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Abstract: In this paper, a variable-coefficient simplest equation method is proposed to establish exact
solutions for nonlinear evolution equations. For illustrating the validity of this method, we apply it to the
asymmetric (241)-dimensional NNV system, the (2+1)-dimensional dispersive long wave equations and
the (2+41)-dimensional Boussinesq and Kadomtsev-Petviashvili equations. As a result, some new exact
solutions and solitary wave solutions involving arbitrary function as coefficients are obtained for them.

Key—Words: Simplest equation method; Variable-coefficient; Exact solutions; Nonlinear evolution equa-
tions; Traveling wave solutions; Solitary wave solutions

MSC 2010: 35Q51; 35Q53

1 Introduction the variable-coefficient simplest equation method.

Then in Section 3 we apply the method to solve
Nonlinear evolution equations (NLEES) can be the asymmetric (2+1)_dimensional asymmetric
used to describe many nonlinear phenomena such NNV system, the (2+1)-dimensional dispersive
as fluid mechanics, plasma physics, optical fibers, long wave equations and the (2+1)_dimensional
biology, solid state physics, chemical kinematics, Boussinesq and Kadomtsev-Petviashvili equa-
chemical physics, and so on. Recently, research tions. Some conclusions are presented at the end
for seeking exact analytical solutions of NLEEs of the paper.

is a hot topic, and many powerful and efficient
methods to find analytic solutions have been pre-

sented so far. For example, these methods include 2 DeSCI'iptiOIl of the wvariable-
the known homogeneous balance methoc} [1,2], the coefficient simplest equation
tanh-method [3-5], the inverse scattering trans-

form [6], the Backlund transform [7,8], the Hiro- method

tas bilinear method [9,10], the generalized Riccati
equation [11,12], the sine-cosine method [13], the
Jacobi elliptic function expansion [14,15], the F-

Suppose that a nonlinear evolution equation, say
in two or three independent variables x,y,t, is

expansion method [16], the exp-function expan- given by
sion method [17], the (G’/G)-expansion method B
[18,19]. However, we notice that most of the ex- P(u’“t’“fvvuy>“tt>uxt»um,uzvy---) =0, (1)

isting methods are dealing with constant coeffi-
cients, while very few methods are concerned of
variable-coefficients.

In this paper, by introducing a new ansatz,
we develop a variable-coefficient simplest equation
method for solving NLEESs, which is the extension

where u = u(x,y, t) is an unknown function, P is a
polynomial in v = u(x, y, t) and its various partial
derivatives, in which the highest order derivatives
and nonlinear terms are involved.

Step 1. Suppose that

of the simplest equation method [20-23]. Then we o o

apply this method to establish e£<act s]olutions of uz,y,t) =U(E),  &=&(w,y.1) (2)

NLEEs. and then Eq. (2) can be turned into the following
We organize the rest of this paper as fol- form _

lows. In Section 2, we give the description of PU, U, U", ..)=0. (3)
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Step 2. Suppose that the solution of (3) can be

expressed by a polynomial in (%) as follows:

/

UE) = aie,y,t)( (4)
1=0

¢ )
where am(xa Y, t)7 amfl(ma Y, t)? ey a0($7 Y, t) are
all unknown functions to be determined later with
am(z,y,t) # 0, and ¢ = ¢(&) satisfies some cer-
tain simplest equation with the following form

F(¢,¢',¢",...) =0. ()

The positive integer m can be determined by con-
sidering the homogeneous balance between the
highest order derivatives and nonlinear terms ap-
pearing in (3).

Step 3. Substituting (4) into (3) and using
the relation between ¢'(¢) and ¢(§) deduced by
(5), collecting all terms with the same order of
(&) together, the left-hand side of (3) is con-
verted to another polynomial in ¢(§). Equat-
ing each coefficient of this polynomial to zero,
yields a set of partial differential equations for
am(x,y,t), am,1($,y,t)---, aO(;vavt)v §(x,y,t)
Step 4. Solving the equations in Step 3, and by
using the solutions of Eq. (5), we can obtain exact
solutions for Eq. (1).

Remark 1 If we take Eq. (5) for different
forms such as the Riccati equation, Bernoulli
equation and so on, then different exact solu-
tions for Eq. (1) can be obtained. Especially,
if we substitute ¢ with G, and Eq. (5) takes
the form G"(€) + AG'(§) + pG(§) = 0, then
the described method above becomes the variable-
coefficient (G’/G) method. So the (G’/G) method

is a special case of the simplest equation method.

Remark 2 As the partial differential equations
in Step 3 are usually over-determined, we may
choose some special forms of ar,, am—1, ..., Gy as
did in the following.

3 Application of the wvariable-
coefficient simplest equation
method to some NLEEs

3.1 Asymmetric (2+1) dimensional

NNV system

First we consider the asymmetric
dimensional NNV system [24-26]:

Up — Uggy + @(uv), =0,
Uz + Puy =0,

(241)-

(6)
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where « and 8 are arbitrary nonzero constants.
Assume that u(z,y,t) = U(&), v(x,y,t) =
V (&), where £ = &(x,y,t). Then Egs. (6) can be

turned into
&U/ - (ng”/ + 3£z§xxU// + &xsz/)

+a&, (UV) =
gu + Bﬁyvl =0.

(7)

Suppose that the solutions of Eqgs. (7) can be
¢/

expressed by a polynomial in (5) as follows:

n ¢/ ;

U = =Zbi(y,t)(g),
‘ =0

(8)

where a;(y,t),b;(y,t) are under-determined func-

tions, and ¢ = ¢(§) satisfies Eq. (5). Balancing

the order of U"” and (UV)', U' and V' in Egs.

(7), we can obtain m+3 =m+n+1, m+1=
n+1= m=2, n=2. So we have

-

U(E) = aa(y, (52 + ar(y, 0)(5) + ol 1)
6
)

/ /
V(&) = baly, ) ((5)* + buly, 1) (5 ) + bo(y, 1)
(9)
We will proceed the computation in two cases.
Case 1: ¢ = ¢(&) satisfies the Riccati equation

¢'(€) = a+¢*(6),

Substituting (9) into (7), using Eq. (10) and col-
lecting all the terms with the same power of ¢ to-
gether, equating each coeflicient to zero, yields a
set of under-determined partial differential equa-
tions for a;(y,t),b;(y,t), i = 0,1,2 and &(z,y,t).
Solving these equations, yields

S

(10)

&(x,y,t) = —\/@a:v—l—f C(%la 1(t)dt
Cra Fo(
+f 1 5201
a2y, = FZ(y)v

_ 8F2(y)(o¢2Cfa—%C’2\/6aC1)

ao 30202 ’
b2(y7t) = 017

bl(y> t) =0,

bo(y,t) = Fi(t),

where C] is an arbitrary nonzero constant, and
Fi(t), Fa(y) are two arbitrary functions with re-
spect to the variable ¢ and y respectively.

On the other hand, for Eq. (10), the following
solutions are known to us.

Issue 5, Volume 12, May 2013



WSEAS TRANSACTIONS on MATHEMATICS

When o < 0,

{ ¢1(§) = —v—o tanh(v/=0¢ + co), 1)
$2(§) = —v/—0 coth(v/=a& + o),

where cg is an arbitrary constant.
When o > 0,

{ ¢3(£) = Vo tan(y/o§ + co),
¢4(§) = —V/o cot(v/o€ + o),

$56(&) = +oltan(2\/0§ + o) (13)

+sec(24/0€ + )],
where cg is an arbitrary constant.
When o =0
6r(€) =~ (14
7 - g T o )

where ¢g is an arbitrary constant.

Combining the results above with (11)-(14),
we can obtain the following exact solutions for
the asymmetric (2+1)-dimensional NNV system.

When o < 0:

sech?[v/—o&+c 2
wi @, ,1) = —oFaly) { b=zt red |

8F5 (y)(azcaoff V602+/aCh)
- 301202 )

sech?[/—oé+c
L Ul(%i% )_ —001{#\/75:;00]}2 +F1( )
(15)

csch?[y/—aé+col 2
e S

8F2(y)(a2020'77\[02\/a01)
3a2C3
csch2 —oé+c
foc{;af%;%ai—l+F<>
(16)

UQ('r?y?t) =

UQ(J:’ Y, )

When o > 0:

us(z,y.t) = o Fy(y) (Lol vetralys

8F2(y)(a2020'77\f02x/o¢01)
3a2C%

v (2,9, 1) —00{%$%%%P+Fuw
(17)

wa(r9,0) = o Fay) (gl

8F2(y)(a2020—7\f6’2\/0401)
- 3a202 )

acaix%éﬁﬁ2+F<>()
18

7)4(IE, yat) =
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and

us,6(x, y,t) = 4o Fa(y) X
{secz[2f§+co]isec(2f§+co)tan (24/T€+cp) }2
tan(2v/c€+co)Esec(2y/cé+co)
8F2(y)(a20120—7\f02\/040 )
- 30202
vs.6(,y,t) = 40Cy x
{3602[2f§+co]isec(2f§+co)tan (24/T€+cp) }2
tan(2y/c€+co)Esec(2y/c€+co)
\ +F1( )

(19)

where

¢=—\/Gor+ [ BEFR @)t
Cra Fa(
+ [ G

When o = 0:

8F: a2020—7fC vaCy
U7(.Z',y,t) - (git(fég - 2N éaQCZ : )

U7(Z’,y,t) (£+CO)2 + I ( )

(20)

Case 2: ¢ = ¢(§) satisfies the following Bernoulli
equation

¢ + A = o, (21)

Substituting (9) into (7), using Eq. (21) and
collecting all the terms with the same power of ¢
together, equating each coefficient to zero, yields a
set of under-determined partial differential equa-
tions for a;(y,t),b;(y,t), i = 0,1,2 and {(z,y,t).
Solving these equations, yields

az(y,t) = F1(y), ai(y,t) = Fi(y)A,
ao(y,t) = C1F1(y), ba(y,t) = Co,
bl(y, ) = C )
aC(C1—22)/6aCy—12F)(t
b()(y)t) = - 2( - (;1\)/604022 2 )7
E(w,y,t) = —Y8aC2q 4 [ VOUBEW gy 4 Fy(t),

where C1, Cy are arbitrary constants with Cs # 0,
and F(y), Fa(t) are two arbitrary functions with
respect to the variable y and ¢ respectively.

By the general solutions of Eq. (21), we have

_ 1
P(&) = if%em,
¢/ . A)\eZ/\Q (22)
E - %—‘,—Aez)‘f’

where A\, u, A are arbitrary constants with A # 0,
and p? + A? #£ 0.
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Substituting the results above into Egs. (9),
and combining with (22), we can obtain the fol-
lowing exact solutions:

2XE
us(2,y,1) = CrFa(y) + Fa(y) (— 25
2)¢
+F1(y)A(— g},_/\jemg )27
Ca(C1—22) /6als—12F4(t)
wa(a, ) = ~ O Lo
2)¢
2X¢
+02(—%)23
(23)
where £ = — 6QC z+ [ 6?205251 dy + F(t).

Especially, 1f we set u = AA in Eq. (23), then
we obtain the following solitary wave solutions:

ug(z,y,t) = C1F1(y) — 25 (1 + tanh (X))
+ 2R 1 4 tanh(AE)]?,
’Ug(l’,y,t) _ _aCz(C17?)\/6a02712F2/(t)

ay/6aCy
— G222 (1 4 tanh(A¢))]

+CQT)‘2[1 + tanh(\¢))2.

Remark 3 In [2/-26], some exact solutions for
the asymmetric (2+1) dimensional NNV system
are established using different methods. We note
that the established solutions involving arbitrary
functions as coefficients above are different from
them essentially as we have used a new variable-
coefficient method here, and are new exact solu-
tions which have been reported by other authors in
the literature.

3.2 (2+1)-dimensional dispersive long

wave equations

We consider the known (2+41)-dimensional disper-
sive long wave equations [27-40]:

Uyt + Vez + (U =0,
Ut + Uy + (U0) g + Ugzy = 0.
Some types of exact solutions for Eqs. (27)-

(28) have been obtained in [27-40] by use of vari-
ous methods including the Riccati sub-equation
method [27, 28, 33], the nonlinear transforma-
tion method [29], Jacobi function method [31,
32, 40], (G’/G)-expansion method [30], modified
CK’s direct method [34], EXP-function method
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[32], Hopf-Cole transformation method [36], mod-
ified extended Fan’s sub-equation method [37, 38],
generalized algebraic method [39].

To apply the proposed method, similar as
the process above, we assume that u(x,y,t) =
U(f)’ U(ﬂ?,y,t) = V(é-)) §= g(aj’y?t)' Then Egs.
(24) can be turned into

5// U/ +§y€tU” +§/I V/ (fx) V//
+£,.6,(UU" +U) + &, UU" =0,

ALES fo’ + fx(U’V +UVh+¢l U
(& &ne + 28365, U" + €, (6,)°U" =
(25)

Suppose that the solutions of Eqgs. (25) can be

expressed by a polynomial in ( %) as follows:
U€) =Y ai(y,t)(%)’,
'L?LU - (26)
VO = b0

By balancing the highest order derivatives and
nonlinear terms in Eqgs. (25) we obtain m =

1, n=2. So
U(€) = ar(y,1)(5) + ao(y, ),
V(&) = bay, )(5)% + bi(y, )(5) + bo(y, 1).

(27)
Similarly, we will proceed the computation in
two cases.

Case 1: If ¢ = ¢(&) satisfies the Riccati
equation Eq. (10), then substituting (27)
into (25), using Eq. (10) and collecting all

the terms with the same power of ¢ together,
equating each coefficient to zero, yields a set
of under-determined partial differential equa-

tions for aO(yv t)a aq (ya t)v bO(yv t)7 bl (y7 t)7 b2 (y7 t)
and &(z,y,t). Solving these equations, yields

€($, 7t) Crz + f 4C1ady + 4010 + Fz( )
al(yat) - j:2017
F/
aO(yat) = _Fé'(lt)a .
b2(y7t) == 1(293"‘ ’
bl(y7 t) = 07
bO(yvt) = Fl(y)v

where C] is an arbitrary nonzero constant, and
Fi(y), F»(t) are two arbitrary functions with re-
spect to the variable y and ¢ respectively.

By the general solutions of Eq. (10) denoted
n (11)-(14) we can obtain the following exact so-
lutions for Eqgs. (24).
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When o < 0:
ui(x,y,t) = :EQCN/—U{M
_E®
Cl ’ , ) (28)
1) = ELQ 1S
+F1(y).
csc 2 —0 Ci
us(x, ) = F201v/—o{ Lo ly=cetaly
_EB®
[
CSCi 2 —0 Ci
U2 (x’ Ys t) = = (2)+1 { cotlil \/\/—:055:000] }2
+F1(y).
(29)
When ¢ > 0:
(@) = +201/5 [ fyetaly
Fl
Cl (30)
SeC2 (&
va%%w:—f“r*aw5§ﬁﬂﬁ
+F1(y).
U4(1U,y, ) :onlf{ Cj(;lt[[\ﬁf:‘c?] }
F’(
2 (31)
va(@,y,t) = —F“z)“{f;[ﬁ:;;“]}2
+F1(y).
U5’6($, Y, t) = :|:4Cl\/5
{ sec?[2,/a€+colEsec(2y/aé+co)tan(2y/Té+co) }
tan(2+/c€+co)tsec(2v/d€+co)
_ B
[

vs.6(2,y,t) = —2(Fi(y) + 1)
{ sec?[2y/aé+colEsec(2\/Té+co) tan(24/TE+co) }2
tan(2v/c€+co)Esec(2y/cé+co)

+F1(y),
(32)
where £ = Ciz + [ 4clgdy + 15 + B ().
When o = 0:
F/
ur(z,y,1) = E2Sy - 20, -
vr(z,y,t) = S50 + Fi(y).

Case 2: If ¢ = ¢(&) satisfies Eq. (21), then sub-
stituting (27) into (25), using Eq. (21) and col-
lecting all the terms with the same power of ¢ to-
gether, equating each coeflicient to zero, yields a
set of under-determined partial differential equa-

tions for aO(y7 t)a al (y7 t)a bO(y7 t)? bl(y7 t)a b2 (y7 t)
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and &(x,y,t). Solving these equations, yields

E(z,y,t) = AL — ficlil(t)dt—i— 24
CltF2( ) + F3(y),

ai(y,t) = C1,

ao(y,t) = F1(t) + F2(y),

ba(y, 1) Clth( ) — 2F3(y),

bi(y,1) = SREFY(y) — 2CIAFS(y),

bo(y,t) = —F3(y) —

where C] is an arbitrary nonzero constant, and
Fi(t), F»(y), F5(y) are arbitrary functions.

Substituting the results above into Egs. (27),
and combining with (23), we can obtain the fol-
lowing exact solutions:

us (2,9, 1) = Fi(1) + Fa(y) + Or(~ 5w,
’Ug(l’,y, ) (y) -1
HR o) - 20N F ()~ v
HGE ) — 2B )] (— e )?
(34)

Especially, If we set 4 = AA in Eq. (34), then we
obtain the following solitary wave solutions:

ug(z,y,t) = Fi(t) + F <> CA(1 + tanh(E))],
vo(z, v, ) —Fy(y) —
—[EX Ry (y) - 01A2F3<y>][( + tanh(\€))]
HEZEE (y) — A Fi(y)][(1 + tanh(XE)))2.

Remark 4 The established solutions in FEqs.
(28)-(34) for the (2+1)-dimensional dispersive
long wave equations can not be obtained by the
methods in [27-40]. As involving arbitrary func-
tions as coefficients, they are new exact solutions
to our best knowledge.

3.3 (2+1)-dimensional Boussinesq and
Kadomtsev-Petviashvili equations
We consider the known (241)-dimensional

Boussinesq and Kadomtsev-Petviashvili equa-
tions [41]:

Uy = (g,

Vg = Qy, (35)

Qt = Qrzz + Qyyy + 6(qu)x + 6(q1))y.
Assume that u(z,y,t) = U(), v(z,y,t) =

V(f), Q(‘r?yat) = Q(§)7 §= f(ﬂ?,y,t). Then Egs.
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(35) can be turned into
§U —6.Q"'=0
&V —-§,0Q =0
o - €0 3.0 — (€707 - 1,0

—36,6,,Q" — (£,)°Q" — 66,(QU)" — 6£,(QV)" = 0.

(36)
Suppose that the solutions of Eqs. (36) can be

expressed by a polynomial in (%) as follows: and
suppose

Ue) = g ailw, (L),

V(E) = 3 bila )() (37)
’L;O

Q¥ =2 bi(z,1)(%)!

By balancing U’ and @', V' and @', Q" and (QU)’
in Egs. (36) we obtain m =n =p=2. So

UE) = (e ()7 + (2 () + ool ),

V() = ba(e, (5)* 4 b1, )(5) + bol 1)

Q&) = exw )(5)° + ea(w, () + co(a, 1)
(33)

For simplicity, we only assume that ¢ = ¢(§)
satisfies the Riccati equation Eq.(10). Substi-
tuting (38) into (36), using Eq.(10) and collect-
ing all the terms with the same power of ¢ to-
gether, equating each coefficient to zero, yields a
set of under-determined partial differential equa-
tions for a;(z,t),b;(x,t),ci(x,t), i = 0,1,2 and
&(x,y,t). Solving these equations, yields

E(w,y,1) = V=Cry — 2L 1 By (1),
FE(t)
az(z,t) = =5,
ai (.%‘,t) =0,
/! 3 !/
ap(x,t) = coh (()?Cl(Flc(tl ey
_ 8C304+80FP(1)+3CF F3(t)
3C1Fi(t) )
b2(x7t) = 017
bl(x,t) = 0,
bo(z,t) = F3(t),
CQ(.’L',t) = Fl(t),
c1(z,t) =0,
Cg(l',t) = Oa

where C1, Co are arbitrary constants with C <
0, and Fi(t), F»(t), F5(t) are arbitrary functions
with respect to the variable t.

By the general solutions of Eq. (10) denoted
n (11)-(14) we can obtain the following exact so-
lutions for Egs. (35).
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When o < 0:
_ oFE(t) ysech?[V/—af+c
(CE, Y, t) - Cl'1 { tanh[E/jU§+00(}} }2
+Cg$F{(t)+(—Cl)%FQI(t)
6C1F1 (1)
_ 8C3o+80 F (t)+3C3 Fi(t)
3C1F1(t) ’
sech?[\/—o&+c
vi(z,y,t) = —Cy U{Wm}QJFF (*)
sech —o&+c
@, y,t) = —oFi(t ){me
(39)
where ¢ = /—Cry — + Fy(t).
And
( oF2(t ch?[\/—o
u2 (:177 Y, t) =——3 ( ){ccsoth[[\/\/;f—:_ccoo]] }2
+cle{(t)+(—C1)%F2’(t)
6C1F1(t)
_ 8C30+80 F}(t)+3CFFs(t)
3C1F1(t) ’
csch?[\/—cé+c
va(z,y,t) = —Cla{%}z + F5(t)
ar(@,y,1) = —aﬂ(w{%}z
(40)
where ¢ = /—Cry — 5(1).
When o > 0:
o-F2 sec? C
uz(z,y,t) = t){ tan[[\ffg-tcg] }
+Cng1(t)+(—Cl)7F2(t)
6C1 i (t)
8CPo+80F} (t)+3C3 Fi(t)

- 3C1F1(D) ’
vy(w,y,t) = Cro{ gt} + By(o)
@3(z,y,t) = UFl(t){ste:n[[\fg—tcc(?]] ¥

(41)
where ¢ = /—Cry — 5(1).
ch2 t) csc? C
U4(«T7 Y, t) = ){ csot [\/\Cégj—co(i }
+ngF1’( )+(=C1) 2 (1)
6C1 F1(t)
8C3o+80F(t)+3C2 Fs(t)

- 3C1F1(t) ’
va(2,y,t) = 010{%}2 + (1)
qu(z,y,t) = UFl(t){ccb;t[[\\ffsgic?]]}Q

(42)
where ¢ = /—Ciy — 5(t).
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And

( 40FE(t)
Us 6($ Y, ) C
{seCQ[2f§+co}:|:sec(2f§+co)tan (24/0€+cp) }2
tan(2f§+co):|:sec(2f§+co

+ CizF|{ (t)+(—C1) 3 Fi(t)
6C1F1(t)

8C3o+80FP(t)+3C3F5(t)
- 3C1 F1 (t) ’
'U5,6(x7 Y, t) = 4010
{ sec?[2y/a€+co|Esec(24/aé+co)tan(2y/aé+co) }2
tan(2y/cé+co)tsec(2y/aé+co)
+F35(t)
g5.6(7,y,t) = 4o F1(t)

{sec2[2f§+co}:|:sec(2f§+co)tan 2f§+co)}2
tan(2y/c&+co)tsec(2y/aé+co)

\

(43)
where £ = /—Chy — + Fy(t).
When o = 0:
F2(t) 2
’U,7(-’L',y, ) m
+Cle’(t)+( C1)2 Fy(1)
601F1(t)
_ 8C30+80 FP(t)+3CF F3(t) (44)
o 301F1( ) ’
’U7($7y>t) = (€+c0)? +F3( )
L q7($7 Y, t) = (Q(EO)P?
where £ = /—C1y — + Fs(1).

Remark 5 The established solutions in Fgs.
(39)-(44) for the (2+1)-dimensional Boussinesq
and Kadomtsev-Petviashvili equations are new ex-
act solutions so far in the literature.

4 Conclusions

We have proposed a variable-coefficient simplest
equation method for solving nonlinear evolution
equations, and applied it to find exact solutions of
the asymmetric (241)-dimensional NNV system,
the (2+1)-dimensional dispersive long wave equa-
tions and the (241)-dimensional Boussinesq and
Kadomtsev-Petviashvili equations. As a result,
some new exact solutions and solitary wave solu-
tions involving arbitrary function as coefficients
for them have been obtained. These solutions
may provide some references for the research in
related physical phenomena. Finally, we note the
proposed method in this paper can also be applied
to other nonlinear evolution equations.
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