—
Cq sinh 27‘F<1:LF;£O‘+C2 cosh M»ga
— 40
C1 cosh %6 +C5 sinh ;4(1+il;£a ( )

_%kle[_f VA2 —dp

<C1 sinh ﬁmﬁa—ﬁ—Cb cosh 21"?1;2‘; £ ) }

C1 cosh \2/1“(1111; £*+Cy sinh Va2 T

2T (1+a)

1
where £ = l@ T+ k§y+cét+§0.
When \* —4pu <0,

U2(x,y7 ) = ag

\ Ap—\2
—3KIN-5 + Y-

—(C'1 sin ¥ 5“—&-02 cos Y ]
(41)

2F(1+a) 2F(1+a)

\/4 « 1 fe
C'1 cos 2F(1+a) § +Cy sin ;/1"(14—&) 13
\ Ap—A2

A
—5ki[-3 +
(—01 sin Y 5“—&-02 COS Y=i——~ 5‘*)]

2F(1+a) 2F(1+a)

\/ « N \/ «
C'1 cos mf +C5 sin mf
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Sak% kgu—&-ak% ko2 +c+4daagks
4akq

Sk kA [ 4+ VX

(—Cl sin ¥=rA——v §°‘+C’2 COS 2=/ §a>]

21"(1+o<) 2F(1+a)
>]2
)

+ Col'(14-a) ]
2 Cll“(l—i-a)—i-nga

’1)2($,y,t) = -

(42)

Cq cos \2/1"(1+oz) £24-Cy sin %ﬁa
\/4/.1, A2

kle[—§ +

(—Cl sin VA= A2 €% 4+C4y cos YAu— A2

2F(1+a)

21"(1+a)

\/4;1, A2
2T (1+a)

£>+Casin 7\2/“1_'_&) o

C1 cos
1
where £ = k§x+k2‘ly+cét+go.
When A\ —4p =0,

uz(x,y,t) = ag — §k%)\[

31.2 Col'(1+a) 2
_2k [ Pl 01F(1+a)+02§a] ’

(43)
8ak%k2u+akfk2)\2+c+4aa0k2
4akq

+ Col'(14a) ]
2 CiT'(14a)+C28>
+ CQF(l-I—a’) ]2
2 CiT(14a)+C2£>

vg(x,y,t) = -

—3k1koN[—3 (44)

—3k1ko[—3

where & = kfx+k§y+cat+£o.

Remark 3 The established solutions for the
space-time fractional (2+1)-dimensional breaking
soliton equations are new to our best knowledge.

5 Conclusions

We have proposed a new fractional sub-equation
method for solving fractional partial differential
equations successfully, which is the fractional ver-
sion of the known (G’/G) method. As applica-
tions, some new exact solutions for the space-
time fractional generalized Hirota-Satsuma cou-
pled KDV equations and the space-time frac-
tional (241)-dimensional breaking soliton equa-
tions have been established. As this method is
based on the homogeneous balancing principle, so
it can also be applied to other fractional partial
differential equations where the homogeneous bal-
ancing principle is satisfied.
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