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Abstract: In this paper, we consider the skew circulant and skew left circulant matrices with the Fibonacci and
Lucas numbers. Firstly, we discuss the invertibility of the skew circulant matrix and present the determinant
and the inverse matrix by constructing the transformation matrices. Furthermore, the invertibility of the skew left
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matrices by utilizing the relation between skew left circulant matrices and skew circulant matrix, respectively.
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1 Introduction
Skew circulant and circulant matrices have impor-
tant applications in various disciplines including im-
age processing, communications, signal processing,
encoding, solving Toeplitz matrix problems, precon-
ditioner, and solving least squares problems. They
have been put on firm basis with the work of P. Davis
[1] and Z. L. Jiang [2].

The skew-circulant matrices as pre-conditioners
for linear multistep formulae(LMF)-based ordinary
differential equations(ODEs) codes, Hermitian and
skew-Hermitian Toeplitz systems are considered in
[3, 4, 5, 6]. Lyness employed a skew-circulant matrix
to construct s-dimensional lattice rules in [7]. Spec-
tral decompositions of skew circulant and skew left
circulant matrices are discussed in [8].

The Fibonacci and Lucas sequences are defined
by the following recurrence relations, respectively:

Fn+1 = Fn + Fn−1 where F0 = 0, F1 = 1,
Ln+1 = Ln + Ln−1 where L0 = 2, L1 = 1,

for n ≥ 0: The first few values of the sequences are
given by the following table:

n 0 1 2 3 4 5 6 7 8 9
Fn 0 1 1 2 3 5 8 13 21 34
Ln 2 1 3 4 7 11 18 29 47 76

The {Fn} is given by the formula

Fn =
αn − βn

α− β

and the {Ln} is given by the formula

Ln = αn + βn,

where α and β are the roots of the characteristic equa-
tion x2 − x− 1 = 0.

Besides, some scholars have given various algo-
rithms for the determinants and inverses of nonsingu-
lar circulant matrices [1]. Unfortunately, the com-
putational complexity of these algorithms are very
amazing with the order of matrix increasing. How-
ever, Some authors gave the explicit determinants
and inverse of circulant and skew-circulant involv-
ing Fibonacci and Lucas numbers. For example,
D. V. Jaiswal evaluated some determinants of circu-
lant whose elements are the generalized Fibonacci
numbers [9]. D. A. Lind presented the determi-
nants of circulant and skew-circulant involving Fi-
bonacci numbers [10]. D. Z. Lin gave the determi-
nant of the Fibonacci-Lucas quasi-cyclic matrices in
[11]. S. Q. Shen considered circulant matrices with
Fibonacci and Lucas numbers and presented their ex-
plicit determinants and inverses by constructing the
transformation matrices [12].

The purpose of this paper is to obtain the better
results for the determinants and inverses of skew cir-
culant and skew left circulant matrices by some per-
fect properties of Fibonacci and Lucas numbers. In
this paper, we adopt the following two conventions
00 = 1, and for any sequence {an},

∑n
k=i ak = 0 in

the case i > n.

Definition 1. [8] A skew circulant matrix with the first
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row (a1, a2, . . . , an) is meant a square matrix of the
form

a1 a2 . . . an
−an a1 . . . an−1

−an−1 −an . . . an−2
...

...
. . .

...
−a2 −a3 . . . a1


n×n

,

denoted by SCirc(a1, a2, ..., an).

Definition 2. [8] A skew left circulant matrix with the
first row (a1, a2, . . . , an) is meant a square matrix of
the form

a1 a2 . . . an
a2 a3 . . . −a1
a3 a4 . . . −a2
...

...
. . .

...
an −a1 . . . −an−1


n×n

,

denoted by SLCirc(a1, a2, ..., an).

Lemma 3. [8, 1] Let A = SCirc(a1, a2, ..., an) be
skew circulant matrix, then we have

(i) A is invertible if and only if f(ωkη) ̸= 0(k =
0, 1, 2, ..., n − 1), where f(x) =

∑n
j=1 ajx

j−1 , ω =

exp(2πin ), and η = exp(πin );
(ii) If A is invertible, then the inverse of A is a

skew circulant matrix.

Lemma 4. With the orthogonal skew left circulant
matrix

Θ :=


1 0 . . . 0 0
0 0 . . . 0 −1
0 0 . . . −1 0
...

...
. . .

...
...

0 −1 . . . 0 0


n×n

,

it holds that

SCirc(a1, a2, . . . , an) = ΘSLCirc(a1, a2, . . . , an).

Lemma 5. If

[SCirc(a1, a2, ..., an)]
−1 = SCirc(b1, b2, ..., bn),

then

[SLCirc(a1, a2, ..., an)]
−1 = SLCirc(b1,−bn, ...,−b2).

Proof: Let B = SCirc(a1, a2, ..., an), A′ =
SLCirc(a1, a2, ..., an), by Lemma 4, we have B =
ΘA′, then B−1 = A′−1Θ−1. Thus, we obtain

A′−1 = B−1Θ = SLCirc(b1,−bn, ...,−b2),

where B−1 = SCirc(b1, b2, ..., bn). ⊓⊔

2 Determinant and inverse of skew
circulant matrix with the Fi-
bonacci numbers

In this section, let An = SCirc(F1, F2, ..., Fn) be
skew circulant matrix. Firstly, we give a determinant
explicit formula for the matrix An. Afterwards, we
prove that An is an invertible matrix for n ≥ 2, and
then we find the inverse of the matrix An.

Theorem 6. Let An = SCirc(F1, F2, ..., Fn) be skew
circulant matrix, then we have

detAn = (1 + Fn+1)
n−1

+ (−Fn)
n−2

n−1∑
k=1

(−Fk)

(
1 + Fn+1

−Fn

)k−1

, (1)

where Fn is the nth Fibonacci number.

Proof: Obviously, detA1 = 1 satisfies the equation
(1). In the case n > 1, let

Γ =



1
1 1
1 1 −1
0 0 1 −1 −1
... . . . . . . . . .

0 1 . . . . . .

0 1 −1 . . . 0
0 1 −1 −1


,

Π1 =



1 0 0 · · · 0 0

0
(

−Fn
F1+Fn+1

)n−2
0 · · · 0 1

0
(

−Fn
F1+Fn+1

)n−3
0 · · · 1 0

...
...

...
. . .

...
...

0 −Fn
F1+Fn+1

1 · · · 0 0

0 1 0 · · · 0 0


,

be two n× n matrices, then we have

ΓAnΠ1 =



F1 f
′
n b13 · · · b1,n−1 b1n

0 fn b23 · · · b2,n−1 b2n
0 0 b33

0 0 Fn
. . .

...
...

. . . bn−1,n−1

0 0 Fn bnn


,
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where

b1j = Fn−j+2,

b2j = −Fn−j+1,

bjj = F1 + Fn+1, j = 3, 4, . . . , n,

fn = F1 + Fn +

n−2∑
k=1

(−Fk)

(
−Fn

F1 + Fn+1

)n−(k+1)

,

and

f ′
n =

n−1∑
k=1

Fk+1

(
−Fn

F1 + Fn+1

)n−(k+1)

.

So we obtain

det Γ detAn detΠ1

= F1

[
F1 + Fn +

n−2∑
k=1

(−Fk)

(
−Fn

F1 + Fn+1

)n−(k+1)
]

× (F1 + Fn+1)
n−2

= F1

[
F1 + Fn+1 +

n−1∑
k=1

(−Fk)

(
−Fn

F1 + Fn+1

)n−(k+1)
]

× (F1 + Fn+1)
n−2

= (1 + Fn+1)
n−1 + (−Fn)

n−2

×
n−1∑
k=1

(−Fk)

(
1 + Fn+1

−Fn

)k−1

,

while

det Γ = detΠ1 = (−1)
(n−1)(n−2)

2 ,

hence, we have

detAn = (1 + Fn+1)
n−1+

(−Fn)
n−2

n−1∑
k=1

(−Fk)

(
1 + Fn+1

−Fn

)k−1

.

The proof is completed. ⊓⊔

Theorem 7. Let An = SCirc(F1, F2, ..., Fn) be skew
circulant matrix, if n ≥ 2, then An is an invertible
matrix.

Proof: When n = 3 in Theorem 6, then we have
detA3 = 14 ̸= 0, hence A3 is invertible. In the case
n > 3, since Fn = αn−βn

α−β , where α + β = 1, αβ =

−1, ω = exp(2πin ) and η = exp(πin ), hence we have

f(ωkη) =

n∑
j=1

Fj(ω
kη)j−1

=
1

α− β

n∑
j=1

(αj − βj)(ωkη)j−1

=
1

α− β

[
α(1 + αn)

1− αωkη
− β(1 + βn)

1− βωkη

]
=

1

α− β

[
(α− β) + (αn+1 − βn+1)

1− (α+ β)ωkη + αβω2kη2

− αβ(αn − βn)ωkη

1− (α+ β)ωkη + αβω2kη2

]
=

1 + Fn+1 + Fnω
kη

1− ωkη − ω2kη2
(k = 1, 2, ..., n− 1).

If there exists ωlη(l = 1, 2, ..., n − 1) such that
f(ωlη) = 0, then we obtain 1 + Fn+1 + Fnω

lη = 0

for 1−ωlη−ω21η2 ̸= 0, thus, ωlη = 1+Fn+1

−Fn
is a real

number. While

ωlη = exp

(
(2l + 1)πi

n

)
= cos

(2l + 1)π

n
+ i sin

(2l + 1)π

n
,

hence, sin (2l+1)π
n = 0, so we have ωlη = −1 for

0 < (2l+1)π
n < 2π. But x = −1 isn’t the root of the

equation 1 + Fn+1 + Fnx = 0 (n > 3). Hence, we
obtain f(ωkη) ̸= 0 for any ωkη (k = 1, 2, ..., n− 1),
while f(η) =

∑n
j=1 Fjη

j−1 = 1+Fn+1+Fnη
1−η−η2

̸= 0.
Hence, by Lemma 3, the conclusion is obtained. ⊓⊔

Lemma 8. Let the matrix G = [gi,j ]
n−2
i,j=1 be of the

form

gij =


F1 + Fn+1, i = j,

Fn, i = j + 1,
0, otherwise.

Then the inverse G−1 = [g′i,j ]
n−2
i,j=1 of the matrix G is

equal to

g′i,j =

{
(−Fn)i−j

(F1+Fn+1)i−j+1 , i ≥ j,

0, i < j.

Proof: Let cij =
∑n−2

k=1 gikg
′
kj . Then ci,j = 0 for

i < j. In the case i = j, we obtain

cii = giig
′
ii = (F1 + Fn+1) ·

1

F1 + Fn+1
= 1.
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For i ≥ j + 1, we obtain

cij =
n−2∑
k=1

gikg
′
kj = gi,i−1g

′
i−1,j + gi,ig

′
i,j

= Fn ·
(−Fn)

i−j−1

(F1 + Fn+1)i−j

+ (F1 + Fn+1) ·
(−Fn)

i−j

(F1 + Fn+1)i−j+1
= 0.

Hence, we verify GG−1 = In−2, where In−2 is (n −
2)× (n− 2) identity matrix. Similarly, we can verify
G−1G = In−2. Thus, the proof is completed. ⊓⊔

Theorem 9. Let An = SCirc(F1, F2, ..., Fn) be skew
circulant matrix, if n ≥ 2, then we have

A−1
n =

1

fn
SCirc(x′1, x

′
2, . . . , x

′
n),

where

x′1 = 1−
n−2∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i
,

x′2 = −1−
n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i
,

x′k = − (−Fn)
k−3

(F1 + Fn+1)k−2
, k = 3, 4, . . . , n,

fn = F1 + Fn +
n−2∑
k=1

(−Fk)

(
−Fn

F1 + Fn+1

)n−(k+1)

.

Proof: Let

Π2 =



1 −f ′
n π13 π14 · · · π1n

0 1 Fn−2

fn

Fn−3

fn
· · · F1

fn

0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1


,

where

π1j =
−f ′

n

fn
Fn−j+1 − Fn−j+2, j = 3, 4, . . . , n

fn = F1 + Fn +

n−2∑
k=1

(−Fk)

(
−Fn

F1 + Fn+1

)n−(k+1)

,

and

f ′
n =

n−1∑
k=1

Fk+1

(
−Fn

F1 + Fn+1

)n−(k+1)

.

Then we have

ΓAnΠ1Π2 = D1 ⊕ G,

where D1 = diag(F1, fn) is a diagonal matrix, and
D1 ⊕ G is the direct sum of D1 and G. If we denote
Π = Π1Π2, then we obtain

A−1
n = Π(D−1

1 ⊕ G
−1)Γ.

Since the last row elements of the matrix Π are
0, 1, Fn−2

fn
, Fn−3

fn
, ..., F2

fn
, F1
fn

. Hence by Lemma 8 if let
A−1

n = SCirc(x1, x2, ..., xn), then its last row ele-
ments are given by the following equations:

−x2 =
1

fn
+

1

fn

n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i
,

−x3 =
1

fn

F1

(F1 + Fn+1)
,

−x4 =
1

fn

2∑
i=1

F3−i(−Fn)
i−1

(F1 + Fn+1)i
− F1

fn(F1 + Fn+1)
,

−x5 =
1

fn

3∑
i=1

F4−i(−Fn)
i−1

(F1 + Fn+1)i
− 1

fn

2∑
i=1

F3−i(−Fn)
i−1

(F1 + Fn+1)i

− F1

fn(F1 + Fn+1)
,

...

−xn =
1

fn

n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i

− 1

fn

n−3∑
i=1

Fn−2−i(−Fn)
i−1

(F1 + Fn+1)i

− 1

fn

n−4∑
i=1

Fn−3−i(−Fn)
i−1

(F1 + Fn+1)i
,

x1 =
1

fn
− 1

fn

n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i

− 1

fn

n−3∑
i=1

Fn−2−i(−Fn)
i−1

(F1 + Fn+1)i
.

Let C(j)
n =

∑j
i=1

Fj+1−i(−Fn)i−1

(F1+Fn+1)i
(j = 1, 2, ..., n−2),

then we have

C(2)
n − C(1)

n = − F1

F1 + Fn+1
+

2∑
i=1

F3−i(−Fn)
i−1

(F1 + Fn+1)i

=
−Fn

(F1 + Fn+1)2
,
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C(n−2)
n + C(n−3)

n

=
n−2∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i
+

n−3∑
i=1

Fn−i−2(−Fn)
i−1

(F1 + Fn+1)i

=
F1(−Fn)

n−3

(F1 + Fn+1)n−2
+

n−3∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i

=

n−2∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i
,

and

C(j+2)
n − C(j+1)

n − C(j)
n

=

j+2∑
i=1

Fj+3−i(−Fn)
i−1

(F1 + Fn+1)i

−
j+1∑
i=1

Fj+2−i(−Fn)
i−1

(F1 + Fn+1)i
−

j∑
i=1

Fj+1−i(−Fn)
i−1

(F1 + Fn+1)i

=
F2(−Fn)

j

(F1 + Fn+1)j+1
+

F1(−Fn)
j+1

(F1 + Fn+1)j+2

− F1(−Fn)
j

(F1 + Fn+1)j+1

+

j∑
i=1

(Fj+5−i − 2Fj+4−i + Fj+2−i)(−Fn)
i−1

(F1 + Fn+1)i

=
(−Fn)

j+1

(F1 + Fn+1)j+2
(j = 1, 2, ..., n− 4).

Hence, we obtain

x1 =
1− C

(n−2)
n − C

(n−3)
n

fn

=
1

fn

(
1−

n−2∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i

)
,

x2 = −
C

(n−2)
n + 1

fn
=

1

fn

(
−1−

n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i

)
,

x3 = −
C

(1)
n

fn
=

1

fn

(
− 1

F1 + Fn+1

)
,

x4 = −
C

(2)
n − C

(1)
n

fn
=

1

fn

(
Fn

(F1 + Fn+1)2

)
,

x5 = −
C

(3)
n − C

(2)
n − C

(1)
n

fn
=

1

fn

(
− (−Fn)

2

(F1 + Fn+1)3

)
,

...

xn = −C
(n−2)
n − C

(n−3)
n − C

(n−4)
n

fn

=
1

fn

(
− (−Fn)

n−3

(F1 + Fn+1)n−2

)
,

and
A−1

n =
1

fn
SCirc(x′1, x

′
2, . . . , x

′
n),

where

x′1 = 1−
n−2∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i
,

x′2 = −1−
n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i
,

x′k = − (−Fn)
k−3

(F1 + Fn+1)k−2
, k = 3, 4, . . . , n.

The proof is completed. ⊓⊔

3 Determinant and inverse of skew
circulant matrix with the Lucas
numbers

In this section, let Bn = SCirc(L1, L2, . . . , Ln) be
skew circulant matrix. Firstly, we give a determinant
explicit formula for the matrix Bn. Afterwards, we
prove that Bn is an invertible matrix for any positive
integer n , and then we find the inverse of the matrix
Bn.

Theorem 10. Let Bn = SCirc(L1, L2, . . . , Ln) be
skew circulant matrix, then we have

detBn = (1 + Ln+1)
n−1 + (−Ln − 2)n−2

×
n−1∑
k=1

(3Lk+1 − Lk+2)

(
−1 + Ln+1

2 + Ln

)k−1

, (2)

where Ln is the nthe lucas number.

Proof: Obviously, detB1 = 1 satisfies the equation
(2), When n > 1, let

Σ =



1
3 1
1 1 −1
0 0 1 −1 −1
... . . . . . . . . .

0 1 . . . . . .

0 1 −1 . . . 0
0 1 −1 −1


,

Ω1 =



1 0 0 · · · 0 0

0 (− Ln+2
L1+Ln+1

)n−2 0 · · · 0 1

0 (− Ln+2
L1+Ln+1

)n−3 0 · · · 1 0
...

...
...

. . .
...

...
0 − Ln+2

L1+Ln+1
1 · · · 0 0

0 1 0 · · · 0 0


,
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be two n× n matrices, then we have

ΣBnΩ1

=



L1 l
′
n Ln−1 · · · L3 L2

0 ln c23 · · · c2,n−1 c2n
0 0 c33

0 0 2 + Ln
. . .

...
...

. . . cn−1,n−1

0 0 2 + Ln cnn


,

where

c2j = 3Ln−j+2 − Ln−j+3,

cjj = L1 + Ln+1, j = 3, 4, . . . , n,

ln = L1 + 3Ln +
n−2∑
k=1

(3Lk+1 − Lk+2)

×
(
− Ln + 2

L1 + Ln+1

)n−(k+1)

,

and

l′n =

n−1∑
k=1

Lk+1

(
− Ln + 2

L1 + Ln+1

)n−(k+1)

.

Hence, we obtain

detΣdetBn detΩ1

= L1

[
L1 + 3Ln +

n−2∑
k=1

(3Lk+1 − Lk+2)

×
(
− Ln + 2

L1 + Ln+1

)n−(k+1) ]
(L1 + Ln+1)

n−2

= L1

[
L1 + Ln+1 +

n−1∑
k=1

(3Lk+1 − Lk+2)

×
(
− Ln + 2

1 + Ln+1

)n−(k+1) ]
(L1 + Ln+1)

n−2

= (1 + Ln+1)
n−1 + (−Ln − 2)n−2

×
n−1∑
k=1

(3Lk+1 − Lk+2)

(
−1 + Ln+1

2 + Ln

)k−1

,

while

detΣ = detΩ1 = (−1)
(n−1)(n−2)

2 .

Thus, we have

detBn = (1 + Ln+1)
n−1 + (−Ln − 2)n−2

×
n−1∑
k=1

(3Lk+1 − Lk+2)

(
−1 + Ln+1

2 + Ln

)k−1

.

The proof is completed. ⊓⊔

Theorem 11. Let Bn = SCirc(L1, L2, . . . , Ln) be
skew circulant matrix, then Bn is invertible for any
positive integer n.

Proof: Since Ln = αn+βn, where α+β = 2, αβ =
−1, ω = exp(2πin ) and η = exp(πin ), hence we have

f(ωkη) =
n∑

j=1

Lj(ω
kη)j−1 =

n∑
j=1

(αj + βj)(ωkη)j−1

=
α(1 + αn)

1− αωkη
+

β(1 + βn)

1− βωkη

=
(α+ β) + (αn+1 + βn+1)

1− (α+ β)ωkη + αβω2kη2

− αβ(αn + βn)ωkη + 2αβωkη

1− (α+ β)ωkη + αβω2kη2

=
2 + Ln+1 + (2 + Ln)ω

kη

1− 2ωkη − ω2kη2

(k = 1, 2, ..., n− 1).

If there exists ωlη(l = 1, 2, . . . , n − 1) such that
f(ωlη) = 0, then we obtain 2+Ln+1+(2+Ln)ω

lη =

0 for 1− 2ωlη − ω2lη2 ̸= 0, thus, ωlη = −2+Ln+1

Ln+2 is
a real number, While

ωlη = exp

(
(2l + 1)πi

n

)
= cos

(2l + 1)π

n
+ i sin

(2l + 1)π

n
.

Hence, sin (2l+1)π
n = 0, so we have ωlη = −1 for

0 < (2l+1)π
n < 2π. But x = −1 isn’t the root of

the equation 2 + Ln+1 + (2 + Ln)x = 0 for any
positive integer n. Hence, we obtain f(ωkη) ̸= 0
for any ωkη(k = 1, 2, . . . , n − 1), while f(η) =∑n

j=1 Ljη
j−1 = 2+Ln+1+(2+Ln)η

1−2η−η2
̸= 0. Thus, by

Lemma 3, the conclusion is obtained. ⊓⊔

Lemma 12. Let the matrix H = [hij ]
n−2
i,j=1 be of the

form

hij =


L1 + Ln+1, i = j,
2 + Ln, i = j + 1,

0, otherwise.

then the inverse H−1 = [h′i,j ]
n−2
i,j=1 of the matrix H is

equal to

h′ij =

{
(−Ln−2)i−j

(L1+Ln+1)i−j+1 , i ≥ j,

0, i < j.
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Proof: Let rij =
∑n−2

k=1 hikh
′
kj . Obviously, rij = 0

for i < j. In the case i = j, we obtain

rii = hiih
′
ii = (L1 + Ln+1) ·

1

L1 + Ln+1
= 1.

For i ≥ j + 1, we obtain

rij =

n−2∑
k=1

hikh
′
kj = hi,i−1h

′
i−1,j + hiih

′
ij

= (2 + Ln) ·
(−Ln − 2)i−j−1

(L1 + Ln+1)i−j

+ (L1 + Ln+1) ·
(−Ln − 2)i−j

(L1 + Ln+1)i−j+1
= 0.

Hence,HH−1 = In−2, where In−2 is (n−2)×(n−2)
identity matrix. Similarly, we can verify H−1H =
In−2. Thus, the proof is completed. ⊓⊔

Theorem 13. Let Bn = SCirc(L1, L2, . . . , Ln) be
skew circulant matrix, then we have

B−1
n =

1

ln
SCirc(y′1, y

′
2, . . . , y

′
n),

where

y′1 = 1−
n−2∑
i=1

(Ln+2−i − 3Ln+1−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

y′2 = −3−
n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

y′k =
5(−Ln − 2)k−3

(L1 + Ln+1)k−2
, k = 3, 4, . . . , n.

Proof: Let

Ω2 =



1 −l′n ω13 ω14 · · · ω1n

0 1 ω23 ω24 · · · ω2n

0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1


,

where

ω1j =
l′n(3Ln−j+2 − Ln−j+3)

ln
− Ln−j+2,

ω2j =
Ln−j+3 − 3Ln−j+2

ln
, j = 3, 4, . . . , n,

ln = L1 + 3Ln +

n−2∑
k=1

(3Lk+1 − Lk+2)

×
(
− Ln + 2

L1 + Ln+1

)n−(k+1)

,

and

l′n =

n−1∑
k=1

Lk+1

(
− Ln + 2

L1 + Ln+1

)n−(k+1)

.

Then we have

ΣBnΩ1Ω2 = D2 ⊕H,

where D2 = diag(L1, ln) is a diagonal matrix, and
D2 ⊕ H is the direct sum of D2 and H. If we denote
Ω = Ω1Ω2, then we obtain

B−1
n = Ω(D−1

2 ⊕H
−1)Σ.

Since the last row elements of the matrix Ω are
0, 1, Ln−3Ln−1

ln
, Ln−1−3Ln−2

ln
, . . . , L3−3L2

ln
. Hence, by

Lemma 12, if let B−1
n = SCirc(y1, y2, . . . , yn) then

its last row elements are given by the following equa-
tions:

−y2 =
3

ln
+

1

ln

n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

−y3 =
1

ln

L3 − 3L2

(L1 + Ln+1)
,

−y4 = −
1

ln

L3 − 3L2

(L1 + Ln+1)

+
1

ln

2∑
i=1

(L5−i − 3L4−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

−y5 = −
1

ln

L3 − 3L2

(L1 + Ln+1)

− 1

ln

2∑
i=1

(L5−i − 3L4−i)(−Ln − 2)i−1

(L1 + Ln+1)i

+
1

ln

3∑
i=1

(L6−i − 3L5−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

...

−yn = − 1

ln

n−4∑
i=1

(Ln−1−i − 3Ln−2−i)(−Ln − 2)i−1

(L1 + Ln+1)i

− 1

ln

n−3∑
i=1

(Ln−i − 3Ln−1−i)(−Ln − 2)i−1

(L1 + Ln+1)i

+
1

ln

n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

y1 =
1

ln
− 1

ln

n−3∑
i=1

(Ln−i − 3Ln−1−i)(−Ln − 2)i−1

(L1 + Ln+1)i

− 1

ln

n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i
.
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Let

D(j)
n =

j∑
i=1

(Lj+3−i − 3Lj+2−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

j = 1, 2, . . . , n− 2,

then we have

D(1)
n −D(2)

n =
L3 − 3L2

L1 + Ln+1

−
2∑

i=1

(L5−i − 3L4−i)(−Ln − 2)i−1

(L1 + Ln+1)i

= − 5(Ln + 2)

(L1 + Ln+1)2
,

D(n−3)
n +D(n−2)

n

=

n−3∑
i=1

(Ln−i − 3Ln−i−1)(−Ln − 2)i−1

(L1 + Ln+1)i

+

n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i

=
(L4 − 3L3)(−Ln − 2)n−3

(L1 + Ln+1)n−2

+
n−3∑
i=1

(Ln+2−i − 3Ln+1−i)(−Ln − 2)i−1

(L1 + Ln+1)i

=

n−2∑
i=1

(Ln+2−i − 3Ln+1−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

and

D(j)
n +D(j+1)

n −D(j+2)
n

=

j∑
i=1

(Lj+3−i − 3Lj+2−i)(−Ln − 2)i−1

(L1 + Ln+1)i

+

j+1∑
i=1

(Lj+4−i − 3Lj+3−i)(−Ln − 2)i−1

(L1 + Ln+1)i

−
j+2∑
i=1

(Lj+5−i − 3Lj+4−i)(−Ln − 2)i−1

(L1 + Ln+1)i

=
(L3 − 3L2)(−Ln − 2)j

(L1 + Ln+1)j+1
− (L4 − 3L3)(−Ln − 2)j

(L1 + Ln+1)j+1

− (L3 − 3L2)(−Ln − 2)j+1

(L1 + Ln+1)j+2

=
5(−Ln − 2)j+1

(L1 + Ln+1)j+2
(j = 1, 2, . . . , n− 4).

Hence, we obtain

y1 =
1−D

(n−3)
n −D

(n−2)
n

ln

=
1

ln

(
1−

n−2∑
i=1

(Ln+2−i − 3Ln+1−i)(−Ln − 2)i−1

(L1 + Ln+1)i

)
,

y2 = −
D

(n−2)
n + 3

ln

=
1

ln

(
−3−

n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i

)
,

y3 = −
D

(1)
n

ln
=

1

ln

5

L1 + Ln+1
,

y4 =
D

(1)
n −D

(2)
n

ln
=

1

ln

5(−Ln − 2)

(L1 + Ln+1)2
,

y5 =
D

(1)
n +D

(2)
n −D

(3)
n

ln
=

1

ln

5(−Ln − 2)2

(L1 + Ln+1)3
,

...

yn =
D

(n−4)
n +D

(n−3)
n −D

(n−2)
n

ln

=
1

ln

5(−Ln − 2)n−3

(L1 + Ln+1)n−2
,

and

B−1
n =

1

ln
SCirc(y′1, y

′
2, . . . , y

′
n),

where

y′1 = 1−
n−2∑
i=1

(Ln+2−i − 3Ln+1−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

y′2 = −3−
n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

y′k =
5(−Ln − 2)k−3

(L1 + Ln+1)k−2
, k = 3, 4, . . . , n.

The proof is completed. ⊓⊔

4 Determinant and inverse of skew
left circulant matrix with the Fi-
bonacci numbers

In this section, let A′
n = SLCirc(F1, F2, ..., Fn) be

skew left circulant matrix. By using the obtained con-
clusions in Section 2, we give a determinant explicit
formula for the matrix A′

n. Afterwards, we prove that
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A′
n is an invertible matrix for any positive integer n.

The inverse of the matrix A′
n is also presented.

According to Lemma 4, Lemma 5, Theorem 6,
Theorem 7 and Theorem 9, we can obtain the follow-
ing theorems.

Theorem 14. Let A′
n = SLCirc(F1, F2, ..., Fn) be

skew left circulant matrix, then we have

detA′
n = (−1)

n(n−1)
2

[
(1+Fn+1)

n−1+(−Fn)
n−2

×
n−1∑
k=1

(−Fk)

(
1 + Fn+1

−Fn

)k−1 ]
,

where Fn is the nth Fibonacci number.

Theorem 15. Let A′
n = SLCirc(F1, F2, ..., Fn) be

skew left circulant matrix, if n > 2, then A′
n is an

invertible matrix.

Theorem 16. Let A′
n = SLCirc(F1, F2, ..., Fn) (n >

2) be skew left circulant matrix, then we have

A′−1
n =

1

fn
SLCirc(x′′1, x

′′
2, . . . , x

′′
n),

where

fn = F1 + Fn +

n−2∑
k=1

(−Fk)

(
−Fn

F1 + Fn+1

)n−(k+1)

,

x′′1 = 1−
n−2∑
i=1

Fn−i(−Fn)
i−1

(F1 + Fn+1)i
,

x′′k =
(−Fn)

n−k−1

(F1 + Fn+1)n−k
, k = 2, 3, . . . , n− 1,

x′′n = 1 +

n−2∑
i=1

Fn−1−i(−Fn)
i−1

(F1 + Fn+1)i
.

5 Determinant and inverse of skew
left circulant matrix with Lucas
numbers

In this section, let B′
n = SLCirc(L1, L2, . . . , Ln) be

skew left circulant matrix. By using the obtained con-
clusions in Section 3, we give a determinant explicit
formula for the matrix B′

n. Afterwards, we prove that
B′

n is an invertible matrix for any positive integer n,
and then we also find the inverse of the matrix B′

n.
According to Lemma 4, Lemma 5, Theorem 10,

Theorem 11 and Theorem 13, we can obtain the fol-
lowing results.

Theorem 17. Let B′
n = SLCirc(L1, L2, . . . , Ln) be

skew left circulant matrix, then we have

detB′
n = (−1)

n(n−1)
2

[
(1+Ln+1)

n−1+(−Ln−2)n−2

×
n−1∑
k=1

(3Lk+1 − Lk+2)

(
−1 + Ln+1

2 + Ln

)k−1 ]
,

where Ln is the nth Lucas number.

Theorem 18. Let B′
n = SLCirc(L1, L2, . . . , Ln) be

skew left circulant matrix, then B′
n is invertible for any

positive integer n.

Theorem 19. Let B′
n = SLCirc(L1, L2, . . . , Ln) be

skew left circulant matrix, then we have

B′−1
n =

1

ln
SLCirc(y′′1 , y

′′
2 , . . . , y

′′
n),

where

ln = L1 + 3Ln +

n−2∑
k=1

(3Lk+1 − Lk+2)

×
(
− Ln + 2

L1 + Ln+1

)n−(k+1)

,

y′′1 = 1−
n−2∑
i=1

(Ln+2−i − 3Ln+1−i)(−Ln − 2)i−1

(L1 + Ln+1)i
,

y′′k = −5(−Ln − 2)n−k−1

(L1 + Ln+1)n−k
, k = 2, 3, . . . , n− 1,

y′′n = 3 +

n−2∑
i=1

(Ln+1−i − 3Ln−i)(−Ln − 2)i−1

(L1 + Ln+1)i
.

6 Conclusions

Besides, some scholars have given various algorithms
for the determinants and inverses of nonsingular skew
circulant matrices [1,2]. For example, the most com-
monly implemented algorithms for computing the de-
terminant and inverse of nonsingular skew circulant
matrix A = SCirc(a1, a2, ..., an) are given by the fol-
lowing formulas:

detA =

n∏
j=1

f(ωj− 1
2 )

and
A−1 = SCirc(b1, b2, ..., bn),

where bs = 1
n

∑n
r=1 f(ω

r− 1
2 )−1(ωr− 1

2 )−(s−1), s =

1, 2, ..., n, f(x) =
∑n

i=1 aix
i−1 and ω = exp(2πin ).
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Unfortunately, the computational complexity of these
algorithms are very amazing with the order of matrix
increasing. For a general nonsingular skew circulant
matrices, its determinants and inverses are hard deter-
mined only by its first row. The purpose of this paper
is to obtain the explicit determinants and inverses of
skew circulant matrices by some perfect properties of
Fibonacci and Lucas numbers.
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