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Abstract: In this paper, we consider the pricing of liquidity risk in normal market. By employing the no-arbitrage
idea of financial calculus and finance engineering, we discuss the pricing of market risk and liquidity risk under
martingale measure, and obtain two separate market prices of risk for all tradable assets via the change of equivalent
measure to make discounted assets into martingales, and then provide the pricing formula of liquidity risk premium,
in which the market price of risk in the same market for all tradable assets and for all the investors is the same, not

varying with the levels of risk aversion of investors.
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1 Introduction

In the past decades, several large cyclical fluctuations
of the global economy have demonstrated the follow-
ing characteristics: liquidity expansion and contrac-
tion, asset price boom and crash. In efforts to cope
with the financial crises, the governments have made
little progress. Pro-cyclical monetary policy showed
its limitations and lag in dealing with liquidity risk.
In fact, recent financial crises (such as in Asia or in
Russia or in US) suggest that illiquidity of assets can
lead to liquidity risk (Brunnermeier and Pedersen [1];
Boyson et al [2]), largely associated with the unrea-
sonable pricing of the assets (i.e., deviation of price
from value). Liquidity risk thus refers to the potential
loss due to illiquidity or change of liquidity of assets.
Traditional asset pricing theories consider market risk
and ignore liquidity risk. In recent years, many empir-
ical studies show that liquidity risk is also a systemic
risk and affects asset prices (Amihud [3]; Chordia et al
[4]; Holmstrom and Tirole [5]; Pastor and Stambaugh
[6]; Gibson and Mougeot [7]; Bekaert et al [8]; Wu
Wenfeng et al [9]; Su Dongwei and Mai Yuanxun[10];
Luo Dengyue et al [11]; Liu Yang and Liu Shancun
[12]; Zhou Fang and Zhang Wei [13]). The studies
also suggest that we should not only take into account
market risk and also need to pay attention to liquidity
risk in asset pricing. Therefore, the question of how
to price liquidity risk or how to compute liquidity risk
premium has become one of the most important and
central issues in the asset pricing theories.

In the study of Longstaff [14], he suggested that
the discount for nonmarketable security can be valued
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by applying option pricing theory. He define a secu-
rity to be nonmarketable if it cannot be traded at all for
some fixed period of time, or if it can only be traded
after a delay. In this sense if an investor is restricted
from selling the security at any point in time, the cost
of being forced to postpone trading (usually called op-
portunity cost) or the possible loss can be regarded
as liquidity risk. Longstaff [14] identified a contin-
gent claim (put option) that would compensate for the
largest possible loss an investor could incur by fore-
going the right to sell the security for a fixed period of
time, and derived a no-arbitrage upper bound on the
value of the discount for illiquidity depending on the
volatility of the security. Nevertheless, this analysis
presents the upper bound on the discounts of illiquid
securities instead of modeling a rational or equilib-
rium value of the discount for illiquidity, so these re-
sults are difficult to reconcile within the context of the
traditional assert pricing models.

Longstaff [15] proposed a new idea of estimating
the price discount of illiquid asset from the perspec-
tive of optimal portfolio. When an investor faces lig-
uidity constraints, he may take riskier positions than
one in a perfectly liquid market. Since liquidity af-
fects investor’s decisions, the investor facing illiquid-
ity would take trading strategy that maximizes the util-
ity of the portfolio. Thus, the price discount or com-
pensation for holding illiquid assets can be computed
through comparing the maximum utility of the opti-
mal portfolio with that of portfolio in a perfectly lig-
uid market in a continuous time case. However, his
study focuses on a two-asset portfolio with one risky
asset and one risk-free asset rather than a portfolio
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with many assets.

Wu Weixing and Wang Yongxiang [16] consid-
ered the optimal search behaviors of rational investors,
and presented a model for premium of liquidity risk
caused by the sudden announcement of circulation of
state-owned shares. Because the presence of illiquid
shares deters some investors from entering the mar-
ket, with the result of an endogenously thin market,
any rational investor will ask for compensation for this
thinness. Though considering the impact of event risk
on market liquidity, Wu Weixing and Wang Yongxi-
ang [16] likewise only discussed a simple case of a
two-security portfolio.

Following the methodology of Longstaff [14],
Liang Zhaohui and Zhang Wei [17] introduced an
option-theoretical approach to value the discount for
illiquidity securities, and provided a benchmark for
assessing the potential costs from non-marketability
and thinly-traded market. However, their findings are
similar to the results of Longstaff [14], they offered an
upper bound on the discount for illiquidity rather than
an equilibrium price.

Liang Zhaohui et al [18] further proposed a prac-
tical framework for the quantification of liquidity risk
premium by designing an optimal liquidation strategy.
That is, in a thin market, as investors’ dealings im-
pact the market price, a rational investor will adopt
such optimal trading strategy as liquidating his posi-
tion gradually to maximize his utility, which is differ-
ent from the strategy under a perfectly liquid market.
According to the no-arbitrage principle, the liquidity
risk premium can be calculated as investors obtain the
same utility as in a perfectly liquid market. Never-
theless, this liquidity risk premium may vary with the
optimal trading strategy for different investors (Alm-
gren and Chriss [19] proved that for each level of risk
aversion there is a uniquely determined optimal trad-
ing strategy).

Acharya and Pedersen [20], Liu weimin[21], Zou
Xiaopeng et al [22], Chen Qing and Li Zibai [23],
Zhou Fang and Zhang Wei [13] etc., introduced a lig-
uidity factor into the traditional capital asset pricing
model, and established respective expanded CAPM
models with the liquidity factor , thus liquidity risk
premium can be calculated. Acharya and Pedersen
[20] derived a liquidity-adjusted CAPM by decom-
posing a single-factor CAPM model (in which the net
return of a security or market portfolio is defined as
the difference between return and illiquidity costs).
Although considering liquidity costs, the model has
a potential problem. That is, market risk and liquidity
risk is priced the same as the risk premium on market
portfolio, this means that the model, in essence, is still
a single-factor model. Zou Xiaopeng et al [22] fur-
ther took into account liquidity demand and elasticity
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value of price impact (the impact of trading volume
on transaction costs), and constructed a pricing model
on Acharya and Pedersen’s [20] work, whereby there
is a similar problem aforementioned in their model.
Chen Qing and Li Zibai [23], Zhou Fang and Zhang
Wei [13], proposed a two-factor model incorporating
the market and liquidity, in which there implies an
assumption, namely that “market portfolio only has
market risk but no liquidity risk”, so the risk premium
on market portfolio shall be the market risk premium
(this assumption is reasonable and also very useful,
in our study we adopt this assumption). According
to their respective liquidity measures, the stocks are
grouped, and then the compensation for liquidity risk
can be calculated as the difference between the return
on a portfolio of low liquidity stocks and the return
on a portfolio of high liquidity stocks. Nevertheless,
such quantifying of liquidity risk premium or pricing
of liquidity risk crucially depends on liquidity indica-
tor, so liquidity risk premium may vary with different
liquidity indicators. In fact, the liquidity is not ob-
served directly but rather has a number of aspects that
cannot be captured in a single measure (Amihud and
Mendelson [24]), even there exist many proxies for
liquidity that measure different aspects of liquidity,
such as trading costs (Brennan and Subrahmanyam
[25]), trading volume (Brennan et al.[26]), turnover
rate (Datar et al.[27]), bid-ask spread (Amihud and
Mendelson [28]), illiquidity ratio (Amihud [3]), etc.
However, the problem is that there is no single liquid-
ity measure that reflects all its aspects (Amihud [3];
Pastor and Stambaugh [6]; Zhou Fang and Zhang Wei
[13]). Moreover, the approach to computational lig-
uidity risk premium does not take into account the ef-
fect of market risk on the liquidity risk premium, in
the sense that their results may not be accurate.

As discussed above, if the premium of liquid-
ity risk is simply priced, there may be some prob-
lems such as non-unique, non-equilibrium, etc. How-
ever, from the previous literature, we can get a new
idea: in a perfect market, all the systemic risk (includ-
ing liquidity risk) should have its own “price”, and
the “price” of each risk for all the financial products
should be the same (otherwise there will be arbitrage
opportunities in the market). Thus, once the “price”
of arisk is determined, we can directly obtain the risk
premium if the risk is measured (namely, the‘size”’of
risk multiplied by the “price” of risk). Therefore,
in our study, we will employ the no-arbitrage idea
of financial mathematics and financial engineering to
price the liquidity risk under the martingale measure.
Using martingale methods, via the change of equiva-
lent measure to make the discounted prices of tradable
assets martingales, we can obtain the market price of
liquidity risk, and then construct a new and simple for-
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mula for calculating the liquidity risk premium.

The remainder of the paper is organized as fol-
lows: section 2 introduces the basic concepts and the-
ories related to Martingale used in this study; section
3 derives the market price of liquidity risk under the
martingale measure; section 4 discusses the liquidity
risk premium; section 5 presents an example of com-
putational liquidity risk premium; section 6 summa-
rizes the results and makes concluding remarks.

2 Martingale and related theories

Martingale has been applied to the asset pricing anal-
ysis since the fundamental theorem of asset pricing
was proved by Harrison and Kreps [29], and Harri-
son and Pliska [30]. And then, martingale has become
an important and necessary mathematical tool for the
pricing of modern financial products.

The following concepts (definitions) and theo-
rems and corollaries can be the basic theories used in
our study, given by Martin Baxter and Andrew Rennie
[31].

Definition 1 A stochastic process X(t € [0,00)) is
a martingale with respect to a measure P if and only

if
(1) Ep(|X¢]) < oo, forall tel0,00),
(2) Ep(X¢|Fs) = Xs, forall s<t
where F is the history of the process X up to time s.

A martingale measure is one which makes the ex-
pected future value conditional on its present value
and past history merely its present value. It is not ex-
pected to drift upwards or downwards.

Theorem 2 If X;(t € [0,00)) is a stochastic process
with volatility o which satisfies the technical condi-
tion E[(fOT agds)%] < o0, where T is some time
horizon, then X; is a martingale if and only if X, is
driftless.

Definition 3 Suppose we have a market of securities
and a numeraire cash bond By(a basic security rel-
ative to which the value of other securities can be
judged) under a measure P. An equivalent martingale
measure(EM M ) is a measure () equivalent toP, un-
der which the bond-discounted securities are all Q-
martingales.

Theorem 4 (Cameron-Martin-Girsanov Theorem) If
W (t) is a P-Brownian motion and ~(t) is a F-
previsible process satisfying the boundedness condi-
tion

ey

1 T
Byesn(s [ (P < .
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then there exists a measure ) equivalent to P such
that

2)
is a () -Brownian motion up to time T .

We can use Theorem 4 to make the discounted
price processes into martingales under a new measure.
Therefore, Theorem 2 and Theorem 4 present an effi-
cient method for us to price the liquidity risk under
martingale measure.

Definition 5 Given a numeraire B; and an asset S;
, a process Sy represents a tradable asset if and only
if its discounted value B;lSt is actually a Q- mar-
tingale, where @) is the measure under which the dis-
counted asset B, 1S, is a martingale.

Definition 6 A market is arbitrage-free if there is no
way of making riskless profits. An arbitrage oppor-
tunity would be a trading strategy which started with
zero value and terminated at some definite date T’ with
a positive value. A market is arbitrage-free if there are
absolutely no such arbitrage opportunities.

Theorem 7 (Fundamental Theorem of Asset Pricing)
There are no free lunches if and only if all the bond-
discounted securities are Q- martingales.

According to Theorem 7, any asset in the market
can be reasonably priced. Then, from Theorem 7, we
have the following corollaries.

Corollary 8 Martingales mean no arbitrage.
Corollary 9 Non-martingales are non-tradable.

Theorem 7 provides a theoretical support and
practical approach for us to price the liquidity risk.

3 The market price of liquidity risk

Although a number of empirical studies have shown
that liquidity risk is an undiversifiable risk affect-
ing asset prices, unfortunately, there is no theoretical
model that is directly applicable to pricing liquidity
risk and calculating liquidity risk premium. Notice
that in recent studies on asset pricing models, Gib-
son and Mougeot [7], Acharya and Pedersen [20],
Zou Xiaopeng et al [22], Liu [21], Chen Qing and Li
Zibai [23], Zhou Fang and Zhang Wei [13] considered
market risk and liquidity risk as two systematic risks,
which implies that asset prices are affected by both the
market risk and the liquidity risk.
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Even though some scholars such as Chan and
Faff [32], and Pastor and Stambaugh [6] established
the four-factor model with liquidity risk compensa-
tion by adding liquidity factor to the Fama and French
[33] three-factor model, Hearn et al.[34], on the other
hand, built a three-factor model containing market,
company size and liquidity factor through modifying
the Fama-French three-factor model. Whether it is the
four-factor model of Chan and Faff, or the three-factor
model of Hearn et al., there might be a problem where
one risk factor is related to or dependent upon other
risk factors. For instance, companies with low liquid-
ity often have small size and high book-to-market ra-
tio. On the contrary, small companies providing high
return have correspondingly illiquidity (Amihud and
Mendelson [28]; Liu Weimin[21]). Firm size (the
market value of stock)is related to liquidity since a
larger stock issue has smaller price impact for a given
order flow and a smaller bid-ask spread (Amihud [3]).

Several scholars have examined the relationship
among some specific priced factors such as firm size
and book-to-market ratio and liquidity. Liao Shiguang
[35] employed trading volume, stock prices and stock
price volatility as indicators to measure the liquid-
ity of the stock (on the grounds that these indicators
are related to liquidity) and found that there exists a
significant positive correlation between firm size and
stock liquidity. Zhou Fang and Zhang Wei [36] ap-
plied generalized impulse-response function in Chi-
nese stock market and found that liquidity affects firm
size and book-to-market ratio with a longer continu-
ity than the effect of firm size and book-to-market ra-
tio on liquidity, which indicates that liquidity can be
a surrogate for firm size and book-to-market ratio in
explaining asset returns. Zhou Fang et al. [37] fur-
ther discussed the relationship among the risk factors
such as firm size, book-to-market ratio and liquidity
by using dynamic regression model and quantile re-
gression model. Their results provide a significant
positive correlation between firm size and liquidity
and a significant negative correlation between book-
to-market ratio and liquidity after taking into account
the lagged effect of liquidity on firm size and book-to-
market ratio, which reveals the reason of that liquidity
premium theory can explain size effect and value ef-
fect (Chen Qing and Li Zibai [23]; Zhou Fang and
Zhang Wei [13]). Thus the studies imply that the risk
factors related to firm size and book-to-market can be
subsumed by the liquidity factor.

Therefore, we assume that market factor and illig-
uidity factor are two systematic factors causing risk
premium on securities in our study.

So suppose that there is a market, in which there
are two risk sources Wi(t) and Ws(t) from mar-
ket and illiquidity respectively. In order to facili-
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tate the measurement of liquidity risk, and also in or-
der to eliminate the impact of market risk on liquid-
ity risk premium, we suppose that W7 (t) and Wa(t)
are two independent P-Brownian motions, namely
cov(Wy(t), Wa(t)) = 0 (this assumption is tenable
and reasonable under the measure of liquidity risk be-
low given in this paper). Suppose further that, there
are no arbitrage opportunities (that is, all the bond-
discounted securities are (J- martingales).

Given two securities S; and X;. Let .S; be a risky
security only with market risk but no liquidity risk ( .S
can be viewed as the market portfolio), and X be an-
other risky security with both market risk and liquid-
ity risk. In addition suppose that there is a cash bond
B;. According to Martin Baxter and Andrew Rennie’s
work [31] and risk composition theory, the price pro-
cesses By, Sy and X, can be defined by means of their
stochastic differential equations (SDEs), typically

dBt =T Bt dt, (3)
dS; = St(O'm dWl(t) + udt), 4
dXt = Xt(O'l dW1(t)+O’2 dWQ(t)‘F’Udt). (5)

Where r is the risk-free interest rate, © and v are
the respective drifts of S; and X, namely, the rates of
expected return (continuous compounding). o, can
be the volatility of St, o1 and o9 are respectively from
Brownian motion components W7 (¢) and Ws(t), and
contribute to the volatility of X;. If let o be the aggre-
gate volatility of X;, then 0 = /0% + 03 (the non-
systematic risk is ignored).

These have solutions

By = exp(rt), (6)

St = Soexp(om Wi(t) + (u — %afn)t), 7

X = XoeXp(O'l Wl(t)+02 Wg(t)
+(v = 301 = 303)1).

®)

Let Y; and Z; denote, respectively, the discounted
prices of two securities Sy and X;. Then, Y; =
B; 1S, Z, = B; ' X;. We have

Vo= Soexp(om Wilt) + (u— 50% — 1)), ©

Zy = Xy exp(al Wl(t) + 09 Wg(t)

2 1.2

+(v — §o? — §oi — )0 1o

By applying Ito’s formula, the SDEs of Y; and Z;
can be written as

dY; = Yi(om dWi(t) + (u—r)dt),  (11)
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dZ; = Zt(O'l dWl(t) + 09 dWQ(t)

+(v —r)dt).

If we find another measure () equivalent to the
original measure P, under which the discounted
prices Y; = B, 16, and Z; = B, L X, are (- martin-
gales simultaneously. Then, we will obtain the market
prices of risk which reflect the drift change to the un-
derlying Brownian motion given by Theorem 4.

Since there exist two sources of risk, as previ-
ously noted, W (¢) from market and Ws(t) from illig-
uidity, there will be two separate prices of risk. Re-
spectively, v (¢) will be the price of W (t) -risk and
v2(t) will be the price of Wa(t)-risk. In other words,
the market price of risk will be a vector y(t) =
(71(2), 72(£))-

We want to choose v;(t) and ~2(t), such that
the drift terms in dY; and dZ; vanish simultaneously.
Then theorem 4 says that there is a measure () such
that W(t) = W(t) + f(ffy(s)ds is Q-Brownian mo-
tion. This means that the discounted prices Y; and Z;
of S} and X; will be - martingales.

Therefore, let

(12)

t
Wl(t) = Wz(t) —|—/ ’yi(S)dS, 1= 1, 2, (13)
0
such that W () = (W1 (t), Wa(t)) is 2-dimensional Q
-Brownian motion.
Then under the measure () , YV; = B, 18, and
Zy = By 1Xt have the following SDEs

dYs = Yi(om dWi(t)
tu—r—oum@a), P

dZy = Zy(oy AW (L) + o0 dWal(t)

+(’U —Tr—017 (t) — UQ’YQ(If))dt.
To make the drift terms of dY; and dZ; vanish, we

must have that

5)

u—1r—ony(t) =0, (16)

v—1—0o17(t) — o2v2(t) = 0. (17)

Because 03 # 0, v(t) = (71(¢), y2(t)) must exist
and be equal to

u—r

t) =
71() O_m7

(18)

v—1—0o7(t)
(o] '

Ye(t) = (19)

According to the no-arbitrage assumption and

theorem 7, we now see that this is to make sure that
there exists a measure () which makes the discounted
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stock prices Y; and Z; of Sy and X; into ()- martin-
gales. On the other hand, S; and X; are tradable, un-
der the martingale measure (), satisfying

dYy = Yo, dWi(t), (20)
dZy = Zy(o1 dAWL(t) + o2 dWa(1)).  (21)
Thus under Q , S; and X; can be written as
—~ 1
Si= Soexp(enWi(t) + (r = gom)t),  (22)
X:= Xy eXp((JlWl(t) +O'2W2(t) (23)

+(r — 30 — Lo)t).

We can see that, v;(¢) and 72 (¢) must be the de-
sired market prices of market risk W (¢) and liquidity
risk Wa(¢).

Note that, in the market price formula of the lig-
uidity risk, both the market risk measure o7 and the
liquidity risk measure oo of X; are unknown, thus the
market price for liquidity risk of ~5(t) is not deter-
mined yet. However, consider that S; is a security
only with the market risk but no liquidity risk, as de-
fined before. Thus if we establish the link between X;
and .S; , then using S; as a benchmark to measure the
market risk o1 of X; , we can determine liquidity risk
measure o9 of X; ( because o0 = \/0’% + O'% ).

Here, we draw inspiration from the quanto model
of Martin Baxter and Andrew Rennie [31]. Consider,
using

dX; = Xt(O'l dWl(t) + o2 dWQ(t) + Udt), 24)
with
(25)

Where p is the orthogonal complement of p,

namely p = /1 — p2.

We can write the original processes S; and X as

o1 = po, 02 = PO.

1
St = So eXp(Um Wl(t) + (u - iggw)t)v
Xoexp(po Wi(t) + po Wa(t)
+(v — 302)t).

Consider the covariance of S; and X; . If we write
the model in vector form, the vector random variable
(log S¢,log Xy) is jointly-normally distributed with
mean vector (log Sy + (u — 202)t,log Xo + (v —

(26)

Xe= 27)

20°)t) , and variance-covariance matrix
T
el a
po é)a ot po po (28)
_| om  poom |,
[poam o? ] ‘
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This ensures that, a volatility of S; is o,,, a
volatility of X is o, that is, the standard deviations
of return or aggregate risk measures of .S; and X} are,
respectively, o, and o, and a correlation coefficient
between them is p . Thus, we have now established
the link between X; and S; by the correlation coeffi-
cient p.

Using S as a benchmark, we can determine both
the market risk measure po and liquidity risk measure
po of X; through the correlation coefficient p between
Xt and St.

Here then, we have the market prices for mar-
ket risk Wi(t) and liquidity risk Wa(t) of () =
(11(t), 72 (1)), given by

u—r

m(t) = (29)

Om

72(15): v r 7/)0-/71(75).
po
We should point out that, whether there is one risk
source or two risk sources, the market price of each
risk for all the tradable securities in a market should
be the same, otherwise, there can be arbitrage.
To see why, suppose that we have a couple of trad-
able risky securities X} and X? , both in the same
market, and both are defined by their SDEs

(30)

dX% = X%(plo'l AW (t) + pro1 dWa(t) (31)
+U1dt)7
dX? = X2%(paoy AW (t) + paoa AW (t) 32)

—H]zdt).

We want the discounted prices of X} and X7 to
be martingales under the same measure (). So the vec-
tor

W) =W+ [ '(s)ds

0

must be 2-dimensional ()-Brownian motion for ¢ =
1,2 . But this can happen if and only if the two
changes of drift (v;(t), i = 1,2) are the same. That is

1 () =7 (), %2 (t) =25 (1)

In addition, we should note that, almost all of the
securities in a market will have more or less market
risk and liquidity risk. To determine a security .Sy with
only market risk and no liquidity risk, there are two
ways. One is, by employing the idea of the combina-
tion of financial engineering, to copy such a required
security S; through combining two securities (or port-
folios) with different levels of market risk but the same
levels of liquidity risk. The other is to choose a par-
ticular tradable security .S; defined its liquidity risk as
0, then S; can be viewed as a benchmark to determine
liquidity risk of other securities by comparing with it.
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4 Liquidity risk premium

In the derivation of the pricing formulas of market risk
Wi (t) and liquidity risk W (¢) by using the above-
mentioned no-arbitrage pricing method, we assume
that the aggregate volatilities of two securities do not
contain non-systemic risk. In fact, the non-systemic
risk can be eliminated by portfolio diversification.

Therefore, we can consider two portfolios, the
market portfolio M and a fully diversified portfolio
P (such as a fully diversified fund), as two new secu-
rities”, which have only systemic risk because all non-
systemic risk have been diversified away, viewing the
market portfolio M as the representative of the secu-
rity .S; with only liquidity risk but no market risk and
the portfolio P as a representative of the security X,
with both market risk and liquidity risk.

Assume that E(r,,) is rate of expected return of
the market portfolio M , o, is the aggregate risk mea-
sure of M. E(rp) is rate of expected return of a com-
pletely diversified portfolio P, oy, is the aggregate risk
measure of P. Thus, the market prices for market risk
Wi (t) and liquidity risk Wa(t) of 1 () and y2(t) can
be written as follows

E(rm) — Tf'

Om

"(t) = (33)

E(rp) —Tf — PmpOp71 (t)

- (34)
PmpOp

Y2(t) =

where r; represents the risk-free rate of returnthat is
T = 7. pmp Tepresents the correlation between the
returns of M and P, p,,, represents the orthogonal

complement of p;,,;,, namely Py, = /1 — p?np.

The above shows that, if the non-systematic risk
is ignored, two completely diversified security portfo-
lios M and P ( their non-systematic risks are zero)
can be regarded as benchmark securities S; with the
market risk measure o,,, but the liquidity risk measure
zero, and X with both the market risk measure p;,,,0,
and the liquidity risk measure py,,0, ( 0, represents
the aggregate systematic risk measure of portfolio P).
Because E(r,,) — r¢ is the market risk premium on
the market portfolio M, and E(ry,) — 7 is the aggre-
gate risk premium on portfolio P, therefore, i () is
the premium per market risk. Thus, py,,0,71 (%) is the
aggregate market risk premium on portfolio P, and
E(rp) — r§ — pmpopy1(t) is the aggregate liquidity
risk premium on portfolio P. Then, ~,(t) is the pre-
mium per liquidity risk.

For any security X;(¢) (individual security or
portfolio) in a market, if its market risk and liquid-
ity risk are denoted by o1y and o;(2), the aggregate
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systematic risk of X;(¢) can be written by

Ti(0) = 1/ 0l 05

Thus the market risk premium and the liquidity risk
premium on X;(t) are 1 (t)o;(1) and 72(t)o;(2), and
the aggregate risk premium is

(35)

E(r;) — rr=m (t)Ui(l) + ’YQ(t)Ui(Q). 36)
For any security X;(¢) in a market, because its
aggregate risk o; includes the non-systematic risk,
which is not related to risk compensation. Thus, the
liquidity risk premium on X;(t) is y20;(2), then
Y205(2) < V2PmiTi- (37)
The aggregate risk premium on X;(t) is E(r;) — ry,
thus
E(ri) — ¢ <Y1pmioi + v2pmioi.  (38)
However, for any completely diversified portfolio
P in a market, such as a completely diversified fund, if
its expected return rate and aggregate risk measure are
denoted by E(r,) and o), due to the diversification of
portfolio eliminates the non-systematic risk, thus the
aggregate risk can be only systematic risk, including
market risk and liquidity risk. Then, the aggregate risk
premium on a completely diversified portfolio P is
E(rp) = 1§ = 71Pmpop + V2Pmp0p- (39)
Risk premium and frontier of risk premium on se-
curity X;(t) are shown in Figure 1 and Figure 2.

Risk Premium

Figure 1
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E (r)—r1; i

E (1) =1 = 1100 + 720

rontier of Risk Premium

Figure 2 Frontier of Risk Premium

S An example of liquidity risk pre-
mium

To illustrate our results, we suppose that M is the mar-
ket portfolio with rate of expected return E(r,,) =
16% per period and volatility rate o,,, = 30%, and
P is a completely diversified fund with rate of ex-
pected return E(r,) = 20% per period and volatility
rate 0, = 50% . The correlation between the rates
of return of M and P is p,,, = 0.6 . The risk-free
interest rate is 7y = 4% .

According to the previous formula (33) and (34),
we can calculate the market prices of the market risk
Wi (t) and liquidity risk Wa(¢) , respectively

16% — 4%
M) = g =04,

_20% — 4% — 0.6 x 50% x 0.4
N 0.8 x 50% N

This tells us that, the market price of market risk
is 0.4, the market price of liquidity risk is 0.1. In other
words, the premium per liquidity risk is 0.1 while the
premium per market risk is 0.4.

Thus for any given individual security X;(¢) with
the aggregate risk o, if the correlation between the
rates of return of X;(¢) and market portfolio M is pj,,
then, while X;(¢) ’s market risk is p;, 05, its liquidity
risk is less than

pim0i = \/1 — p3.0;.

Therefore, while the market risk premium on
X;(t) is 0.4p;imo;, the liquidity risk premium is less
than 0.14/1 — pzzmai .

mium on X () is less than

0.1.

Ya(t)

Thus the aggregate risk pre-
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0.4pimo; + 0.14/1 — p2 0.

If given a completely diversified portfolio P with
the aggregate risk o, then its market risk and liquid-
ity risk iS pp,pop and /1 — p?npap, respectively. And
thus market risk premium and liquidity risk premium

on P are 0.4p;p0p and 0.1,/1 — p%lpop. So the ag-

gregate risk premium is

0.4pmpop +0.1,/1 — p2 o) .

In this case, risk premium on an individual se-
curity X;(t) and risk premium on a fully diversified
portfolio P are shown in Figure 3 and Figure 4.

E(r;)—4%

J0-40,y, +0.10;

Figure 3 Risk Premium on an Individual Security

E(r,)—4% %

f-j

Figure 4 Risk Premium on a Fully Diversified Portfolio

6 Conclusion

Bid-ask spread, short selling restrictions, etc., which
are often regarded as liquidity costs or transaction
costs in some literatures (e.g., Amihud and Mendelson
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[28]; Brennan and Subrahmanyam [25]), are consid-
ered as risk factors that cause the illiquidity of assets
in this study. In this paper, we study the pricing of lig-
uidity risk in more general, derive the market prices
of market risk W1 (¢) and liquidity risk W5 (%) (ie, the
premium per liquidity risk and the premium per mar-
ket risk):

u—rTr
n(t) == —. (40)
po(t) = L= o), @1)
po

In a market, all tradable securities have the same
market price of risk, namely, the same premium per
market risk and the same premium per liquidity risk;
and the market price of risk for all investors is the
same, not varying with the levels of risk aversion of
investors. However, in different markets, the premium
per liquidity risk and the premium per market risk may
vary with the selected benchmark securities. More-
over, for different securities in the same market, their
market risk premium and liquidity risk premium are
often different.

In general, if the respective drifts for S; and X;
of u(t) and v(t), the respective volatilities for .S; and
X¢ of 0,,(t) and o(t), the correlation between them
of p(t), and the risk-free interest rate r(¢) are previs-
ible processes, the market prices of the market risk
W1 (t) and liquidity risk Ws(t) (ie, the premium per
market risk and the premium per liquidity risk) can be
expressed as

u(t) — r(t)

o) (42)

T(t) =

v(t) —r() = p()oOm ()
p(t)o(t)

where ~1(t) and ~2(t) are market prices of risk de-
pending on the time and the state. Then, in a market,
all tradable securities have instantaneously the same
premium per market risk and the same premium per
liquidity risk, and the risk price for all investors is the
same.

In this paper, we present a pricing formula of
liquidity risk as well as a liquidity risk measure for
completely diversified portfolio, and then offer a new
approach for calculating the liquidity risk premium
on completely diversified portfolio (such as a diver-
sified fund). Compared with the results of other stud-
ies, such computational liquidity risk premium does
not depend on any liquidity indicators, that makes the
pricing of liquidity risk and calculating of liquidity
risk premium easier and more efficient. Nevertheless,

Y2(t) = (43)
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our work leaves some questions. Is it possible to mea-
sure liquidity risk for an individual security? If possi-
ble, then how do we get the liquidity risk measure for
an individual security? Furthermore, how do we price
liquidity risk premium on a single security? These and
other interesting questions are left to future work.
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